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Dr. K E I L L's 

P R E F A C E: 



% yf TOVl^G Mathematician may^ be 

'^^ furprifed t^ fee the old obfolfte Ele- 
ments 6f EucHd appear afrejh in Print ; 
> Mnd tbat, /^, after Jo many new Elements 
5 of Geometry as have been lately publijhed j 
^ efpecially tbofe "who ^ave us the Elements 
^ of Geometry^ in a new Manner , would 
^ have us believe they have detcBed a great 
many Faults in Euclid. TTbefe acute Phi- 
Ibfophers pretend to have dijcovered^ that 
Euclid'j Definitions were not confpicuous 
enough ; that his Demonfirations are/carcely 
evident ; that his whole Elements are ill^ 
difpofed's and that they have found out innu^ 
merabk Falfities in them, which bad lain hid 
to their Times. 

But, by their Leave, I make bold to 
affirm, that t bey carp at Euclid undeferv^ 
idly: for his Definitions are diftinSl and 
clear, as being t^kenfrom tbefirfi Principles^ 
and our mojt eajy and fimple Conceptions i 
and bis DemonfiYations elegant, perfpicuous^ 
and concife, carrying with them fucb Evi- 
dence, andfo much Strength ofReqfon, that 
- / am eqfily induced to^^ believe, that tbeObfcu^ 
rity Scioliftsy& often accufe Euclid with, is 
rather to be attributed to their awn per^ 
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Dr. KeillV preface. 

pkxed Ideas, than to the Demonftrations 
themfehes. And however Jome may find 
Fault with the Dlfpofition and Order of bis 
Element Sf yet notmthftandingy I do not find 
cny Method in all the Writings of this Kind^ 
more proper and eafy for Learners than that 
of Euclid. 

// is not my Bufinefs here to anfwer, fepa^ 
%ately every one of thefe Cavilers ; hut if 
will eafily appear to any one moderately 
vjerfedin thefe Elements^ thflt they rather 
Jkew their own Idlenefs than any real Faulty 
in Euclid. Nay^ I dare venture to fay^ 
there is not one of thefe new Syftems, wherein 
there are not more Faults^ nay^ proffer Pa^ 
ralogifms^ than they have been able even tt 
imagine in Euclid. 

After fo many unfuccefsful Endeavour 4 
in the Reformation if Geometry, fame very 
good Geometricians^ not daring to make new 
Elements, have defervedly preferred Euclid 
to all others, and have accordingly made it 
their Bufinefs to publijh thofe ^Euclid. 
But they, J or what Reajon I know noty havf 
entirely omitted Jome Fropofitions, and hav^ 
fltered the Demonfirations of others, for 
worfe. Among whom are chiefiy Tacqyet 
and VitQ)ci2!it%, both of which have unhap- 
pily rejeSledfome elegant Fropofitions in the 
Elements (which ought to have been re* 
tainedj, as imagining them trifiing and ufe* 
lefs ; fucbi for Example, as Prop. 27, 28^ 
and 2 0, oj the 1 1 th Book, and Jome others^ 
whofe XJfes they might not know. Farther, 
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X)r. Keill'j P re face. 

ii>&erever they ufe Demanftrations of their 
owfty ir^fiead. af EuclidV^ in thofe Demon^ 
JirationSi they are faulty in their Reafaningi 
and deviate very much from the Confcifenefi 
of the Antients. 

In the fifth Book, they have wholly re- 
jeSied Euclid'5 Demonfirationi, and havi 
gin^en a Definition of Proportion different 
from Euclid'j, and which comprehends but 
one of the two Species of Proportion, taking 
in only commenfurable S^antities. Which 
great Faulty, no Logician or Geometrician 
would ever have pardoned, had not thofe 
Authors done laudable Things in their other 
Mathematical Writings. Indeed^ this Fault 
of theirs is common to all Modern Writers 
of Elements, who all fplit on the fame 
Rock I and to fhew their Skill, blame Eu-i, 
did, for what, on the contrary^ he ought 
to be commended j / mean, the Definition of 
proportional ^antities^ wherein hejhews art 
. eafy Property of thofe ^antitiesi taking in 
both commenfurable and incommen^rabli 
ones, and from which all the other Proper^ 
ties of Proportionals do eafily follow. 

Some Geometricians, forfoothi want d 
Demonfiration of this Property in Euclid ^ 
and undertake tofupply the Deficiency by 
one of their own. Here, again, they fhew 
their Skill in Logic, in requiring a Demon^ 
firationfor the Definition of a Term $ thai 
Definition of Euclid being fuch as deter^ 
mines thofe ^antities Proportionals, which . 
have the Conditions fpecified in the f aid De^ 
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Dr. KeillV P R E F a C B. 

Jinition. And why might not the Author of 

the Elements give what Names he thought 

fit to ^antitiesy having' fuch Requifites ? 

Surely he might ufe his own Liberty ^ andac^ 

cordingly has called them Proportionals. 

But it may be proper here to examine the 
Method whereby they endeavour to demon- 
fir ate that Property : Which is byfirfi af- 
fuming a certain AffeSiion, agreeing only td 
one Kind of Proportionals^ viz. Commenfu^ 
rabies ; and thence^ by a long Circuity and 
a perplexed Series of Conclufions^ do deduce 
that univerfal Property oj Proportionals 
which Euclid affirms ; a Procedure foreign 
enough to the jufi Methods and Rules of 
Reajbning.^ They would certainly have done 
much better^ if they had firjl laid down 
that univerfal Property by^VLcWA^and thence 
have deduced that particular Property agree ^ 
ing to only one Species of Proportionals. Buty 
.rejeSling this Method^ they have tdken the 
Liberty of adding their Demonftration to 
this Definition of t hi fifth Book. Thojfe who 
have a mind to fee a J art her Defence ^Eu* 
did, may conjult the Mathematical LeBures 
of tbeiearned Dr. Barrow. 

As I have happened to mention this great 
Geometrician^ I mufi riot pafs by the Ele^ 
ments puhlijhed by him^ whe^^eki^ generally^ 
he bai retained the GonfiruSlions and Demon -^ 
firations of Euclid himfelf, not having 
omitted fo much as one Propofitron. Hence y 
bis Demonfirations become more flrong and 
nervous^ bis Conftruclions more neat and 

elegant. 



Dr. KeillV PH E face. _ 

^Ugant^ and the Genius cftbe antient Geo^ 
Metricians more confpicuousj than is ufually 
Jound in other Books of this Kind. To this 
be has added fever al Corollaries and Scholia^ 
which ferve not only tofhorten the Demon- 
fir at ion of what follows ^^ but are like wife of 
life in other Matters. 

Notwithflanding this^ Barrow j Demon'- 
Jirations are fo very/hort, and are involved 
info many Notes and Symbols^ that they are 
rendered cbfcure and difficult to one not 
verfed in Geometry. Tbere^ many Propo^ 
Jitions which appear coiifpicuous in reading 
Euclid bimfelf are made knotty^ and fear cely 
intelligible to Learners^ by bis Algebraical 
Way ofDemonllration ; as is ^ for Example, 
Prop. 13. Book L And the Demonftrations 
which he lays down in Book !!• are Rill more 
difficult : Euclid himfelf has done much bet* 
ttr^ in Jhewing their Evidence by the Con- 
templations of Figures, as in Geometry Jhould 
always be done. The' Elements of all Sci^ 
ences ought to be handled after the mofifimple 
Method, and not to be involved in. Symbols^ 
Notes, orobfcure Principles, taken elfewhere. 

As Barrow*/ Elements are too fijort, fo 
are* thofe ^^f Clavius too prolix, abounding 
in fuperfiuous Scholiums and Comments : 
For, in my Opinion, Euclid is notfo obfcure 
as to wantfucha Number of Notes, neither 
do Idoubl, but a Learner willfnd Euclid 
much eajhr than any of his Commentators. 
As t09 much Brevity in Gemetrical Demon^ 
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Dr. KeillV preface. 

Jlratiani begets Obfcurity, fo too much Pro* 
lixtty produces Tedioufnefs and Confufion. 

On theft Accounts^ Principally^ it was^ 
that I undertook topublip the firftjix Books 
^Euclid, W/i& the i \th and iztb^ accord- 
ing to CommaDdinusV Edition ; the rejl I 
forbore^ becaufe thofe^ firfi-mentioned^ are 
Jtifficientfor underfiandtng'oj mofi Farts of 
the Mathematics nowjiudied. 

Farther^ for the Ufe ofthofe who arede-^ 
Jtrous to apply tbe Elements of Geometry to 
Ufe sin hife^ ive have added a Compendium 
of Plane and Spherical Trigonometry j by 
Means whereof Geometrical Magnitudes are 
meafured^ and their Dimenfions exprejfed in 
Numbers. 
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PREFACE, 



8 H E W I N Gy 

I'be Usefulness ^WExcELLENCr 

of this W OKK. 

DR. KEILL, in his Preface, hath 
fufficiently declared how much 
eafier, plainer, and more elegant^ 
the Elements of Geometry written by Eu- 
clid are, than thofe written by others ; and 
that the Elements themfekes*are; iittec for 
a Learner, than thofe publiihed by fuch as 
have pretended to comment on, fymbolize, 
or tranfpofe, any of his Demonftrations of 
fuch Proportions as they intend to treat 
of. Then how muft a Geometrician be 
amazed, when he meets with a Traft * of 
the I ft, 2d, 3d, 4th, 5th, 6th, nth, and 
1 2th Books of the Elements, in which 
are omitted the Demonftrations of all the 
Propofitions of that moft noble univerfal 
Mathefis, the 5th; on which, the 6th, 
f ith, and i2Ch, fo much depend, that the 
Demonftration of not fo much as one Pro- 
portion^ in them, can be obtained with- 
out thofe in the fifth ? 

* Vidt the laft, Edition of the EngU^ Tacquet. 
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Mr. CuNN*Sf P 1? E VA C E. 

The 7th, 8th, and 9th Books treat of 
fuch Properties of Numbers which are ne* 
ceflary for the Demonftration of the loth,* 
which treats of Incommenfurablcs; and 
the J3th, i4lh, and 15th, of the five 
Platonic Bodies* But though the.Dodrine 
of Incommenfurables^ becaufe expounded 
in one and the fame Plane, as the firft fix. 
Elements were, claimed, by a Right Or-* 
der to be handled before Planes iqter- 
feded by Planes, or the more compounded 
Dp(3:rine of Solids j and the Properties of 
Numbers were neceffary to the Reafoning 
about Incommenfurablcs; yet/ becaufe 
only one Propofition of thefe four Books, 
^iz. the id of the loth, is quoted in the 
1 ith and 1 2th Books 1 and that only twice, 
viz. in the Demonftration of the 2d and 
16th of the 1 2th ; and that ift Propofition 
of the i 9 th is fvipplied by a Lemma in the 
1 2th 5 and becaufe the 7th, 8th, 9th, 
loth, I3th^ 14th, and 15th Books have 
not been thought (by our greateft Mafters) 
neceflary to be read by fuch as defign to 
make Natural Philofophy their Study, or 
by ffuch as would apply Geometry to prac- 
tical Affairs ; Dr. Keill^ in his Edition, 
gave us only thefe eight Books, viz. the 
firft fix, and the nth and 12th. 

And as he found there was w^inting a 

Treatife of thefe Parts of the Elements, 

as they were written by Euclid himidf -, 

• he 



Mr. Cvi^i^'i PREFACE. 

he publiflied his Etlition without omitting 
any of Euciiit^ Demonftra^ns, except 
two ; one of which was a fecond Demon* 
ftration of the 9th Propofition of the third 
Book ; and the other a Demonftration of 
that Property of Proportionab called Con-- 
verfions (contained in a Corollary to the 
19 th Pfopofition V of the fifth Book;) 
where, inftead of Euclid's Demonftration, 
which is univerfal; m<^ Authors have gi- 
ven us only particular ones of their own. 
The firft of thefe» which was omitted^ is 
here fupplied : And, that which was cor* 
rupted is here reftored*. 

And fince feverat Perfons, to whom the 
Elements of Geometry are of vaft Ufe, 
either are not fb fufficiently fkilled in^ or 
perhaps have not Leifure, or are not wil- 
ling to take the Trouble, to read the 
Latin ; and fince this Treatife was not be* 
fore in Englijh^ nor any other which may 
properly be (aid to contain the Demonftra- 
tions laid down by Euclid himfelf : I do 
not doubt but the Publication of this Edi* 
tion will be acceptable as well as fervicc^ 
able. 

Such Errors, cither typograpbs'^al, or in 
the Schemes which were taken Notjce of 
in the Latin Edition, are corredled in this. 

• Fide Page 55, loj ^ of EttcliifB Works, publifh^d 
by Dr. Gregorjf* 
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Mr. Cunn'i f REpjiC^. 

As to the Trigonometrical Trail, art-* 
oexed to , thefe Elements^ I find our Au- 
thor, ^ well as Dr. Harris, Mr. Cafwell, 
Mr. Hfynes, and others of the Trigonome-* 
metrical Writers, is mi^aken in fome of 
the Solutions. . 

That the common Solution of the 12th 
Caf^ bf Oblique Spherics is falfe, I have 
demonftratcd, and given a true one. S^d 

In tjie Solution of our 9th and 1 oth 
Cafes, by our Authors called the i ft and 
2d, where are given and fought oppofite 
Parts, not only the afore-mentioned Au- 
thors, but ^11 others that I have met with^ 
have told us, that the Solutions are ambi- 
guous ; which Doftrine is, indeed, fome- 
times true, bi^t fpmetimes falfe : For fome- 
times the ^afitum is doubtful, and fome- 
times not J and when it is not doubtful, 
it is fometimes greater than 90 Degrees, 
and fometimes lefs : And fure I (hall com*- 
mit no Crime, if! affirm, that no Solution 
can be given without a juft Diftindion of 
thefe Varieties. For the Solution of thefe 
Cafes, kc Pages 320, 321. 

In the Solution of the 3d and 7th Cafes, 
in other Authors reckoned the 3d and 4th, 
where there are given two Sides, and an 
Angle oppofite to one of them, to find the 
3d Side, or the Angle oppofite to it , all the 

Writers 



Mr. GwMN'i PRE V ACE, 

Writers of Trigonometry, that I have met 
with, who have undettaken the Solutions 
of thcfe two, as well as the two following 
Cafes i by letting fall a Perpendicular, which 
is undoubtedly the flbof teft and beft Me- 
thod for finding^ cither of thefe ^eeftta^ 

Difference j ^^ '^^ 
Vertical Angles, or Bafes, fhall be the 
fought Angle or Side, according as the 

perpendicular falls | . j. / [which can* 

Aot be known, unlcfs the Species of that 
unknown Angle, which is oppofite to a 
given Side, be ^rfl; kno)vn. 

Here they leave us firil to calculate that 
unknown Angle, before we fhall know 
whether we are to take the Surii or the 
Difference of the vttticil Angles or Bafes 
for the fought Angle or Bafe : And in the 
Calculation of that Angle have left us in 
the dark as to its Species ; as appears by 
the Obfervations on the two preceding 
^afes. 




The Truth is, the ^ajitum here, as 
well as in the two former Cafes^ is fome- 
tinges doubtful, and fometimes not ; when 
doubtful, fometimes each Anfwer is left 
than 90 Degrees, fotjie times each 15 
greater ; but fometimes one lefs, and the 
Other greater, as in the two lafl-mentioned 
^afp. When it is not doubtful, the ^^- 



Mn CitknV pre FA C E, 

fitunf^\% fome times greater than 9oDegree99 
and fometimes lefs % kll whicb Diflindiong 
may be made without another Operation^ 
on the Knowledge of the Species of that 
unknown Angle, oppodte to a givxn Side; 
or, which is the fame Thing, the^alling 
of the Perpendicular within or without. 
For which, fee Fagei 313,, 324. 

In the Soluti&n of our id and 5th Cafes ^ 

called in other Authors the 5 th and Oth; 

where there are given two Angles and a 

Side oppofite to one of them, to find the 

Hhird Angle, or the Side oppofite to it ; 

;they have toH us that the {^^^^^^^^J 

\ of the vertical Angles, qr B^fea, according 

as the Perpendicular falls j ^\ ^^ i fhall 

be the fought Angle or Side ; and that it 
is I{npwn whether the Perpendicular falls 
j within or without, by the Affe^ion pf 
J the given Angles. 

Here they feem to have fpoken as tha* 
the ^afitum was always determined, and 
never ambiguous ; for they have here de- 
termined whether the Perpendicular falls 
within or without, and thereby whether 
they are to take the Sunn of the DifiFerence 
of the vertical Angles or B^es fpr thp 
fought Angle or Side«. 
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Mr. CunnV preface. , 
But, notwithftahding thefe imaginary 
Deteruiinaiions, I affirm, that the ^^- 
Jitum here, as^ in the two Cafes laft-mcnr 
tioned^ is fometimes ambiguous/ and fome* 
times not ; and that too, whether the Pcr«- 
pendicular falls within, or whether it falls 
without. See the Solutipns of thefe two 
Cafes in Fage 322.. . 

The Determination of the 3d Cafe of 
Oblique PJane Triangles, fee in Page 
224/' 
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Advertifemerit. 



^T^ H £ Reader is now prefented with a more cor* 
^ rcSt Edition of this Work, than anj hitherto 
extant; for |iot only many Typographical Erorrs 
had by Degrees crept into it^ but there were many 
Omiffions and Miftakes, even in the firft Edition, 
the greater Part 6f which have been conftantly ,ad-^ 
hered to, in the five fubfequent ones. Upon the Ap- 
plication of the Proprietors for a Revifion of this 
Work, the Revifor was favoured, by Mr. Join 
Robertfony F. R. S. late Mafter of the Royal Mathe* 
matical School in Ghri/fs Hofpital, with an inter- 
leaved Copy of the firft Edition thereof, in which are 
a great Number of Additions and Corredions of Mr. 
Cunn*$ own band-writing, defigned (as may be fup* 
pofed) to have been inferted in a Second Edition : but 
probably prevented from fo being, either by his 
Death, or f6me other Accident : AH thefe Alterations 
have been carefully ma^e, to this Edition, and feveral 
fnore Errors, even in that Edition which had eicaped 
Mr. Cunn*s Notice, and have been continued in the 
following Editions, are in this corrected. 

After thefe Amendments had been made« in the 
printed Copy of the fixth Exiition, the Revifor care- 
fully perufed the fame, and rectified great Numbers of 
falfe Refei;ences to the Plates, and fome Errors in the 
Plates th^mfelves (for they are not the fame with 
thofe aniiexed to the Firft Edition) : But the mod 
flagrant Typographical Errors appeared in the Alge- 
braic Series, given in the; TreJatffes on Trigonometry 
^nd Logarithms, and demonftrated in the Appendix ; 
for the greateft Part of thefe were fo badly difpofed, as 
to be unintelligible, even to thofe who underftand the 
Subjedl'i thefe are here rendered intelligible, and the 
Whole now is (as the kevifor apprehends) in foch a 
^tate, as the feveral Authors of the Work and Appen- 
dix would have chofe to have put it into, had they 
^ccn alive fo to dof . 
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D E F I N I T I O N S. 



I. ^ P iN T is that wbicb hath no Parts or 
Xl Magnitude. 

II. A Line is Length, without Breadth. 

III. The Ends (or Bounds) of a Line, ars 
Points. 

IV. A Right Line is that which lieth evenly he'- 
tween its Points. 

V. A Superficies is' ih at which hath only Length 
and Breadth* 

VI. The hounds cf a Superficies are Lines. 

VII. A plane Superficies is that which lieth evinly 
between its Lines. 

\\l\. A plane Angle is the Inclination of two 
Lines to one andtber in the fame Plane^ which 
touch each other, but do not bcth lie in the 
fame Right Line. 

IX. If the Lines containing the Angle be Right 
ones, then the Angle is called a Right lined 
Angle. 

X. fPhen one Right- Line, ftanding on another 
Right Line^ makes Angles on either Side there- 

B of^' 



Euclid's Elements. Book I. 

cf^ equal between thewfelves^'.eack of. tbefe equal 
Angles is a Rigki ene -, afit/ that higbt Line^ 
which Jiands upon the other ^ is called a Per^ 
pendicular to that whereon it Jiands. 

XL An Obtufe Angle is tbaf which is greater 

'" than a Right one. 

XII. An Acute Angle is that which is lefs than a 
Right one. 

XI II. A Term (or Bourid),is that which is the 
Extreme of any Thing, . . 

XIV. A Figure is that which is contained under 
-- -one or imre Terms^ - ~. ^ . . . . 

XV. A Circle is a plain Figure^ contained under 
one Line^ called the Circumference^ ; to which 
all Right Lines, drawn fr^im a certain Point 
within the Figure, are equal. 

XVL And that Point is called the Centre of the 
Circle. 

XVII. A' Diameter of a Circle is a Right Line 
. drawn through the Centre, and terminated sri 

ho'th Sides hy the Circumference, and divides the 
Circle into two equal Parts. 

XVIII. A Semicircle IS a Figure contained under ^ 
a Diameter, and that Part of the Circumfe- 
rence of a Circle cut off by that Diameter. 

XIX. A Segment of a Circle is a Figure contain-^ 
»d under a Right Line, and Part of the Circum^ 
ference of the Circle [which is cut\pff by that 
Right Line. ] . 

XX. Right lined Figures are fuch as are con* 
tained under Right Lines. 

XXI. Three-fided Figures are fuch as are con- 
' tained under three Lines. 

XXI I . Four ^ded Figures are fuch as Hre con- 
tained under four Lines. 

XXIII. Many Jided Figures are thofe that an 
Contained under more than four ^Right Lines, 

XXIV. 



Book I. Euctidh Elements. 

XXIV. Of three Jided Figures ^ that is an\Equi^ 
lateral Triangle ^ which bath three equal Sides. 

XXV. That an Ifoceles^ or Equicrural one^ 
which hath only two Sides equal. 

XXVI. And a Scalene one^ is that which hath 
three unequal Sides. 

XXVII. Alfo cf three Jtded Figures^ that is a 
Right-angled Triangle^ which hath a Righi 
jingle, 

' XXVI II. That an Obtufe-angled one, which 
bath an Obtufe /ingle. 

XXIX. And that an Acute-angled one^ which 
hath three Acute Angles. 

XXX. Of four -Jided Figures^ that is a Square^ 
' whofe four Sides are equal, and its Angles all 

Right ones. 

XXXI. That an Oblongs or Re£l angle ^ which is 
longer than broad •, but its oppofite fides are 
equal, and all its Angles Right ones. 

XXXI I. That a Rhombus^ which hath four equal 
Sides ^ but not Right Angles. 

XXXI II. That (i RhomboideSy whofe oppofite 
Sides and Avgles only are equal. 

XXXIV. All ^adrilateraL Figures, befides 
, thefe, are called Trapezia. 

XXXV. Parallels are fuch Right Lines y in the 
, fame Plane^ which ^ if infinitely produced both 

IVays, would never meet. 

POSTULATES. 

« 

I. ^R ANT that a Right Line may be drawn 

from any one Point to another. 

II. That a finite Right Line may be continued di*^ 
reSlly forwards . 

Ill* And J hat a Circle may be defcribed about any 
Centre with any Diftance. 

B 2 AXIOMS. 
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AXIOMS. 

I. CTHING S equal to one and the fame Tbingy 

are equal to one another. 

II. If to equal Things are added equal Things^ 
the Whales will be equal. 

III. If from equal Things equal Things be taken 
away-^ the Remainders will be equal. 

IV. If equal Things be added to unequal Things^ 
. the Wholes will be unequal. 

V. ' If equal Things be taken from unequal Things^ 

the Remainders will be unequal. 
YI. Things which are double to one and the fame 

Things are equal between themfehes. 

VII. Things which are half one and the famt 
Things are equal between themfehes. 

VIII. Things which mutually agree together ^ are 
. equal to one another, 

IX. The Whole is greater than its Part. 
X... Two Right Lines do not contain a Space. 
XI. All Right Angles are equal between them- 

fehes. 
1L\. If a Right Liney falling upon two other 
Right Lines y makes the inward Angles on the 
fame Side thereof^ both together^ lejs than two 
Right AngleSy tbofe two Right Lines^ infinitely 
produc^dy will meet each other on that Side^ 
where the Angles are lefs than Right ones. 

Notiy When there are fcveral Angles at one Point, 
any one of them is exprefs'd by three Letters, of 
which that at the Vertex of the Angle is plac'd in 
the Middle. For Example ; in the Figure of Prop. 
XIII. Lib. I. the Angle contained under the Right 
L-nes A B, B C, is called the Angle ABC; and 
the Angle contained under the Right Lines A B^ 
B £, is called the Angle ABE. 

PRO^ 
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PROPOSITION I. 

I 

P R O B Ir E M. 

To defer the an Equilateral triangle upon aghen 

finite Right Line., 

LET A B be the given finite Right Line, upon 
which it is required to dcfcribe an equilateral 
Triangle. 
About the Centre A, with the Diftance A B, de- 
scribe the Circle B C D* > and about the Centre B, •''V* 3* 
with the fame Diftance B A, defcribe the Circle 
ACE*; and from the Point C, where the two 
Circles cut each other, draw the Right Lines C A, 

CBf. tAA>- 

Then becaufe A is the Centre of the Circle D B C, 

A C ihall be equal to A B :(- ^^^ becaufe B is the % ^</* i5« 
Centre of the Circle C A £, B C (hall be equal to 
B A : Bui C A hath been proved to be equal to A B $ 
therefore beth C A and C B are each equal to A B. 
But Things equal to one and the fame Thing, are 
equal between themfelves *, and confequently A C is • ^, t. 
equal to C B ; therefore the three Sides C A, A B, 
B C, are equal between themfelves. 

And fo, the Triangle B A C is an Equilateral ene^ 
and is defer ihed up$n the given finite Right Line A B j 
which was to be done. 



PROPOSITION If. 

Problem. 

M a given Point to put a Right Line equal to a 

Right Line given. 

LE T the Point given be A, .and the given Right 
Line B C ; it is required to put a Right Line at 
the Point A, eq^ial to the given Right Line BC. 

B 3 Draw 
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• Poft. I. Draw the Right Line A C from the Point A to C ♦ ; 
1 1 oftbiu upon it defcribe the Equilateral Triangle D A C f » 
t Ptjt, », produce D A and D C dircQly forwards to E and G % ; 

about the Centre C, with the Diftance B C, defcribe 

• ^e/^- 3« the Circle B G H ♦ j and about the Centre D, with 

the Diftance l3 G, defcribe the Circle K G L. 
Now becaufe the Point C is the Centre of the Circle 

t Dif. 15. B G H, B C will be equal to C G f 5 and becaufe D 
is the Centre of the Circle KG L, the Whole D L 
vii\\\ be equal to the Whole D G, the Parts whereof 
D A and D C are equal ; therefore the Remainders 

J -Af. 3, A L, C G, are alfo equal J. But it has been demon- 
firated, that B C is equal to C G ;. wherefore both A L 
and B C are each of them equal to CG* But Things 
that are equal to one and the fame Thing, are equal 

^ Ax I. (o otic another *; and therefore likewife A L is equal 
toBC. 

Whence the Right Line A L is put at the given 
Point A, equal to the given Right Line B C, which 
was to be done.. 

PROPOSITION III. 

Problem. 

Two unequal Right Lines being given to cut off a 
Part from the greater^ equal to thelejfer. 

T E T A B and C be the twojequal Right Lines 
"■^ given, the greater whereof is A B ; it is required 
to cut oiF a Line .from the greater A B equal to the 
'^ leflerC, 

• % oftbU. Put * a Right Line A D at the Point A, equal to 

the Line C ; and about the Centre A, with the Dif- 
+ P«/f. 3. tance A D, defcribe a Circle D E F f- 

Then becaufe A is the Centre of the Circle D E F, 
A E is equal to A D ; and fo both A E and C are 
each equal to A D $ therefore A £ is likewife equal 
J^.i. toCt. 

A«d fo, there is cut off from A B the greater of ttvo 
given Right Lines A B ana C, a Line A E equal to the 
leffer Line C ; which was to be done. 

PRO. 



L 



Book L Buch'iPs El e men ts. ^ 

PROPOSITION IV. 

Theorem. 
If there are two Triangles that have two Sides of 
the one equal to two Sides of the other ^ each to 
each^ and the Angle contained by tbofe equal Sides 
in ohe Triangle^ equal to the Angle contained by 
the correfpondent Sides in the other Triangle ; 
then the Bafe.of one of J he Triangles Jhall be 
equal to the Bafe of the other, the whole Triangle 
equal to the whole Triangle^ and the remaining 
Angles of one equal to the remaining Ang les of the 
other yeachtoeach^ which fubtend the equal Sides. 

E T the two Triangles be A B C, D E F, which 
have two Sides, A B, AC, equal to two Sides 
DE, D F, each to each, that isj the Srde A B equal 
to the Side D E, and the Side A C to D F ; and the 
Angle B A C equal to the Angle E D F, I fay, that 
the Bafe B C is equal to the Bafe E F, the Triangle 
ABC equal to the Triangle D E F, and the rcnraio- . 
ing Angles of the one equal to the remaining Angles 
of the other, each to its correfpondent, fubtending 
the equal Sides \ viz, the Angle ABC equal to the 
Angle D £ F, and the Angle AC B equal to the An- 
gle D F E. 

For the Triangle ABC being applied to D E F, fo 
as the Point A may co-incide with D, and the Right 
Line A B with D E, then the Point B.will co-irtcide 
with the Point E, becaufe A B is equal to D E. And 
fince A B co-incides with D E, the Right Line A C 
likewife will co-incide with the Right Line D F» be- 
caufe the Angle B A C is equal to the Angle E D F. 
Wherefore alfo C will co-incide with F, becaufe Ihe 
Right Line A C Is equal to the Right Line D F. BUt 
the Point B co incides with E, and therefore the Bafe 
B C co-incides with the Bafe E F. For, if the Point 
B co-inciding with E, and C with F ; the Bafe B C 
does not co-incide with the Bafe E F ; then two Right 
Lines will contain a Space, which is impoflible *. t ^, it^. 
Therefore, the Baje B C co-incidei with the Buje E F, 
and is equal thereto i and confequentlj the whole Tri-^ 

B 4 • arigt^ 
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Aigle ABC will co-incide with the whale Triangle 
D E F, . and will' bi equat. thereto ; and the remaining 
f i^. 8. JngUi will co^ineide with the remaining Angles ^^ and 
^will. he equal to ihern^ viz^ the. Angle ABC equed to 
the Angle D E F, and the Angle A C B equal to the 
Angle D F £ ; which wa^ to be demonftrated. 

PROPOSITION V. 

Theorem. 

^be Angles at the Bafe of an Ifocclcs Triangle 
are equal between tbemjelves : Andy if the equal 
Sides be produced^ the Angles under the Bafe 
fhall be equal between tbemjelves. 

E T A B C be an Ifoceles Triangle, having the 
Side A B eqiial to the Side AC; and let the 
equal Sides A B, AC be produced cliredly forwards 
to D and E. I fay, the Angle A B C is equal to the 
Ang1e«A C B, apd the Angle C B D equal to the An* 
gle B C E. 

For aflume any Point F in the Line B D, and from 

• 3 ?/*'*''• A E cut oifF the Line A G equal ♦ to A F, and join 

F C, G B. 

Then, becaufe AF is equal to AG, and AB to AC, 
the two Right Lines FA, AC, are equal to the two 
Lines G A, A B, each to each, and contain the com- 

♦ 4 0/ this, mon Angle F A G 5 therefore the Bafe F C is equal t 

to the Bafe G B, ^ni the Triangle AFC equal to 
^the Triangle A G B, and the remaining Angles of 
' the one eqiual to the remaining Angles of the other, 
each to each, fubtending the equal Sides, viz, the An« 
gle A C F equal to the Angle A B G 5 and the Angle 
AFC, equal to the Angle A G B. And becaufe the 
Whole A F is equal to the, whole A G, and the Part 

t ^* 3* A B equal to. the Part A C, the Remainder B F J is 
equal to the Remainder C G. But F C haa been 
proved to be equal to G B ; therefore the two Sides 
B F, F C, are equal to the two Sides C G, G B, 
each to each, and the Angle B F C equal to the Angle 
C G B i but they have a common Bafe B C. There- 
fore alfo the Triangle B F C will be equal to the 

1 4 oftbiu Triangle C G B *, and the remaining Angles of the one 

equal 
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equal to the remaining Angles of the other, each to 
each, which fubtend the equal fid^s. And fo the An- 
gle FBC is equal to the Angle G C B ; and the Angle 
BCF equal to the Angle C B G. Therefore, becaufe 
the whole Angle A B G hath been proved equal to the 
whole Angle A C F, and the Part C B Cj equal to • Am, j. 
BCF, the remaining Angle A C B * will be equal to 
the remaining At]gle A B C j but thefe are the Angles 
at the Bafe of the Triangle A C B. It hath likewife 
been proved, that the Angles FBC, G C B, under 
the Baie, are equal ; therefore, the Angles at the Bafe of 
IJoceUs Triangles are equal, between th^mfelves ; and if 
the equal Right Lines be produced^ the Angles under toe 
Bafe will be alfo equal between themfehes \ which waa 
to be demonftratcd. 

CorolL ftence every Equilateral Triangle is alfo Equi- 
angular. 

s 

PROPOSITION VL 

' t 

T H £ O R £ M. 

If two Angles of a Triangle be equals then tb$ 
Sides fubtending the equal Angles will be ,eqttal 
between tbemfelves. 

T ET ABC be a Triangle, having the Angle 
•■-'ABC equal to the Angle A C B. i fay, the Side 
A B is likewife equal to the Side A C. 

For if A B be not equal to A C, let one of them, as 
A B, be the greater^ from which cut off B D equal to 
A C t, and Join D C. Then becaufe B O is equal to ^ ^ ^fthUm 
A C, and B C is common, D B, B C, wilt be equal 
- to A C, C B, each to each, and the Angle D B C 
equal to the Angle A C B, from the Hypothe/is; 
therefore the Bafe D C is equal % to the Bafe A B, and t 4 of this. 
the Triangle D B C equal to the Triangle A C B, a 
Part to the Whole, which is abfurd : therefore A B is 
not unequal to A C, and confequently is equal to it. 

Therefore, if tuo Angles of a Triangle be equal be* 
tween themfelves^ the Sides fubtending the equal Angles 
are likewife equal between themfelves \ which was to be 
demonltrated. 

CotqII. 
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tCofJl^* Hence every Equiaogular Triahgule is alfo 
. Equilaterah 

PROPOSITION VII. 

Theorem, 

On the fame Right Lines cannot be conjlituted two 
Right Lines equal to two other Right Lines^ 
each to eacby at different Points ^ on the fame 
Side^ avd having the fame Ends which thefirfi 
Right Lines have»' 

rp O R, ir It be poifiblc, let two Right Lines A D, 
^ t) B, equal to two others A C, C B, each to each, 
be conitjtuted at difFerent Points C and D, towards 
the fame Part C D, and having the fame Ends A and 
B, which the firft Right Lines have, (o that C A be 
equal to A D, having the fame End A, which C A 
hath ; and C B equal to D B, having the fame End B. 
Cafe I. The Point D cannot fall in the Line AC; 
for inftance at F : For then (A D that is) A F would 
not be equal to AC. 

Cafe 2* If it be faid that D falls within the Triangle 
A fi C ; draw C D, and produce B D, B C, to F, and 
£• .^Nowiince A D is affirmed to be equal to A C, the 
Angle A D C is equal to the Angle A C D * ; and 
confequently the Angle A C D is greater than F D C: 
Moreover fe C D is greater than A C D, therefore 
E C D is much greater than F D C, fiutit is alfo faid, 
that B D is equal to B C, and fo the Angle ECD 
under the Bafe of the Ifoccles Triangle is equal to 
•sV*"* FDC*j whereas it hath been proved to be much 
^ greater, which is abfurd : Therefore D doth not fall 
within the Triangle. , , 

Cafe 3. Suppofc D fell without the Triangle A B C j 
join CD. 

Then becaufe A C is equal to AD, the Angle 
} 5 iftbit. AC D will be equal f to ^^e Angle ADC, an4 con- 
fequently the Angle A D C is greater than the Angle 
BCD; wherefore the Angle B D C will be much 
greater than the Angle BCD. Again, becaufe C B 
is equal to D B, the Angle B D C will be equal to the 
Angle BCD; but it has been proved to be much 
greater, which is impoffible. Therefore, on the fame 
. . Right 
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Xigbt Line cannot be conftituted two Right Lines equal 
to two other Right Lines, each to each, at different 
Points^, on the fame Side, and having the fame Ends 
y)hich the firfl Right Lines have ; which was to be 
demonftrated* 

PROPOSITION VIU. 

Theorem. 
Jf two Triangles have two Sides of' the one equal 
to two Sides of the other ^ each to each^ and the 
Bafes equals then the Angles contained under the 
equal Sides will be equaL 

LE T the two Triangles be A B C, D E F, having 
two Sides, A B, AC, equal to two Sides D E, 
D F, each to each, viz. A B equal to D E^ and A C . 
to D F ; and let the Bafe B C be equal to the Baic 
£ F. I fay, the Angle B A C is equal to the Angle 
E D F. 

For, if the Triangle A B C be applied to the Tri- 
angle D £ F, fo that the Point B may co incide with £^ 
and the Right Line B C with E F, then the PoifttC 
will co-incide with F, becaufe B C is equal to E F. 
And {o, fince B C coincides with E F, B A and A C 
will likewife co incide with E D and D F. Fo» if 
the Bafe B C fhould co^incide with E £, and at the 
fame Time the Sides B A, A C, fhould not co-rncidc 
with the Sides £ D, 'D F, but change their PoBtion, 
as EG, G F, then there w6uld be conilituted on the 
fame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at feveral Points, on the 
fame Side, having the fame Ends. But this is proved 
to be otherwife f ; therefore it is impoifible iov the f 7 rftkU* 
Sides B A, A C, not to co-incide with the Sides £ D, 
D F, if the Bafe B C co-incides with the Bafe E F ; 
wherefore they will co-incide, and confequently the 
Angle BAG will co-incide with the Angle E U F t» 
and will be equal to it. Therefore, // two Triangtes 
have two Sides of the one equal to ttuo Sidei of the other^ 
each to each, and the Bafes equal, then the Angles con'- 
tained under the equal Sidef will be equal i which wa$ to 
be demonftrated. 

PRO- 
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PROPOSITION IX. 

Problem. 

To cut a given Right ^Un^d Angle into two equal 

Parts. 

T E'T B A C be a given Right-lin'd Angle, which 
■*^ is Acquired to be cut into two equal Parts. 

AflTume any Point D in the Right Line A B, and 

1 3 tftbiu cut off A jE from the Line A C equal to A D t i join 
tioftbiu D E, and thereon make J the equilateral Triangle" 

P E F, and join A F* I fay, the Angle B A C is cut 
into two equal Parts by the Line A F. 

For, bccaufe A D is equal to AE, and A F is com- 
mon, the two Sides D A, A F, are equal to the 
two Sides A E, A F, and the Bafe D F is equal to- the 
1 8 »/<hii. Bafe E F ; therefore t the Angle D A F is equal to 
•the Angle E A F. Wherefore, a given Right-lirCd 
JngUis cut into two equal Parts ; which was to be done. 

P R O P O S I T I O N X. . 

Problem. 

' ito cut a given finite Right JUne into iwo equal 
I Parts. 

T E T A B be a ]given finite Right Line, required 
^ to be cut into two, equal Parts. 
• I oftbiu Upon it make * an Equilateral Trianj;le ABC, and 
f 9 of this, bifeft t the Angle A C B by the Right Line CD. I 
fay the Right Line A B is bifeSed in the Point D. 

For, becaufe A C is equal to C B, and C D is com- 
mon, the Right Lines AC, CD, are equal to the 
two Right Lines B C, CD, and the Angle A C D 

1 4 of this, equal to the Angle B C D j therefore J the Bafe A D 

is equal to the Bafe D B. And !(b, the Right Line 
A B is Hfe^ed in the Point D i which was Co be 
donei 

PRO- 
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P R O P O S I T I O N XL 

Problem. 

To draw a Right Line at Right Angles to a given 
Right Line J from a given Point in the fame. 

T £ T A B be the given Right Line» and C the given 
'*-' Point. It is required to draw a Right Line from 
'the Point C, at Right Angles to A B. 

AfTume any Point D in A C^ and make C £ equal 
* to CD; and upon D £ make f the Equilateral * 3 9/tbif, 
Triangle F D E, and join F C. I fay, the Right i t rf tbu. 
Line F C is drawn from the Point C, given in the 
Right Line A B, at Right Angles to A B. 

For, becaufe D C is equal to C £, and F C is com- 
mon, the two Lines D C, C F, are equal to the 
two Lines EC, C F ; and « the Bafe D F is equal to 
the Bafe F E. Therefore • the Angle DC F is equal • I rftbiH 
to the Angle EC F ; and they are adjacent Angles. 
But when a Right- Line fiandinc; upon a Right-Line, 
makes the adjacent Angles equal, each of the equal 
Angles is t a Right Angle ; and confequently D C F, ^ 10 9fiyu» 
F C E, arc both Right Angles. Therefore, the Right 
Line F C is drawnfrom the Pcint C at Right Angla to 
A B \ which was to be done. 

^ PRPOPSITION XII. 

Problem. 

To draw a Right Line perpendicular^ upon a given 
infinite Right Line ^ from a Point given out of it. 

T E T A B be the given infinite Line, and C the 
'*-' Point given out of it. It is requir'd to draw a 
Right Line perpendicular upon the given Right Line 
A B, from the Point C given out of it. 

Affume any Point D on the other Side of the Right 
Line A B \ and about the Centre C, with the Diftance 
C D, defcribe ♦ a Circle E D G ; bifeft f E G in H, • p^. -,. 
and join C Q, C H, C £!• 1 fay, there is drawn the f 10 •fttln 

Per- 
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Perpendicular C H on the given infinite Right Line 

A B, from the Point C given out of it. 

For, becaqfp G H is equal to H £, and H C is com- 
- mon, G H and H C a/e each equal to £ H and H C, 

apd the Bafe G G is equal to the Bafe C K, Therefore 
I 8 ?r '*". the Angle C H G is equal J to the Angle C H E ; and 

they are adjacent Angles. But when a Right Line, 

{landing upon another Right Line, makes the Angles 

equal between themfelves, each of the equal Angles ' 
• Def, 10. is' a Right one ♦, and the faid ftanding Right Line is 

called a Perpendicular to that which it fiands on. 

Therefore, C H is drawn perpendicular upon a given 

infinite Right Liney from a given Point out of it ^ 

which was to be done. 

r 

PROPOSITI ON XIII. 

/ 

Th R'O r. e m . 

' When a Right Line ftanding upon a Right Line^ 
makes Angles^ tbefe Jhall he either two Right 
Angles y or together equal to two Right Angles. 

FO Rlet a Right Line A B, ftanding uponthe Right 
Line C D, make the Angles C B A, A B D. I fay, 
the Angles C B A, A B D, are cither two Right An- 
gles, or both together equal to two Right Angles. 

• Di^ lo. for if C B A be equal to A B D, they are • each of 

t >i tft^i** them Right Angles : But if not, draw t B E from thf 

Point B, at Right Angles to C D. Therefore tb« 

Angles C B E, E B D, Vc two Right Angles : And 

becaufe C B £ is equal to both the Angles CBA, 

* A B £, ^dd the Angle £ B D, which is common ; and 

i -^^ a- the two Angles C B E, £ B D, together, are % equal 
to the three Angles C B A, A B £> £ B D, together^ 
Again^ becaufe the Angle D B A is equal to the two 
Angles D B £, £ B A, together, add the common An- 
gle ABC, and the two Angles D B A, A B C, arc 
equal to the three Angles D B £, E B A, A B C, toge- 
ther. But it has been proved, that the two Angles 
C B £, £ B D, together, are likewife equal to thefe 
, tjiree Angles : But Things that are equal to one and 

*^. I, . the fame, are * equal between tl^emfelves. Therefore 
likewife the Angle C B E, £ B D, together, are equal 

XQ 
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to the Angle B D A, ABC, together; but C B E, 
E B D, are two Right Angles. Therefore the Angles 
DBA, ABC, are bath together equal to two Right 
Angles. Wherefore, when a Right Line^Jianding upon 
another Right Line^ makes Angles^ thefe Jhall be either 
two Right Angles^ or together equal to two Right Angles ; 
which was to be demonftrated. 

PROPOSITION XIV. 

Theorem. 

Jf to any Right Line^ and Point therein, two 
Right Lines he draivn from contrary ParlSy 
making the adjacent /Ingles ^ both together^ 
equal to two Right Angles^ the faid two. Right 
Lines will make but one fir ait Line. 

Tf O R let two Right Lines B C, B D, drawn from 
* contrary Parts to the Point B, in any Riijht Line 
A B, make the adjacent Angles A B C, A B D, both 
together equal to two Right Angles. I fay, B C, 
B D, make btit one Right Line. 

For if B D, C B, do not make one ftrait Line, let 
C B and B E make one. . 

Then, becaufe the Right Line A B ftands upon the 
Right Line C B E, the A^ngle A B C, A B E, together, 
ivill be equal ♦to two Right Angles. But;the Angles %xi 4^thm» 
ABC, A B D, together are alfo equal to two Right 
Angles, Now taking away the common Angle A.B C, 

. the remaining Angle A B £ is equal to the remain- 
ing Angle ABD, the lefs to the greater, which is 
impofiible. Therefore BE, B C, arc not one ftrait 
Line. And in the fame manner it is demonftrated, 
that no other Line but B D is in a ftrait Liile with 
C B ; wherefore C B, B D, (hall be in one ftrait 
Line. Therefore, if to any Right Ltne^ and Point 
therein, two Right Lines be drawn fiom contrary Parts^ 
making the adjacent Angles, both together, equal to twa 

Right Angles, the faid two Right Lines will make but one * 

Jirmt Line \ which was to be demonftrated. 

PRO^ 
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PROPOSITION XV. 

Theorem. 

If two Right Unes mutually cut eatb other ^ the 

oppofite jingles are equal. 

T E T the two Right Lines A B, C D, mutually cut 
•*^ each other in the Point E. I fay, the Angle 
A E C is equal to the Angle DEB; and the Angle 
C E B equal to the Angle A E D. ' ♦ 

For becaufe the Right Line A £, ftanding on the 
Right Line C D, makes the Angles C E A, A E D ; 

• i3«//i6». thefe both together (hall be equal * to two Right 
Angles. Again, becaufe the Right Line D £, (landing 
upon the Right Line A B, makes the Angles A £ D, 
DEB ; thefe Angles together are * equal to two Right 
Angles. But it has been proved that the Angles C E A, 
A £ p, are likewife together equal to two Right An* 
gles. Therefore the Angles C £ A, AE D, are equal 
to the Angles AE D, D £ B. Take away the com- 
mon Angle A £ D, and the An^e temaining C £ A is 

fJk,z. f equal to the Angle remaining B £ D. For the fame 
Reafon, the Angle CEB (hall be equal to the Angle 
D £ A. Therefore, if two Right Lines muttially cut 
each other y the oppofite Anglei are equal i which was to 
be dcmonftrated. 

Cor oil. I. From hence it is manifeft, that two Right 
Lines, mutually cutting each other, make Angles 
at the Se£lion equal to tour Right Angles. 

CorolL 2. All the Angles, conftituted about the fame 
Point, are equal to fpur Right Angles. 
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PROPOSITION XVI. 

Theorem. 

If one Side of any Triangle be preduceit the out^ 
ward Angle is greater than either ef the inward 
oppeftte Angles. 

T £T ABC be a Triangle, and one of tt9 Sides 
^^ B C be produced* to D. I fay, the outward An- 
gle A CD is greater than either of the inward Angles 
CBA, orBAC. 

For bifcd A C in E *, and join B E, which pro* • \0 9ftbiu 
duce to F, and make E F equal to B E f. Moreover, + 3 V^^'h 
join F C» and produce A C to G. 

Then, becaufe A £ is equal to E C, and B E to 
E F, the two Sides A £, E B, are equal to the two 
Sides C E, E F, each to each, and the Angle A £ B 
t equal to the Angle FEC; for they are oppofite t >5 •/'*»«• 
Angles. Therefore the Bafc A B is J equal to the t* •/'*«• 
Bafe F C ; and the Triangle A £ B equal to the Tri- 
angle FEC; and the remaining Angles of the one 
equal to the remaining Angles of the other, each to 
each, fubtending ^he equal Sides. Wherefore the 
Angle fi A E is equal to the Angle E C F ; but the 
Angle E C D is greater than the Angle E C F ; there- 
fore the Angle A C D is greater than the Angle B A £• 
After the fame manner, if the Right Line B C be 
hife£ted, we demonftrate that the Angle B C G, and 
confequently its equal, the Angle A C D *, is greater # ,. ^tUt* 
than the Angle ABC. Therefore, em Side of any 
Triangle being produced^ the outward AngU is greater 
than either of the inward oppojite Angles ^ which was to 
be demonftrated. 

PROPOSITION XVII. 

Theorem.' 

Two Angles of any Triangle together^ bowfoever 
taken^ are lefs than two Right Angles. 

LET A B C be a Triangle. I fay, two Angles 
of it together) howfoever taken, are le& than two 
Ri ght Angles. 

C For 
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For produce B C to D. < 

• Then, bccaufe the outward Angle ACD of the 

* i6 of this. Triangle A BC is greater * than the inward oppofife 
Angle ABC; if the common Angle A C B be added» 
the Angles A CD, A C B, together, will be greater 
tbtn tbe Angles A B C, A C B, together : But A C D, 

1 13 ofthU* ACB, are f equal to two Right Angles. Therefore 
ABC, B C A, are lefs than two Right Angles. la 
the fanie manner we domonftrate, that the Angles 
B A C, A C B, as alfo CAB, ABC, are lefs than 
two Right Angles. Therefore, ituo Anj^les of anp 
Triangle . together^ howfotver taken^ are lefs than tu4 
lUght Angles ; which was to be demonftrated. 



PROPOSITION XVIII. 

Theorem. 

Tbi greater Side ef every Triangle fuh tends ih 

greater Angle. 

LE T A^B C be a Triangle, having the Side A C 
^ greater than the Side A B, I fay the Angle ABC 
is (^reater than the Angle B C A. 

For, becaufe A C is greater than A B, A D may be 
t 3 oftbit. made equal to A B ]:, and B D be joined. 

Then, becaufe A D B is an OutWard Angle of the 
* iScftbk. Triangle B D C, it will be * greater than the inward 
fso/ihis. oppofite Angle D C B. But A D B is f equal to 
A B D ; becaufe the Side A B is equal to the Sid^ 
A D. Therefore the Angle A B D is likewife greater 
than the Angle A C B ; and confequeiltly ABC fhatt 
be much greater than A C B. Wherefore, the greater 
Sideof every TriangUfubtends the greater Angle \ which 
was to be demonftrated* 
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PROPOSITION XIX. 

Th E OR £ M. 

The greater Angle of every Triangle fubtends the 

greater Side. 

T ETABCbea Triangle, havfng the Angte 
-■-'ABC greater than the Angle B C A. I fay, the 
Side A C is greater than the Side A B. 

For, if it be noi greater, AC is either equal te A B, 
or lefs than it. It is not equal to it, becaufe then the 
Angle ABC would be equal * to the Angle A C B : # ^ ofthn. 
but it is not : T'herefore A C is not equal to A B. 
Neither will it be lefs ;' for then the Angle ABC 
would be t lefs than the Angle A C B ; but it is not. ^ ii^ftbh. 
Therefore A C is not tlefs than A B. But likewife 
it has been proved not to be equal to it : Wherefore 
A C is greater than A B. Therefore, the greater An- 
gle of every Triangle fubtends the greater Side : which 
was to be demonfirated. 

PROPOSITION XX. 

Theorem. 

Two, Sides of any Triangle^ howfoever taken^ are 
together greater than the Third Side. 

TET ABC be a Triangle. I fay, two Sidc^ 
'*-' thereof, howfocver taken, are together greater- 
than the third Side; vi%, the Sides BA, AC, are 
greater than the Side B C ; and the Sides A B, B C, 
greater than the Side A C ; and the Sides BC, CA, 
greater than the Side A B. 

For produce B A to the Point D, fo that A D be 
♦ equal to A C 5 and join DC. m ^ tftbU. 

Then, becaufe D A is equal to A C, the Angle 
^ D C| (hail be equal f to the Angle AC D. But f 5 rftbiH 
the Angle BCD 19 greater than the Angle ACD. 
. Wherefore the Angle B C D is greater than the Angle 
A D'C ; and becaufe D C B is a Triangle, havipg the 
Angle B C D greater than the Angle BX> C s liid the 

C %i .greater 
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ii^«/ihh,ptzttT Angle fubtends f the greater Side ; the Side 
D B will be greater than the Side B C. But D B is 
equal to B A and A C together. Wherefbre the Sides 
BA) AC, together, are greater than the Side BC. 
In the fame manner we demonftrate, that the Sides 
A B, B C, together, are greattr than the Side C A; 
and the Sides B C, C A, together, are greater than 
the Side A B. Therefore, two Sides of any Triangle^ 
. bowfoevir taken^ are iogithor greater than the third Side \ 
which was to be demonftrated. 

PROPOSITION XXL 

Theorem. 

Jf two Right Lines be drawn from the extreme 
Points of one Side of a triangle to any Point 
within the fame^ thefe two Lines (ball he lefs 
than the other two Sides of the TrianglOy but 
contain a greater jingle. 

P O H let two Right Lines B D, DC, be drawn 
*^ from the Extremes B, C, o^the Side B C of the 
Triangle ABC, to the Point D within the fame. I 
Uyj B D, D C, arc lefs than B A, A C, the other 
two Sides of the Triangle, but contain an Angle 
B D C greater than the Angle B AC, 
For produce B D to E, 
Then becaufe two Sides of every Triangle together 

• to tftbis. ^re * greater than the third, B A, A £ the two Sides 
of the Triatigle A B E, are greater th^n the Side 6 ^. 
Now, add % C, which is common, and the Sides 

fAx.^ 3 A, AC, will be t greater than BE, B C. 

Again, becaufe C£, £ E), the two Sides of the Tri- 
angle C £ D, are greater than the Side C D, add OB, 
which is common, and the Sides C £, £ B, will be 
greater than CD, D B, But it has been proved, that 
B A, AC, are greater than BE, EC- Wherefore 
B A, A C, ^re much greater than B D, D G, Again, 

t « / A* ^^^^^"^ *^* outward Angle of every Triangle J 19 

? ' y ' "• greater than the inward and oppofite one ; B D C, the 

. putward Angle of the Triangle C D £, (hall be greater 

than the Angle C E D. For the fame Reafon, C E D^ 

tiic cytwar4 A"g^^ ^^ 4>c Triangle A B £> is likewife 
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greater than the. Angle BAG; but the Angle B D C 
has been proved to be greater than the Angle C £ D« 
VVherefore the Angle B D C 0iali be much greater 
than the Angle B A C. And fo, if two Right Lines . 
h drawn from the ixtrerm Points of one Side of a Tri* 
angle to any Point within the fame ^ thefe two Lines Jhall be 
lefs than the ether two Sides of theTtiangle^ but contain a 
greater Angl^^ which was to be demonftrated. 

> 

PROPOSITION XXIL 

Problem. 
^0 defcribe a Triangle of three Right Lines ^ which 
are equal to three others given : But it is requi* 
fitt^ that any two of the Right Lines taken^to^ ' 
gether be greater than the third ; becaufe two 
Sides of a Triangle^ bowfoever taken^ are to- 
gether greater than the third Side. 

T £ T A, B, C, be three Right Lines given^ two of 
-*^ which, any ways taken, are greater than the third ; 
vix, A and B together greater than C ; A and C greater 
than B ; and B and C greater than A. Now it is re- 
quired to make a Triangle of three Right Lines equal 
to A, B, C : Let there be one Right Line D £, ter^ 
minated at D, but infinite towards £ ; and take * D F * 3 •fthh^ 
equal tq A, F G, equal to B, and G H equal to C ; 
and about the Centre F, with the Diftance F D, de- 
fcribe a Circle D K L t » and about the Centre G, t 3 ''^^ 
with the Diftance G H> defcribe another Circle 
K L H, and join K F, K G. I fay, the Triangle 
K F G, is made of three Right Lines, equal to A, B, 
C ; for becaufe the Point F is the Centre of the Cir- 
cleD K L* F K (hall be equal to F D J : But F D is 
eq^ual to Al therefore F K is alfo equal to A. Again, 
becaufe the Point G is the Centre of the Circle L K H, 
G K will be % equal to G H : ButG H is equal to C j t ^/. 15, 
therefore (hall G IC be alfo equal to C : But F G is 
likewife equal to B ; ^nd confequently the three Right 
Lines K ^ F G, KG, are equal to the three Right 
Lines A, B, C. Whe/efore, the Triangle K F G is 
made of three Right Lines K F, F G, K G, equal to the 
three given Lints A, B, C^ which was to be done. 

C 3 PRO- 
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PROPOSITION XXlII. 

Pro b l b m. 

fTitb a given Right Line^ and at a given Point 
in ity to make a Right -lin'd jingle equal to a 
Right' lin*d Angle given. 

T £ T the gtven Right Line be A B, and the Point 
^^ given thereia A, alid the giveniRfght*-lin*d Angle 
>D C £• It ^ required to make a Right-lin'd Angle 
at the given Point A, with the given Right Line A B, 
equal to the given Right-lin'd Angle D C E. 

AfTume the Points D and E at Pleafure in the Lines 
CD, C £, and draw D E ; tben» of three Right 

•ta •ftbit. Lines equal to C D, D £, £ C, make * a Triangle 
A F G, fo that A F be equal to C D, A G to C E, 
and F G to D E. 

Then becaufe the two Sides DC, C E, are equal 
to the two Sides F A, A G, each to each, and the Bafe. 
D £ equal to the Bafe F G ; the Angle D C £ Oiall 

1 1 o/tbU. be t equal to the Angle FAG. Therefore, the Sights 
lind AngU F A G is made at tbi given Point A in the 
gtfotn Right Line A By equal to tbi given Right 'tin* d 
Jngle D C £ ; which was to be done. 

PROPOSITION XXIV. 

T H E O R B M. 

If two Triangles have two Sides of the one equal 
to two Sides of the other ^ each to eachy and the 
Angle of the one contained under the equal 
Right Unesy greater than the correfpondeht 
Angle of the other ; then the Bafe of the one 
will he greater than the Bafe of the other. 

LET there be two Triangles A B C» D E F» hav- 
ing two Sides A B, AC, equal to the two Sidet 
DE, D F, each to each, viz. the Side A B equal 46 
the Side D £, and the Side A C equal to D F i and 
let the Angle B A C be greater than the Angle £ D F. 
I &y, the Bafe B C is greater than the Bafe £ £• 

For 



For becaufe the Angle B A C is greater than the 
Angle £ DF; make an * Angle £ uG at the Point •t^$fthtt» 
D in the RightLirie D E» equal to the Angle B A C ; 
and make f D G equal to either A C or D F, and f 3 •ftbUp 
join E G, F G. 

Caji I. When £ G falls above £ F ; then becaufe 
A B is equal to D £, and A C to D G, the two Sides 
B Ay AC, are each equal to the two Sides £ D, D G, 
and the Angle B AC equal to the Angle ED G: 
Therefore the Bafe B C is equal % tof the Bafe E G. f^^/thit^ 
Again, becaiife D G is equal tp D F, the Angle DFG 
is t equal to the Angle DFG; and fo the Angle x - w-rt/i, 
t) F G is greater than the Angle £ G F : and conie- 
quently the Angle £ F G is much greater than the 
Angle £GF. And becaufe £FG is a Triangle 
having tKe Angle £ F G greater than the Angle 
£Q F; and thegreateft Angle fubtends * the greaceft • t^$/tM 
Side, the Side £G fhall be greater than the Side 
£ P. But the aide £ G is equ^l to the Side B C : 
Whence B C is likewife greater than £ F. 

Cafe 2. When £ G falls upon £ F ; then E G is 
greater than £ F : And confequently B C is greater 
than £ F. 

Cafi 3. When E G falls below E F ; then D G, 
E G,' ire X together greater than D F and £ F togc- j n t/tbth 
thir, and by taking away the Equals D G> D F, there 
remain EG greater than Er*. Therefore B C, • wfi* 5» 
which is equal to £ G, will be alfe greater than £ F. ' 
Therefore, 1/ two Triangles have two Sides of the one 
oqual to two Sides of the other ^ each to eacb^ and the Angle 
if the one contained under the eifual Right Linesy greater 
than the correfpondent Angte of the other j then the Bafe 
of the one will he greater than the Bafe of the other % 
which was to be demopftrated. 
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PROPOSITION XXV. 

Theorem.. 

Jf two Triangles have two Sides of the one equal 
to two Sides of the other ^ each to e^acb^ , and 
the Bafe of the one greater than tbeBafe of the 
other ; tbeyfhall alfo have the Angles contained 
hy the equal Sides^ the one greater than the 
other. 

1 E T there be two Triangles A B CyDE F, having 
•*^ two Sides A B, AC, each equal jto two Sides 
D E, D F, viz. the Side A B eqiial to the Side D E, 
and the Side A C to the Side D F ; but the Bafe B C 
greater than the Bafe E F ; I fay, the Angle B A C is 
alfo greater than the Angle E D F. 

For if it be not greater, it will be either equal or 
lefs. But the Angle B AC is not equal to the Angle 

• 4 0//^». E D F ; for if it was, the Bafe B C would be * equat 
to the Bafe E F ; but it is not: therefore the Angle 
B A C is not equal io the Angle E D F i^ neither will 

1 14 9/tbhi it be lefler ; for if it (hould, the Bafe B C would be f 
lefs than the Bafe E F ; but it is not. Therefore the 
Angle BA C is not lefs than the Angle E D F ; but it 
has likewife been proved not to be equal to it. Where* 
fore the Ande B A C is neceflarily greater than the 
Angle E D F. I/^ therefore^ two Trianglts have twt 
Sides of thi om equal to two Sides of the other y each to 
each^ and the Bafe of the one greater than the Bafe of the 
other ; they jhall alfo have the Angles contained by the 
equal Sides^ the one greater than the other i which wa$ 
to be demonftrated» 
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PROPOSITION XXVL 

Theorem. - 

ff two triangles have two singles of the one equal 
to two Angles of the other ^ each to each, and 
one Side of the one ejual to one Side of the 
other J either the Side lying between the equal 
jingles J or which, fubtends one of the equal An^ 
gles ; the remaining Sides of the one Triangle 
Jhall bi alfo equal to the remaining Sides of the 
other J each to bis correfpondent Side ; and the 
remaining Angle of the one equal to the remain * 
ing Angle of the other. 

T E T there be two Triangles A B C, DEF, hav- 
•■^ ing two Angles A B C, B C A, of the one, equal 
to two Angles DEF, E F D^ of the other, each to 
each, that is, the Angle ABC equal to the Angle 
DEF, and the Angle B C A equal to the Angle 
£ F D. And let one Side of the one be equal to one 
Side of the other, which firft let 'be the Side lying be- 
tween the equal Angles, vi%. the Side B C equal to tht 
Side E F. 1 fay, the remaining Sides 'of the one Tri- 
angle will be equal to the remaining Sides of the 
other, each to each, that is, the Side^ A B equal to 
the Side D £» and the Side A C equal to the Side 
D F, and the remaining Angle B A C equal to the 
remaining Angle E D F. 

For if the Side A B be not equal to the Side D E, 
one of them will be the greater, which let be A B, 
make G B equal to D E, and join G C« 

Then, becaufe.BG is equal toDE, andBC toEF, 
the two Sides G B, B C, are equal to the two Sides 
D E, E F, each to each^ and the Angle G B C equal 
to the Angle DEF. The Bafe G C is ♦ equal to the • 4 ?f '*^'» 
Bafe D F, and the Triangle G B C to the Triangle 
DEF, and the remaining Angles equal to the re- 
maining Angles, each to each, which fubtend the equal 
Sides. Therefore the Angle G C B is equal to the 
Angle D F E. But the Angle D F E, by the Hypo- 

thefis 
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thefis, is equal to the Angle B C A ; and lb the Ai^Ie 
B CG is Ukewife equal to the Angle B C A, the left 
to the' greater, which cannot be. Therefore A B is 
not unequal to D £, and conlcquently is-equal to it. 
And fo the two Sides A B, B C, are equal to the two 
Sides D£ £ F, and .Ihe An^ ABC equal to the 

•^rfihh. Angle D EF : and cooicquently the Bafe A C * is 
equal to the Bafe D F, and the remaining Angle 
B A C equal to the remaining Angle £ D F. 

Seccndl]^, Let the Sides that are fuhtended bj the 
' equal Angles be equal, as A B equal to D £. 1 hy^ 
the remaining Sides of the one Triangle are equal to 
the lemainiDg Sides of the other, ms. A C to D F, 
and B C to £ F $ and alfo the remaining Angle 
B A C equal to the remaining Angle £ D F. 

For if B C be unequal to £ F, one of them is the 
greater, which let be B C, if poffible, and make B H 
equal to E F, and join AH. 

Now, becaufe B H is equal to £ F, and A B to 
D £, the two Sides A B, B H, are equal to the two 
Sides D £, E F, each to each, and they contain equal 
Angles : Therefore the Bafe A H is equal to the 
Bafe D F i and the Triangle A B H (hall be equal to 
the Triangle D £ F> and the remaining Angles equal 
to ihe/emaining Angles, each to each, which fubtend 
the equal Sides ; and fo the Angle B H A is equal to 

t Frm the *^ Angle E F D. But £ F D is t equal to the An- 

Bjf» gle B C A ; . and confequently the Angle B H A is 

equal to the Angle B C A : Therefore the outward 

N Angle B M A of the Triangle A H C, is equal to the 

'• i6 oftbiu inward axid oppofitd* Angle B C A ; which is * im- 
poffible: Whence B C is not unequal to E F ; there- 
fore it is equal to it. But A B is alfo equal to D £• 
Wherefore the two Sides A B, B C, arc equal to the 
two Sides D £, £ F, each to each ; and they contain 
equal Angles. And fo the Bafe A C is equal to the 
Bafe D F, the Triangle B A C to the Triangle D £ F, 
and the remaining Angle B A C equal to the remain- 
ing Angle E D F. If^ therefore, two Triangles bavi 
two Angles equaly each te each^ and one Side of the ens 
equal to one Side of the other ^ either the Side lying between 
the equal Anglef^ or which fuhtends one of the equal An* 
gles i the remaining Sides of the one Triangle jbali he alfi 
gmaltQ thi refhaitit^ Sides of the other ^ eaib'to tls corre^ 

fpondcn 
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/pendent Side^ and tht rtmaining Angle eftbi §ni equal t$ 
the remaining Angle of the ether i which was to be de- 
moiiftraled. 



PROPOSITION XXVIL 

Theorem. 

If a Right Une^ falling upon two Right Linu^ 
makes the alternate Af^les equal between them^ 
f elves, tie two Right Unesfoall be parallel. 

T £ T the Right Line £ F, falling upon two Right 
^^ Lines A B, C D> make the alternate Angles 
A £ F, E F D, equal between themfelves* I uy, 
the Right Line AB is parallel to C D. 

For if it be not parallel, A B and C D, produced 
towards B and D» or towards A and C, will meet : 
Now let them be produced towards B and D, and 
meet in the Poim G. 

Then the outward Angle A £ F of the Triangle 
G£F is * greater than the^ inward and oppofite An- * i6 ifthu^ 
gle £ F G, and alfo equal f to it ; which is abfurd, f ¥rm*u 
Therefore A B and C D, produced towards B and D, ^* 
wiU not meet each other. By the fame way of Rea- 
foning, neither wHl they meet,' being produced to- 
wards C and A. But Lines that meet each other on ^ ^^^ 
neither Side, are % parallel between themfelves. There- ^' 
fore A B is parallel to C D. Therefore, if a Right 
Line falling upon ftvo Right Lines y makes the alternate 
Angles equal between tbemfehes, the two Right Lines 
Jhckbe parallel 'i which was to be demooftraCcd. 
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PROPOSITION XXVIIL 

T H B O R E M. 

^ a Right Une^ failing upon two Right Lines, 
makes the outward Angle with the one Line 
equal to the inward and oppofite jingle with 
the other on the fame Side, or the inward An- 
gles on the fame Side t£gether equal to two 
Eight Angles^ the two Right Unes fiall be 
parallel between themfelves. 

T I T the Right Line £ F falling upon two Right 

y ^^ Lines A B, C D, make the outward Angle E G B 

equal to the inward and oppofite Angle G H D ; or 

the inward Angles B G H, G H D» on the fame Side 

together, equal to two Right Angles. 1 fay, the Right 

Line A B is parallel to the Rieht Line C D. 

• From tbt For hccaufe the Angles £ G B is * equal to the An* 

^yt' . ,. gle G H D, and the Angle EG B f equal to the An- 

t li^ftbtt. gj^ A G H, the Angle A G H fliall be equal to the 

Angle G H D ; but thefe are alternate Angles* 
t »7 •fthn. Xhcrefore A B is t parallel to C D. 

Again, becaufe the Angles B G H, G H D, are 
1 1 J •//*«. ^qy3i j^, j^o Righ^ Angles, and A G H, B G H, are | 

equal to two Right ones, the Angles A G H, B G H, 
will be equal to the Angles B G H, G H D ; and if 
the common Angle B G H be taken from both, there ' 
will remain the Angle A G H equal to the Angle 
G H D ; but thefe are alternate Angles. ''Therefore 
A B is parallel to C D. If, therefore, a Right Line, 
falling upon two Right Lints, makes the outward Angle 
with the ong Line equal to the. inward and oppofite Angle ^ 
with the other en the fame Side^ or the inward Angles on 
the fame Side together equal to two Right Angles, the two 
Right Lines fhall he parallel between themfetues \ which 
was to be demonftrated. 
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PROPOSITION XXIX. 

Theorem. 

If a Right Line falls upon two Parallels^ it will 
make the alternate Angles equal between them^ 
felves \ the outward Angle equal to the inward 
and 9ppoJite Angle^ on the fame Side ; and the 
inward Angles on the fame Side together equal to ^ 
4wo Right Angles. 

T E T the Right Line E F fall upon the parallel 
*-' Right Lines A B, CD. I. fay, the Alternate 
Angles A G H, G H D, arc equal between themfelves ; 
the outward Angle £ G B is equal to the inward one 
G H D, on the fame Side ; and the two inward ones, 
B G H, G H D, on the fame Side, are togethgr equal 
to two Right Angles. 

For if A G H be unequal to G H D, one of them 
will be the greater. Let this be A G H ; then becaufc 
the Angle A G H is greater than the Angle G H D, 
add the common Angle B G H to both : And fo the 
Angles A G H, B G H, together, are greater than the 
Angles B G H, G H D, together. But the Angles 
A G H, B G H, are equal to two Right ones*, •la^r*/*. 
Therefore B G H, G H D, are lefs than twrf Right 
Angles. And fo the Lines A B, C D, infinitely pro- 
duced t will meet each other ; but becaufe they are f a. la. 
parallel they will not meet. Therefore the Angle 
A G H is not unequal to the Angle G H D. Where- 
fore it is neceifarily equal to it. 

But the Angle AGH is J equal to the Angle 1 15 •/'*«i 
E G B : Therefore E GB is alfo equal to G H D? 

Now add the common Angle B G H j and then 
E G B, B G H, together, are equal to B G H, G H D, 
together; but EG B, and BG H, are equal to two 
Right Angles. Therefore alfo B G H, and G H D, 
Oiall be equal to two Right* Angles. Wherefore, i/i 
Right Line falls upon two Parallels^ it will make the al- 
ternate Angles eijual between themf elves ; the outward An- 
gU equal t9 the inward and oppofite Angle ^ on the famt 
Sidei andtb^ inward Angles on the fame Side together equai 
t9 tv)9 Right Angles i which wa> to be demonftrated. 

PRO- 
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PROPOSITION XXX. 

Theorem. 

li^bt Lines parallel to one and ibe Jhme Right 
iMUy are alfo parallel between tbemf elves. 

T £ T A B and C D be Right Lines, each of which 
*^ is paralle} to the Right Line E F. I fav, AB is 
alfo parallel to C D. For let the Right Lioe^G K fall 
upon them. 

Then bccaofe the Right Line G K falls upon the 

• %^4thu. parallel Right Lines A B, £ F, the Angle A G H is « 

equal to the Angle G H F ; and bccaufe che Righi^ 
Line G K fialls upon the parallel Rieht Lines £ F,' 

t*9 ^'*«' C D, the Angle G H F is equal to the A^ngle G K l>t. 
But it has been proved that the Angle A G K is alfo 
equal to the Angle G H F. Therefore A G K Is 
equal G K D, and they are alternate Angles ; whence 

I %^ .fthU. A B j3 parallel to C D J. And fo. Right Lines^ pa- 
raUel to one and ibo fame Right Lsnes^ are parallel be^ 
tween tbemfehes \ which was to be deoionftrated. 

PROPOSITION XXXI. 

Problem. 

^0 draw a Right Line through a given Point 
parallel to a given Right Line. 

T £ T A be a Point given, and BC a Right LinC 
• (^ivcn. It is required to draw a Right Line thro' 
the Point A» parallel to the Right Line B C. 

Aflume any Point D in B C, and join AD ; then 

• S3 •fthh. malce * an Angle D A £, at the Point A, with the 

Line D A, equal to the Angle ADC, and produce 
£ A firait forwards to F. 

Then, becaufe the Right Line A D, falling on two 
Right Lines B C, £ F, makes the alternate Angles 
£ A D, A D C, equal between tbeihfelves, £ F £all 
^%Tfthluht t parallel to B C. Therefore, the Right line 
£ A F, is drawn from the given Point A, parallel to the 
given Right Line B C ^ which was to be done* . 

P R O4 
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PROPOSITION XXXII. 

Theorem. 

J/ one Side of any Triangle he produced y the oui^ 
ward Angle is equal to both the inward and op- 
pojite Angles : and the three inward Angles of 
a Triangle are equal to two Right Angles. 

T E T A B C be a Triangle, one of whofe Sides 
^^ B C is produced to D. I fay the outward Angle 
A C D is equal to the two inward and oppofite An- 
gle CAB, ABC; and the three inward Angles of 
the Triangle, Wz. ABC, B C A, CAB, are equal 
to two Right Angles. 

For let C E be drawn * thro' the Point C, parallel • j| »ftki^ 
to the Right Line A B. Then, becauie A B is parallel 
to C £, and A C falls upon them, the alternate Angles 
B A C, ACE, are t equal between themfelves. f 29 «/i^it. 
Again, becaufe A B is parallel* to C £, and the Right 
Line B D falls upon them, the outward Angle £ C D 
is I equal to the inward and oppofite one A B,C ; but || %^^thitu 
it has been proved that the Angle A C E is equal to 
the Angle B AC. Wherefore the whole outward 
Angle A CD is equal to both the inward and oppofite 
Angles B A C, ABC. And sf the Angle A C B. 
which is common, be added, the two Angles A C^D, 
, A C B^ are equal to the three Angles A B C, B AC, 
A C B ; but the Angles A C D, A C B, are Jequal to j i^pftik^ 
two Right Angles.^^ Therefore alfo fhall the Angles 
AC B, C B A, C A B, be equal to two Right Angles. 
Wherefore, Jf enf Side rf any Triangle be produced^ the 
$utwari Angle it equal to both the inward and oppofite An-^ 
glesy and the three inward Angles of a Triangle are equal 
to two Right Angles ^ which was to be demooftrated. 

CorolL 1. All the three Angles of any one Trianglii 
taken together, are equal to all the three Angles of 
any other Triangle, taken together. 

Qor^U. 2. If two Angles of any one Triangle, dther 
feparately, or taken together, be equal to two Angles 
of an^ other Triangles then the remaining Angle 

of , 
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of the one Triangle will be equal to the remaining 
'Angle of the other. 

CnroU. 3. If one Angle of a Triangle be a Right An- 
gle, the other two Angles together make one 
Right Angle. 

CorM, 4. If the Angle included between the equal 
Legs of an Ifoceles Triangle be a Right onei each 
of the other Angles at the oafe will be half a Right . 
Angle. 

CorM. 5. Any Angle in aii Equilateral Triangle is 
equal to one Third of two Right Angles, or two 
Thirds of one Right Angle. 

C$r§lL 6. Hence it appears, that if one Angle of any 
Triangle be equal to the other two, that is a Right 
one ; becaufe that the Angle adjacent to this 
Right one, is equal to the other two. But when 
adjacent Angles are equal^ they are neceflarily 
Right ones. 



Theorem L 

All the inward Angles of any Right-lin'd Fi- 
gure whatfoever, make twice as many Right 
Angles, aborting four, as the Figure has 
Sides. 

TpOR any Right ^UrCd Figure may hi refolvid into as 
-^ many Triangles^ abating two, as it bath Sides. 
For Example^ if a Figure has four Sides, it may he 
refolved into two Triangles :Ifa Figure hath five Sides, 
it may be refolved into three Triangles \ if fix, int$ 
four\ andfo on, IVberefore (by Prop, XXXII^) tie 
jingles of all thefe Triangles are equal to twice as many 
Right AngteSy as there are Triangles: But the Angles 
of all the Triangles are equal to the inward Angles of 
the Figure. Therefore all the inward Angles of the 
Figure arf equal to twice as many Right Angles as 
there are Triangles^ that is, twice as many Right 
Angles, taking away four^ as the Figure bath Sides^ 

wwp. 

The. 
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The OR £ M II. 

All the outward Angles of any Right-lin'd Fi- 
gure, together make four Right Angles. 

JpO R the outward AngUs^ togtthtr with the inward 
^ omsy make twice as many Right Angles as the Fi* 
gttre has Sides; hut /ram the. U/i TCbeorem^ all the in^ 
ward AmgUsy together^ make twice as many Right An-^ 
gles^ abating foufy as the Figure hath Sides. Wherefore 
the outward Angles are^ all together^ equal to four Right 
Angles. W. W. D. 

PR O P O S I T I O N XXXIII. 

Theorem. 

Ti»9 Right Lines which Join two equal andpa^^ ' 
rallel Right Lines towards the fame Parts^ are 
alfo equal and paralleL 

T E T the parallel and equal Right Lines A B, C D, 
^ be joined, towards the fame Parts, by the Right 
Lines AC, B D. I fay, A C, B D, are equal and 
parallel. 

For draw B C. 

Then, becaufe A B is parallel to C D, and B C falls 
upon them, the alternate Angles ABC, BCD, are 
* equal. Again, becaufe A B is equal to C D, and* i^oftblt* 
B C is common ; the twaSides A B, B C, are equal 
to the two Sides, B C, C D ; but the Angle A B C is 
alfo equal to the Angle BCD; theiefore the Bafe A C 
is t equal to the Bafe B D : And the Triangle A B C f 4 f^ t^^ia 
equal to the Triangle B C D ^ and the remaining Art* 
gles equal to the remaining Angles, each to each, 
which fubtend the equal Sides. Wherefore' the Angle 
A C B is equal to the Angle C B D. And becaule the 
Right Line BC, falling upon two Right Lines AC, 
B D, makes the alternate Angles A C 3, C B D, equal 
between themfelves -, A C is :[ parallel to B D. But it j ^9 rftk.'u 
has been proved alfo to be equal to it. Therefore, two 
Right Lines y which join two equal and parallel Right 
Linesy towards the fame Parts^ are alfo equal and pa* 
rallel i which was to be demonftrated. 

D Defin. 
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Defin. A Parallelogram if Quadrilateral FigurCy each 
of wbofe oppojite Sides or^parallfL 

PROPOSITION XXXIV.^ 

Theorem. 

The oppojite Sides and oppofiu Angles of any Pa • 
rallelogram are equal ; and the Diameter di- 
vides the fame into two equal Parts; 

T ETABCDbea Paratlelograni, wbofe Diame* 
•*^ ter is B C. I fay, the oppofite Sides and oppofite 
Angles are equal between themfejves, and the Dia- 
meter B C bifefts the Parallelogram. 

For, becaufe A B is parallel to C D, and the Right 
Line B C falls on them, the alternate Angles A B C,- 
i9Vft>u,^QD^ are * equal between tbemfelves ; again, be- 
caufe AC is parallel to B.D, and BC fails upon 
them, the alternate Angles A C B, and C B D, are 
^qual to one another. Wherefore ABC, CBO, are 
t^Q Triangles, having two Ang}es A BC, B C A, of 
the one, equal to two Angles BCD, C B D, of the 
other, each to each > ^nd likewife one Side of the one 
equal to one Side of the other, viz. the Side B C be- 
tween the equal Angled, which is common. Thefe- 
f 26 e/this. fore the remaining Sides fliall be f equal to the remain-' 
ing Sides, each to each, and the remaining Angle to the 
remaining Angle; And fo the Side A JB is equal toth^ 
Side C D, the Sid? A C to B D, and the Angle BAG 
to the Angle B D C. And becaufe the Angle ABC 
is equal to the Angle BCD, and the Angle C B D 
to the Angle A C B ; therefore the whole Angle A B D 
is equal to the whole Angle A C D : But it has been 
proved that the Angle B AC is alfo equal to the An- 
gle B D C. 

Wherefore, the oppojite Sides and Angles of any Pa* 
raUelogram are equal between tbemfelves. 

I fay, moreover, that thia Diameter bife^s it. For 

becaufe A B is equal to C D, and BC is common^ 

. the two Sides A B, B C, are each equal to the twa 

Sides DC, C B ; and the Angle A B C is alfo equal 

t 4 eT'^tf. to the Angle D C B. Therefore the Bafe A C is J 

* equal 
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equal to the Bafe- D B ; and the Triangle A B C is 
equaf to the Trkn^e BCD. Wherefore, the Dia- 
meter B C bife^s the Porallelogram A C D B ; which 
was to be demonffrated. 



PROPOSITION XXXV. 

Theorem. 

Parallelograms conJHtuted upon the fame Bdfc^ 
and between the fame ParalMs^ are equal be-^ 
tween ttfimfelves.- 

T E T A B C D vE B C ^, be ParaJlcIograms co|ir 
^^ fiituted upion the fame Bafe B C, and betwecii 
the fame Parallels A F and B C. I fay, the ^aralr 
lelogram A B C D is equal to the Parallelogram. 
EBCF. * 

For, becaufe A B C D is 1 Parallelogram, A D is 
* equal to B C ; and for the fame Iteafon E F is equal • $^e/ibh 
to B C ; wherefore A D AaH be f f qual to E F ; but f ^. i. 
P £ is common. Therefore the whole A E is j; equal t Ax. 2« 
to the whole D F. B'u^ A B is equal to D C ; where- 
fore E A, A B, the two Sides of the Triangle ABE, 
are equal to the two Sides F D, DC, each to each \ 
and the Angle F D C * equal to the Angle E A B, the • 29 •ftblu 
outward one to the inward one. Therefore the Bafe 
£ B is t equal to the Bafe C F, and the Triangle E A B f 4 e^ tUu 
to ttie Triangle F D C. If the common Triangle ^ 
D G £ be taken from both, there will ^remain :|: the j jt^f^ ^, 
Trapezium AB<jD, equal to the Trapeziuni 
FCGE; and if the Triangle G B C, which is 
common, be added, the Parallelogram A B C D will 
be equal to the Parallelogram EBCF. Therefore, 
ParaUekgrams coufiituted upon ibe fame. Bafe ^ and be^ 
tween the fame ParaUeU^ are equal between themfelves i 
which was to be d^monftrated. 
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PROPOSITION XXXVI. 

Theorem. 

Parallelograms conftituied upon equal Safes ^ and 
between the fame Parallels^ are equal between ' 
tbemjelves. 

T E T the Parallelograms A B C D, E F G H, be 
^^ conRituted upon the equal fiafes B C, F G» and 
between the fame Earallels A H, H G. I fay, the 
Parallelogram A B C D is equal to the Parallelogram ' 
EFGH. 
^ ^. For join B E, C H. Then bccaafe B C * i$ equal 

to F G, and F G to £ H } B C will be likewife equal 
to E H ; and they are parallel; and B E, C H, join 
them. But two Right Lines joining Right Lines, 
which are equal and parallel, towards the iame Parts, 
1 33 ffft'si ire f equal' and parallel : Wherefore E B C H is a 
I 35 ^f^iff. Parallelogram, and is ]: equal to the Parallelogram 
A B C D 9 for it has the fame Bafe B C, and is confti- 
tuted between the fame Parallels B C, A H. For the 
fame Reafon, the Parallelogram E F G H is equal to 
the fame Parallelogram E B C H. Therefore the Pa- 
rallelogram A B C D (hall be eaual to the Parallelo- 
gram L F G H. And fo ParalUkgrana conflituted up- 
< 9n equal Safes ^ and between the fame Parallels^ are equal 
between themfelves \ which was to be demonftrated. 

PROPOSITION XXXVII. 

Theorem. 

Triangles conftituied upon the fame Safe^ and 
between the fame Parallels^ are equal between 

themfelves. 
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E T the Triangles A B C, D BC, be conftituted 
upon the fame Bafe B C, and between the fame 
Parallels A D, B C. I fay, the Triangle A B C is 
equal to the Trian^e D B C. 

For produce A D both Ways to the Poiota E and 
ixrftblu p . and through B draw * B £ parallel to C A i and 
through C. C F, parallel to B D. 

Where 
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- Wherefore both E B C A, D B C F, are Parallclo- . 
grams ; and the Paralleloeram £ BC A is * equal to* ^^tfthh, 
the Parallelogram D B C F > for they (land upon the 
fame fiafe B C, and between the fame Parallels B C, 
£ F. But the Triangle A B C is f one half of the Paral 1 34 ^fnu. 
lelogram, £ B C A, becaufe the Diameter A B bifeifts 
it ; and the Triangle D B C is one half of the Paralle- / 

logram D B C F, for the Diameter P C bife^ts it. But 
Things that are the Halves of equal Things, are XiJn.'f* 
equal between themfelves. Therefore the Triangle 
A B C is equal to the Triangle D B C. Wherefore, 
Triangles conJ}ituUd upon the fame Bafty and between 
the fame Parallels^ are equal between themfelves \ which 
was. to be demonitrated. 

PROPOSITION XXXVIIL 

Theorem. 

Triangles anfti luted upon equal Bafes^ and be* 
tween the fame Parallels^ are equal between 

themfelves. 

T E T the Triangles A B C, D C E, be conflituted 
-*^ upon the equal Bafes B C, C £, and between the 
fame Parallels B E, A D. I fay, the Triangle A BC 
is equal to the Triangle D C E. ' 

For, produce A D both Ways to the Points, G, 
H ; through B draw * B G parallel to C A ; arid • 31 tftbU. 
through E, E H, parallel to D C. 

Wherefore both G B C A, D C £ H, ^re Paralle- 
lograms ; and the Parallelogram G B C A is f equal f 36^ /^». 
to the Parallelogram D C E H : For they ftand upon 
equal Bafes, B C, C E, and between the fame Para)- 
lels BE, G H. But the Triangle A B C is J one half t 34 •/'*»'• 
of the Parallelogram G B C A, for the Diameter A B 
bifefts it ; and ihe Triangle D C E J is one half of 
the Parallelogram D C £ H, for the Diameter D £ bi- 
fc&s it. But Things that are the Halves of equal 
Things, are * equal between themfelves. Therefore • Ait. 7. 
the Triangle A H C is equal to the Triangle DC E. 
Wherefore, Triangles conflituted upon equal Bafes ^ and 
between the fame Parallels^ are equal between themfehes\ 
which was to be demonftrated, 

D 3 PRO- 
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PROPOSITI ok XXXIX, 

Theorem, 

* Equal Triangles conftituted upon the fame Bafe^ 
on (be fame Side, are in ibefame Parallels. 

jr ET ABC, DBC, be equal Triangles^ confti- 
tuted upon the fame Bafe B C, on the fame Side. 
I fay, they are between the fame Parallels. . For, let 
A D be drawn. 1 fay A D is parallel to B C. 

• 3* ofthii. . For, if \t be not parallel, draw * the Right Line 
A £ thro' the Point A, parallel to B C, and draw EC. 

1 37 eT'^w- Then the Triangle A B C f is equal to the Triangle 
£ B C ; for it is upon the fame Bafe B C, and between 
th/5 fame Parallels B C, A E. But thcTriaiigle ABC, 

IFfcmTJyp. \s J equal to the Triangle D B C. Therefore the 
Triangle D B C is alfo equal to tht Triangle E B C, 
a oreater to a lefs, which is impoffible. Wherefore 
A E is not parallel to B C : and by the fame Way of 
Rcafoning we prove, that no other Line but A D is 
parallel to B C. Therefore A D is parallel to B C. 
Wherefore, equal Triangles conjiituted ^pon the fame 
Bafe, on ihei fame Sie/e^ are in the fame ParaHels j 
which was to be demonftrated. 

P R O P O S I T I O N XL. 

Theorem. 
. Equal Triangles conjiituted upon equal Bafes, on 
ike fame Side, are between ibefame Parallels. 

T E T A B C, C D E, be equal Triangles, confti- 
-■^ tuted upon equal Bafes B C, C E. 1 fay, they 
are between the {'^n\t Parallels. For let A D be 
drawn. I fay, A is pai:allel to B E. 

• 31 oftbu. For, if it be' not, let A F be drawn * through A, 
paraHel to B E^ and draw F E. 

t i^'iftbu. TUen the Triangle A B C is equal f to the Triangle 
F C E j for they are conftituted upon equal Bafes^ and 
between the fame Parallels BE, A F. But the Tri- 
angle A B C is equal to the Triangle D C £. There- 
fore 
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'ore the Triangle D C E (hall be equal to the Triangle 
FCE, the greater to the Jcfs, which is impoffible. 
Wherefore A F is not parallel to B E. And in this 
manner we denionftrate, that no Right Line can be 
parallel to B E, but A D.* Therefore A D is parallel 
to B E. And (Oy equal Triangles conftituted upon equal 
BafeSy en the fame Side^ are between tbejame Paralleh ; 
which was to be demonArated. 

PROP OS I T I O N XLI. 

Theorem. 

If a 'Parallelogram and a Triangle have the fame 
Bafe^ and are between the fame Parallels^ the 
Parallelogram will be double to the Triangle. 

T E T the Parallelogram A B C D, and the Triangle 
■■^ E B C, have the fame Bafc, and be between^ the 
fame Parallels, B C, A E. I fay, ^ the Parallelogram 
A B C D is double the Triangle E B C. 

For join A C. 

Now the Triangle A B C is * equal to the Triangle • 37 cfibU. 
EBCj for'they are both conftituted upon the fame 
Bafe B C, and between the fame Parallels B C, A E. 
But the Parallelogram A B C D is f double the Tri- f 34 oftbh. 
angle ABC, (Ince the Diameter A C bifefls it. 
Wherefore likewife it (hall be J double to the Tri-t-^'^» 
angle E B C. Ify therefore, a Parallelogram and Tri-^ 
angle have both the fame Bafe^^ and are between the fame 
Parallels^ the Parallelogram will be double the Triangle j 
which was to be demonftrated. 

PROPOSITION XLII.. 

Theorem. 

To conflitute a Parallelogram equal to a given ' 
Triangle^ in an Angle equal to a given Right* 
lirid Angle. 

1 E r the given Triangle be A B C, and the Rigbt- 
^^ lined Angle D» It is required to conftitute a 
Parallelogram equal to the given Triangle A 3 C, in 
a R ght-iin'd Angle equal to D. 

D 4 Bifea 
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• 10 •fthit. Bifc£i ♦ B C in E, join A E, and at the Point E, 
i%l9ftbiiM the Right Line E C, conftitutc f an Angle C E F 
J $i9/thu^^^^^ to D. Alfo draw JAG thro' A, parallel to 

E C» and through C the Right Line C G> parallel to 
FE. 
Now F E C G is a Parallelogram : And becaufe 

• S tffih'a ^^ ^® *^"*' ^° ^^» the Triangle ABE (hall be * 
^ 'equal to the Triangle A EC; for they ftand upon 

cqtial Bafes B E, E C, and are between the fame Pa- 
rallels B C, A G. Wherefore the Triangle A B C is 
double to the Triangle A E C« But the Parallelo- 
. , of ibis S^^"™ F E C G is alfo t double to the.Trianglc A E C; 
for it has the fame Bafe, and is between the fame 
Parallels. Therefore the Parallelogram F E C G is 
equal to the Triangle A B C> and has the Angle 
C E F equal to the Angle D. Where-fore, the Pa- 
rallehgram F E C G is conftituted equal" to the given 
triangle ABC, in an Angle C E F equal to a given 
Angle D i which was to be done. 

PROPOSITION XLIII. 

Theorem. 
In every Parallelogram^ the Com^ements of the 
Parallelograms^ that ftand about the Diameter^ 
are equal between tbemfelves. 

LETABCDbea Parallelogram, w^ofe Diameter 
is D B ; and let F H, £ G, be Parallelograms 
Handing about the Diameter B D. Now A K, K C, 
are called the Complements of the n : I fay, the Com- 
plement A K is equal to the Complement K C. 

For finqe A B C D is a Parallelogram, and B D is 
the Diameter thereof, the Triangle A B D i«; * equal 
34 eA'^»« to the Triangle B D C Again, bfcaufc H K F D is 
a Parallelogram, whofe Diameter is D K, the Trian- 
gle H D K (hall * be equal to the Tiiangle DF Kj 
and for the fame Reafon the Triangle K B G is equal 
to the Tf iangle K E B. But fince the Triangle B E K 
is equal to the Triangle B G K, and the Triangle 
» H D K to D F K, the Triangle B E K, together with 
the Triangle H D K, is equal to the Tnangle B G K, 
-together with the Triangle D F K. But the whole 
Triangle A B D is like wife equal to the whole Triangle 

BDC, 
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B D C. Wherefore the Complement r^maintng^ 
A K, will be equal to the remaining Complemenc 
K C. Therefore, in every Parallelogram^ the Complex 
ments of the ParalleUgramt thatjiand about the Diametets 
are equal betweem themfelves ; which was ^to be dc- 
monnrated. 

PROPOSITION XLIV. 

Problem. 
To apphf a Parallelogram to a given Right liae, 
equal to a given Triangle, in a given Right- 
lined Angle. * 

T E T the Right Line given be A B, the given Trl- 
*-• angle C, and the given Right-lined Angle D. It 
IS tequired to the given Right Line A B, to apply a 
Parallelogram equal to the given Triangle C, in an 
• Annie equal to D. ^ * 

Make the ^rallelogram B E F G equal to the • •4. •/«*&. 
Tr,angleC,,n the Angle EBG. equal to D. Place 
ii t in a Itrait Line with A B, and produce K G to H 

Gt:rtEti"dtoi^i^B'""''^P"'"^' - either',,..,^^ 

equal to two Right Angles. And fo B H F, H FE le * "^ 
efs than two Right Angles; but Right Lines making 
lefs than two Right Angles, with a third Line, beinf 
infinitely produced will* meet eachothcr. Wherefore .a. .,. 
H B, FE, produced, will meet each other ; which let 

or F H, and produce AH, G B, to the Points L and M 
Therefore HL K F .s a Parallelogram, whofe Dia- 
meter « H K ; and A G, M E, a?e Parallelograms 
aboutHK; whereof LB, B F are the Complements! 
Therefore L B^is f equal to BF. But B F is alfo t43./'*/x. 
I T^u"" "", ^'Tt ^' ^hwcfore likewife LB 

Mual 1 theW n"'u^!:8'^ABM, and alfo t.j./r*/.. 
equa to the Angle D, the Ang e ABM fliall be 
■• eq.aal to the Angle D Therefore. /. rh.^.eTLt 

£/« A B « .ppM a ParalUlcgran,, e^jual to the giln 

JirJn^\.wV^' ^V^A BM, 4ual to thriven 
Angle U } which was to be done, 
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PROPOSITION XLV. 

Problem. 

TV make a Parallelogram equalioagiven Right' 
lined Figure^ in a given Right -lined Angle. 

T E T A B C D be the given Right-Iin'd Figure, 
•^^ and E the Right-lin'd Angle given. It is re- 
quired to make a Parallelogram equal to the Right- 
iined Figure A B C D, in an Angle equal to E. 

*24»ftbis. ^^' D B be joined, and make the * Parallelogram 
F H equal to the Triangle A B D, in an Angle H K F, 
equal to the given Angle E. 

'ij^ofthh. Then to the RightXine GH apply t the Paralle- 
logram G M, equal to the Triarigle DB C in an An- 
gle G H M, equal to the Angle E. 

Now, becaule the Angle E is equal to H K F, or 
G H M, the Angle H K.F (hall be equal to G H M, 
add K H G to both j and the Angles H K F, K H G, 
are, together, equal to the Angles K H G, G H M. 

$*9»//f/i. But HKF, KHG, are J, together, equal to two 

Right Angles. Wherefore, likewife, ■ the Angles 

. K H G, G H M, (hall be equal to two Right Angles : 

^ And fo, at the given Point H in the Right Line G H, 

two Right Lines K H, H M, not drawn on the fame 

Side, make the adjacent Angles, both together, equal 

• i^ofthh, jQ two Right Angles; and confequently K H, H M*, 
make one ftrait Line. And becaufe the Right Line 
H G falls upon the Parallels K M, F G, the alternate 
Angles M H G, H G F, are J equal. And if H G L 
be added to both, the Angles M H G, H G L, toge- 
ther, are equal to the Angles H G F, H G L, together. 

•ao ff*^'^*' But^the Angles M H G, HG L, are * together equal 
to two Right Angles. Wherefore, likewife, the An- 
gles H G F, H G L, are together equal to two Right 
Angles I and fo, F G, G L, make one (^rait Line, 
And fince K F is equal and parallel to H G, as like- 

t 10 of this, wife H G toM L, K F (hall be + equal and parallel 
to M L, and the. Right Lines K M, FL, join them. 

1 33 oftbU, Wherefore K M, F L, are % equ^l and parallel. There- 
fore K F L M is a Parallelogram. But fince the Tri- 
angle A B D is equal to the Parallelogram H F, and 
' ' the' 
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the Triangle D B^C to the Parallelogram GM; 
therefore the w^ole Right-lined Figure A B C D will 
be equal to the whple Parallelogram K F L'M. 
Therefore, the Parallelogram K F L M i j made equal to 
the given Right-lined Figure A B C D, in an Angle 
F K M, equal to the given Angle E : which was to be 
done. 

Coroll. It h manifeft from what has been faid, how to 
apply a Parallelogram to a given Right Line, equal 
to a given Right- lin'd Figure in a given Right- 
lined Angle. 

PROPOSITION XLVI. 

Problem. 
To defcribe a Square upon a given Right Line. 

T E T A B be the Right Line given, upon which it 
■"^ is required to defcribe a Square. 

Draw * A C at Right Angles to A B from the Point • it «/iKi# 
A given therein ; make f AD. equal to A B, and thro' f 3 ^ftbit^ 
the Point D draw t ^^ parallel to A B ; alfo thro* t " «/'*«» 
B draw B E parallel to A D. 

Then A D E B is a Parallelogram ; and fo A B * is • 34 ^ftblu 
equal to D E, and A D to B E. But B A is equal to 
AD. Therefore, the four Sides B A, AD, BE, 
E Dy are equal to each other. 
» And fp the Parallelogram A DEB is equilateral: 
I fay, it is likewife equiangular. For becaufe the Right 
Line A D falls upon the Parallels A B, D E, the An- 
gles B A D, A D E, are f equal totwo Right Angles, t ^^^fthk^ 
But B A D is a R.ight Angle. Wherefore A DE i3 
alfo a Right Angle; but the oppofite Sides and oppo- 
fite Angles of Parallelograms are % equal. Therefore, f j4 tfthu. 
each of the oppofite Angles A B E, B E D, are Right 
Angles ; and confequently A D B E is a Rcfiangle : 
But it has been proved, to be equilateral. Therefore, 
it is necejfarily a * Square^ and is defer ibed upon thi^^'f-%^* 
Right Line A B j which was to be done. 

CorolL Hence every Parallelogram that has one Right 
Angle, is a R^<^angle. 

' P R O^ 
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PROPOSITI ON XLVII. 

Theorem. 

In any Right-angled Triangle^ the Square defcribed 
upon the Side^ fub tending the Right /Ingle ^ is 
equal to ■ both the Squares defcribed upon ibe 
Sides^ containing the Right Angle, 

T E T A 6 C be'a Right-angled Triangle, bathing 
^ the Right Angle BAG. 1 fay the Square^ de- 
fcribed upon the Right Ifine B C, is equal to t>oth the 
Squares, de(cribed upon the Sides B A, A C. 

For, defctibe * upon B C the Square B O E C, and 
•^bcftbu. ^^ g A, A C, the Squares G B, H C 5 and through 

. , , . the Point A draw A L parallel to fl B D, or C £ ; and 

" 3» •/'*"• let A D, F C, be joined. - ' 

.jyf Then, becaufe the Angles B A C^ BAG, f ^^^ 

T V' 30' Rigiit ones, two Right Lines AG, AC, at the given 

Point A, in the Right Line B A, bcrtng on contrary 

Sides thereof, m^ke the adjacent Angles equal to two 

J i4^(i&«. Rigbt Angles. Therefore C A, A G^ make J one. 

ftraitLine, by the fameReafon AB, A H, mak? one 

firait Line. And (ince the Angle D B C is equal to. 

the Angle F B A, for each cf them is a Right one, 

add ABC, which is common, and the whole Angle 

• -4*. 1. D B A is * equal to the whole Angle F B C. And 

fincc the two Sides A B, B D, are equal to the two 
Sides F B, B C, each to each, and the Angle D B.A 

f 4 #/'/£»!. ^"»' to ^^^ Angle FBC; the Bafe A D will be f 
equal to the Bafc F C, and the Triangle A B D equal 
to the Triangle FBC; but the Parallelogram B L 
is % double to the Triangle A B D ; for they have the 
fame Bafe D B, and are between the fame Parallel - 

J 41 of this, B D, A L. The Square G B is J alfo double to the 
Triangle FBC; for fhey have the fame Bafc F B, 
and arc m the fame Parallels F B, G C. But Things 

• 4», 6. t^^t 2*"^ '^® Doubles of equal Things,, are ♦ equal to 

each other. Therefore the Par&ileiogram B L is equal 
, to the Square G B. After the fame manner, A £, 

B K, being joined, we prove that the Parallelogram 
C L is equal to the Square H C. Therefore the whofe 
Squaie B D £ Cis equal to the two Squares G B, 
H C. But the Squaie B D £ C is defcribed on the 
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Rigl^t Line B C, and the Squares G B, H C, on B A* 
A C. Therefore the Square B E, dcfcrilted on the 
Side B C, is equal to the Squares defcribed on the Sides 
B A, AC. Wherefore, in any Right-angled Triangle^ tbi 
Square defcribed upon the Side^fubtending the Right Angk^ 
is equal to both the Squares defcribed upon the SideSy con^ 
taining the Right Angle ; which was to be dcmonftrated. 

PROPOSITION XLVIII. 

Theorem. 
If a Square defcribed upon one Side of a Triangle^ 
he equal to the Squares defcribed upon the other 
two Sides of the f aid Triangle ; tben^ the Angle 
contained by tbofe two ofber Sides is a Right 
Angle. 

T F the Square, defcribed upon the Side B C of the 
^ Triangle ABC, be equal to the Squares defcribed 
upon the other two Sides of the Triangle B A, A C $ 
I fay the Angle B A C is a Right one. 

For, let there be drawn A D from the Point A, at 
Right Angles, to A C : Likewife make A D equal to 
B A, and join D C. • 

Then, becaufe D A is equ^l to A B, the Square de- 
fcribed on D A will be equal to the Square defcribed 
on AB.' And adding the coniimon Square defcribed 
on A C, the Squares defcribed on D A, A C, are equal 
tothe Squares defcribed on B A, AC. But the Square 
defcribed on DC is* equal to the $quares defcribed • 47 «f/iif« 
on D A, A C ; for D A C is a Right Angle : But the 
Square on B C is put equal to the Squares on B A, 
A C. Therefore the SqMare defcribed on D C is equal 
tothe Square defcribed on 6 C ^ and fo the Side C D 
is equal tothe Side C B. And becaufe D A is equal to 
A B, and A C is common, the two Sides D A, A C, 
are equal to the two Sides B A, A C ; and the Bafe 
D C IS equal to the Bafe C B. Therefore the Angle 
D A C is t equal to the Angle B A C ; but D A cf is { g of this. 
a Right Angle ; and fo B A C will be a Right Angle 
alio. Ify therefore, a SqUare defcribed upon one Side of a 
Triangle^ he equal to the Squares^ defcribed upon the other 
two Sides of thefaid Triangle^ then the Angle contained by 
thefe two other Sides^ is a Right Angle i which was to 
be demonftrated. 
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D E F I NX T I O N S. 

I, T^VE Rr Right angled Parallelogram is 

/aid to be contained under two Right LineSy 
comprehending a Right Angle. 

II. In every Parallekgramy either of- tbofe Pa^ 
ralleJograms, that are about the Diameter^ to^ 
gether with the Complements^ is called a Gm^ 
mon» r 
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T H E O R £ K. 

^ there be two Right Lims^ and one 6f them ht 
diviiei into any Numher of Parts ; the Reit- 
angle comprehended under the whole Line and 
the divided Line^ fisall he equal to all ths^ Reil- 
angles contained under the whole Une^ and the 
feveral Segments of the divided Line. 

LE T A and B C be twof, Right Lines, whereof 
B C is cut or (fivided any how in the Points 
D, E. I fay, the Re6langle contained under 
the Right Lines A and B C> is equal to the Refi- 
angles contained under A and B D, A and D £, and 
A and £ C. 

For, let * BF be drawn from -the Point B, at*,i. f« 
Right Angles, to BC ; and riiake f B G equal to A j f 3. i, 
aiid let J G H be drawn through G parallel to BC : j 31, i« 
Like wife let X ^^^^^ be drawn fl C, £ L, C H, thro* 
D, E, C, parallel to B G. 

Then theRedangle B H, is equal to the Rediangles 
B K, D L, and E H ; but the Reftangle B H is that 
contained under A and BC ; for it is contained under 
G B, B C ; and G B is equal to A ; and the Redan-^ 
gle B K is that contained under A and B D ; for it i» 
contained under G B and B D ; and G B is equal to 
A; and t|e ^eilapgle O L i& that contained under A 
and D E, becaufe D K, that is, B G, is equal to A : 
■So like wife the Redtingle E Ff ifi that contained under 
Aand£€* Therefore the Redangle under A and 
B,C is equal to the Rectangles- under A andBD, A 
and D E, and A and E C. Therefore, if there be two . 
Right Linef^t^eriy and one of them be Mvided into qny 
Number ef Parity ike Re^mgle comprehended under the 
whole Line and the divided Line^ Jbail be equai to all the 
ReJiangies contained under the whole Line^ and the femral 
Segments of the divided Line j which was to be de* 
mon ft rated. 
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PROPOSITION II. 

Theorem. 

, If a Right Line be any bow divided^ the ReElan- 
gles contained under the whole Une^ and each 
of the Segments^ or Parts^ are equal to the 
Square of the whole Line. 
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E T the Right Line A B be any how divided in the 
Point C. I fay, the Rectangle contained under 
A B and B C, together with that contained under 
A B, and A C, is equal to the Square made on A B. 
46. f« For let the Square A D £ B be defcribed * on A B, 

and thro' C let C F be drawn parallel to A D or B £• 
Therefore A E is equal to the Redangles A F and 
C E. But A E is a Square defcribed upon A B } and 
A F is the Re£kangle contained under B A and AC; 
for it is contained under D A and A C* whereof A D 
i$ equal to A 6 ; and the Redangle C £ is contained 
under A B and B C, fince B £ is equal to A B. Where- 
fore the Rectangle under A B and A C, together with 
the Re<SbangIe under A B and B C, is equal to the 
Square of A B. Therefore, if a Right Line be any bow 
dividedy the ReSIangles contained under the whole Line^ 
and each of the Segments^ or Partly are equal to the Square 
of the whole Line ; which was to be demonftrated. 

PROPOSITION III. 

Theorem. 

If a Right Line be any bow cuty the Re ff angle 
contained under the whole Line^ and one of its 
Parts J is equal to the ReSangte contained un^ 
der the two Parts^ together with the Square of 
the fir fi' mentioned Rart, 

T E T the Right Line A B be any how cut in the 
-*-* Point C. I fay, the Redanglc under A B and 
B C is equal to the Redangle under A C f^d B C, 
together with the Square defcribed on B C, 

For 
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For dcfcribc * the Square CDEB upon BC; •4«.i. 
produce £ D to F ; and letA F be drawn f through A, 1 3>' >• 
parallel to C D or B £. 

Then the Re<^ansle A £ (half be equal to the two 
Redangles AD, C £ : And the Redangle A £ is that 
contained under A B and B C ; for it is contained tin* 
der A B and B £, whereof B £ is equal to B C : And 
the Redangle A D is that contained under A C and 
C B, fince D C is equal to C B : And D B is a Square 
defcribed upon B C. Wherefore the Re£^angle under 
A B and B C is equal to the Re£langle under A C and 
C 6, together with the Square defcribed upon B C. 
Therefore, if a Right Line he any how cut^ the Re£f^ 
angle contained^ under the wh»le Line^ and one ef its 
Partly is equal to the ReSiangle contained under the two 
PartSj together with the Square of the firft'tnentioned 
P^irt i which was to be demonftraCed. 

PROPOSITION IV. 
Theorem. 
ffa Righl Line be any bow cuty the Square which 
is made on the whole Line^ will he equal tn the 
Squares made' on the Segments thereof ^ together 
with twice the ReSangle contained under the 
Segments. 

T E T the Right Line A B be any how cut in C. 
■*^ I fay, the Square made on A B is equal to the 
Squares of A C, C B« together with twice the Re£E- 
angle contained under AC, C B. 

For * defcribe the Square A D E B upon A B, join • 46. i. 
B D, and thro* C draw f C G F parallel to A D or B E jf 31. i. 
and filfo thro* G draw H K parallel to A D or D £. 

Then, becaufeC F is parallel to A D, and B D falls 
upon them,. the outward Angle B G C fhall be f equal t 29* '» 
to the inward add opt>ofite Angle A D B ; but the 
Angle A D B is * equal to the Angle A B D, fince the • 5* »• 
Side B A is equal to the Side A D. Wherefore the 
Angle C G B is equal to the Angle G B C ; and h 
the Side BC equal to f the Side C G ; but likewife t6. i« 
the Side C B is f it equal to the Side G K, and the Side 1 34. i. 
C G to B K. Therefore G K is equal to K B^ and 
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CG K B is eqiitlafeful. I fay, it ip d(o Ri^ht«^angled ^ 
ffiTt becaufe C G is Rar^kl. to B K, and Q B falls on 

• 29. 1, them, the Angles K B Cy G C B *) are tqual to two 

Right Angles. But K 6 C is a Right Angle* 
» ' Wherefore G C P alfo is a Right Angje; and the op- 

pofite Angles C Q K, G K 6, (hall be Ri^ht Angles. 
Therefo/^.C G |C B is.s| Rectangle. ' But it has been 
proved to-ibe egviilateral. Therefore^ C G K B is a 
Square described ^ppn J$ C. For the fame Rcafon H F 
is alfo a Square made upon H G, and (becaufe H G is 
t34*<« equal to A C f) it is equal to the Square of AC. 
Wherefore H F and C K are the Squares of A C and 

• 43* »• C B, And, beqadfe the Re£lang^e A G * is equal to 

the Redangle G £, and A G is that which is con^ 
tamed under A C and C B i for G C is equal to C^B > 
therefore G £ (hall be equal to the Redangle under 
A C and C B. Whcrefoi^ the Refiangles AG> and 
G £, are equal to twice the RecStangle contained under 
A C, and C B ; sind H F and C K, are the Squares 
of A C, C B. TheTefdre the four Frgures H F, C K, 
AG, G E, are equal to the Squares of A C and C B, 
Vfiib M^kif the ^e£lapgle contained tindcf A O Jftrd 
■C j^.. But H F, C K, A G, G E, make up the whore 
iSqiiare of A 6, viz. ADE B. Therefore tlie Square 
of A B is ^qual to'thie Squares of A C and C B, toge- 
t^fcr With t<vice the ReAangle contained uncFer A C 
and C B. Wherefore, if a Right Line he any how^cuty 
tbeSquare Jwhith ii made en the whole Line will be equi^l 
tf ih^ Squares madjg on the Segments t hereof j together 
witk twice the Rei^ftngk contained uhder the Segment.^ 
which was to be demonfirated. 

■ t 

Conll, Hence h is manifeft, that the Parallelograms 
which ftand abojut the Diameief of a Square, are 
^ like wife, Squares.. 
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T (I £ o R £ m; 

* 

If a Risbt Line be cut into two equal Parti, and 

• into two unequal ones ; the ReSiang{e under the 

u^eq^at, Parts f together with the Square that is 

ma^e of the intermediate Diftance^ is equal to 

the Square made of half the Line. 

LE T any Right Line A B be cut into twd equal 
Parts in C, and into two unequal Paris in ^. • I 
fay, the ReAangle contained, under A.D9 and D B, 
together with the Square of C D, is equal to the 
SquaieofBC, x « 

For t df fcribc C E F B, the Square of B C 5, draw' ^ *^' *' 
B E, and through D, draw * D H G, parallel to C E, 
or B F ; and through H draw K L Q, parallel to * a** <• 
C B, pr EF i and A^ K through A, parallel to C L, 
or BO. 

Now the Complement C H is'J equal tp the-Com- 1 43« '* 
plement H F. Add D O, which is common tP both of. 
them, and the >jirbdle C O is equal to the whqle D F : 
Bjut C O is equal to A L, because A C is eq\ial to 
C B t f therefore A L is equal to D F ; and adding 
C H9 which is common, the whole A H ihall be equal 
to F D, D L, together. But A H is ibe Re4iangle 
contained under A;D, and D B ; for D H is ♦ equal to * ^^ 4* 4 
D B, and F D, D L, is the Gnpmoa M N X 5 there- '^'/' 
fore M N X is equal to.the Rectangle conta^ined under. 
A D, and D B ; aad if L G, b^ing common, aad> 
equal to.the Squareof C D ; be ad.ded,.then the Gno« . 
mon MN X, and L G, are equal to the .Re<^anglc 
contained under A D, and D B, together with the 
Square of C D ; but the Gnomon, M N X, and JL G9 
make up the whole Square C E F B, vi%. the Square 
of C B« Therefore the Re<3angle under A D, and 
D B, together with the Squarj? of C D* is ^ qual tp thjB 
Square of C B» Whereforp, if ^ Right Line be cut int^ 
Ituo equal Parts ^ and inta two unequal ones \ the R$£iangU 
under the unequal P^rts^ iAgtther %uitl) the Square thai is. 
made of the intermediate Dijiance^ is equal to the Square 
made of half the Linn which was* to be demonAraced, ^ 
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Theorem. 

. If a Right Line be divided into two equal Parts^ 
and another Right Une be added direSity to the 
fame^ the ReSI angle contained under Jjhe Line 
compounded of] the whole and added Une (taken 
as one Line) and the added Line, together with 
the Square of half thefirfi Line is equal to the 
Square of [the Line compounded of] half the 
Line, and the added Line^ taken as one Une. 

LE T the Right Line A B be bifeded in the Point 
C, and B D added direaiy thereto. I /ky, the 
Re^langle under A D, and B £), together with the 
Square of B C, is equal to the Square of C D. 

• 46. 1. For, defcribe ♦ C E F D, the Square of C D, and 
^ ., 2 join O E ; draw t B H G thro' B, parallel to C E^ or 

D f , and K L M thro' H, parallel to A D, or E F, as 
alfo A K thro' A, parallel to C L, or D M. 

Then, becaufe A C is equal to C B, the Rectangle 

* 5, ,^ A L jfhallbe } equal to the ReSangle C H ; but C H 
%'j* h* equal' tp HF. Therefore A L will be equal to 

H F i and adding C M, which is common to both, 
then the whole Redangle A M is equal co the Gno- 
mon NXO. But AM is that Redangle which is 
t Cor. 4.'^ contained under A D, and D B j for D M is f equal 
<** toDB^ therefore the Gnomon NXO is equal to 

. the Redangle under A D and D B. Add L G, 
t C9r, 4. f/ ^l^i^b is common) vi%, X ^^ Square of C B ; and then 
tbiu the Redangle under A D, D B, together with the 

Square of B C, is equal to the Gnomon NX O 
with L G. But the Gnomon NXO, and' L G, to- 
gether, make up the Figure C £ F O, that is, the 
Square of C D. Therefore the Re<^angle under 
A D, and D B, together wilh the Square of B C, 
\t eqtial to the Square of C O. Therefore, if a 
Right Line be divided into two equal Partly and ano* 
fber Right Line be added direaiy to the fame^ the 
Re£fangie contained under [the Line compounded of] tb§ 
whole and added Line [taien as one Line] and tha 

added 
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added Line^ i9gitberwith th Square of balflhe firjl Lints 
is equal to the Square of [the Lin/ compounded of} half the 
Line and the added Ltne^ taken as one Linei which was 
to be demonftrated, 

PROPOSITION VII. 

Theorem. 
If a Right Line be any kaw cut^ the Square of the 
whole Line ^, together with the Square of one of 
the Segments^ is equal to double the Rellangle 
etmtained under the whole Line^ and the faid 
Segment^ together ^ith the Square made of the 
other Segment. 

T E T the Ri^ht Line A B be any how cut in the 
•■^ Point C. 1 fay the Squares of A B, and B C, 
together are equal to double the Refiangle contained 
under A B, and BC, together whfa the Square made 

of A a 

For let the Square of A B be * defipribedy vi%% % .0, ,, 
A D E B, and conflrud § the Figure. 

Then, becaufe the Rc£fanglc A G is f equal to the a ... ,^ 
Rediangle G £ ; if C F; which is common, be added to 
both, the whole Re£lang1e A F (hall be equal to the 
whole Redangle C £ ; and fa the Re£bngles A F, 
C £, taken together, are double to the Re^ngle 
A F $ but A F, C E, make up the Gnomon K L M, 
and the Square C F. Therefore the Gnomon K L M, 
together with the Square C F, (hall be double to the 
Redangle AF. But double the Re£bngie under 
A B, and B C, is douUe the Redangle A Y \ for B F 
\%X equal to B C. Therefore the Gnomen^ K L M, jo^.^ 
and the Square C F,' are equal to double the Re<3angle 
contained under A B, and B C. And if H F, which is 
common, being the Square of A C, be added to both, 
then the Gnomon K L M, and the Squares C F, H Ft 

^^ Figure it /aid t$ he c^nfiruStit when linet dreiwn m a FaroMe* 
gram, parallel t9 the Sides tbepeef^ eut jbe piatu$er in we Peini^ and 
make tva Paralkkgrdm* ^ui the Diameterf and twe Complementt» S» 
Jikewife a daulfle Figure is faid to be conftruQed, wbeit two Right Liaee, 
faraHel to the SiJet^ wuJit four TmralMogramt obont tie Dkmeter, sad 
fiur Cemplemetiti% 

E,3 ■.:.... • wfe 
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ait equal (^o .the double RaSboglfi contaihed under 
A B, and B Q» together, wttb th^e^Squai^ of A G. But 
the Gnomon K L M, toother witn the ^<)uares CF^ 
H F, are equal to A D £ B, and C F, vtz. the Squares 
of A Bi BC. f hcrefereth? Sjuares of A B and B C, 
are together equal to doubfe tne KectaWgle cohtain- 
ed under A B,. andBC^'^dther with the Square 
hf A C. TBer^re» if a Rigbi Ling ti any bow.cvu 
tht Squdiht ^f the tvMe Lhnj together with the 'Square cf 
one of the Sepnentr, is equal to double the Re^dngle con-- 
t anted under the whole Lihej arid the f aid Seg^eMy to^ 
gfther with ihe Sptare^ fnade if the "other St<^^t \ 
Vrliich was to be dehionftrated. 

. PRPOPSITION VIII. 

T H E O R E ii. 

If a Right Urn be any bow cut into two Parts^ 

four Times the Reffanglty contained under the 

whole LinCy and one of the PartSy together with 

the Square of ihe other Party is eiqteal to the 

Square of \f%eTJne cdmpounded of] the wh^h 

Une and ihefirfi Part^ taken as one Line. 

• • • 
,T E T the Rjgbt LlflCj AB be cyt anjr how In 'C. 1 
^ fayj. fotur Tinacs the ReSingle contaihed udtTi^r 
AB» and B C, together with the Squareof AC^isViqual 
to the Square of A l^y and B .G, taken as one Lihe. 

Fpr, let the Right Line A B be produced to D, fb 
that B D be.eq^^l to B C ; defcribe the Square A£ F D, 
ba A D, and confirufi; the double Figure. 

* B9P. ■ ' Now^ fince C B is * equal to B D, and alfb to f, 
t 3^1. G K, and B D is equal to K N ; therefore G K (hall 

. be likewife equal to K N : By the fame Reafoning, 

P R is equal to R O. And fince C B is equal to B D, 

t ,6 , and G K to ifC N, the Rcftangle C K will % be equal 

* ^ * ' to the Rcaangle-B N, and the Reftangle G Rto the 

1 43. 1. Rc'Stiingl* R N. But C K is II equal to R N ; for 
they are the Complements ofthe "Parallelogram C O* 
Therefore BN fs equal to G R, ^rri the fmir Squares 
B N, CK, G R, R N, are equal to each other ; and 
fo they are together quadruple C K. Again, becaufe 
C B is equal to B D, and B D to B K> that is, equal 

to 
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to C G; and the Taid C B is equal alfo to G K, that 

is, to ^i' i diere^re C Gihall &e equal to G P. But 

P R is equal to R.Qj ^h^tfoxc the Rcdangle A G 

<haU be. cq.u^ tp the Reftangle M P, and iheReftaa- 

gtc P L equal to R F. ButM ^ is equ^l to P L ; for 

they are the Compiements of the Paralfclogram M L. 

Wherefore A G is ciqual alfo to R F. Ther^orc the 

four Parallelograms AG, MP, P L, R F, sue equal 

to each other, and accord iiigly they ar« together 

quadruple of AG. But it has been proved that the 

.fd^ur Squares C K» $.N, @J^, ft N, are quadruple ^f 

,C K* Tbe^^foj-e t))e fopr Red^ngles, and (he four 

.Squ»rQ9, making up tb^ Qnom^ S T Y^ are together 

quadruple of A K ; and becaufe A K is a Redtaiiglip 

CQfitaiaed under A 6, and B C, lor B K is equal to 

S C ; thereCore four tunes the Redangle under A 9$ 

and B C ; will be quadruple of A K. But the Gnomon 

STY h?s hten proved to )be quadruple of A K. And 

fo four Times the Rectangle contained under A B 

and B C, is equal to the GoPinpnS T Y. And if 

- X H, beinjg equal to f the Squgre of A C, which is^ cor. 4. •f 

common to be added to' bcxh i then four Times the tbiu 

Re£iangle contained under A B> aad B C, together 

with the Square of A C, is equ^l to the Gnomon 

STY, and the Square X H- But the Gnomon 

S T y and X H na^ke A '£ F D, the whole Square of 

A D. Therefore four Times the Refiangle contained 

under AB and BC^tpgether wfth the Square of A C* 

is equal to the Square of A D, that is of A B and B C 

taken as one Line. Wherefore, if a Right Line b€ 

uny how cut into two Parts^fo^ur Tir^is the Re£ian^U con^ 

iained under the v^hole Linty and one of the Paris^ togii* 

thtr with the Square of the other Party is equal to the 

Square of [the Life compounded of] the whoU Line and 

thefirft Part^ taicn as one Line y which was to be de« 

monftrated. 
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P R O P O S I T I O N IX. 
Theorem. 

If a Right Line be any hew cut into two equah 
and two unequal Parts \ then the Squares of 
the unequal Parts^ together ^ arc double to the 
Square of ^he half Line^ and the Square of the 
intermediate Part. 

T £ T any Right Line A B be cut unequally in D» 
^^ and equally in C. t fay, the Squares of A D» 
P B, together, are double to the Squares of A C and 
C D together. 
II. 1, For, let ♦ C E be drawn from the Point C at Right 
Angles to A B, which malce equal to AC, or C B ; 
and join £ A, £ B. Alfo through D let f D F be 
drawn parallel to C E, and F G through F jparallel to 
A B, and draw A F. 

Now, becaufe A C is equal to C E, the Angle 

£ A C will be :|: equal to the Angle £ A C ; and fince 

1 5* I* the Angle at C is a Right one, the other Angles, 

^^ A E C, E A C, together, (hall * make one Right An- 

32.1.^* g|^» ^"^ 3^^ equal to each other: And fo A EC, 
£ A C, are each equal to half a Right Angle. For the 
fame Reafons are alfo C £ B, EBC, each of them half 
a Right Angle. Therefore the whole Angle A £ E is 
a Right Angle. And fince the Angle G £ F is half a 

. Right one, and EOF is a Right Angl6 ; for it is f 

* *^* '• equal td the inward and oppofite Angle E C B ; the 
other Angle £ F G will be alfo equal to half a Right 
one. Therefore the Angle G £ F is equal to the An- 

} 6. 1. gle £ F G. And fo the Side £ G is ;[ equal to the 
Side G F. Again, becaufe the Angle at B is half a 
Right one, and F D B is a Right one, becai^fe equal 
to the iaward and oppofite Angle £ C B, the other 
Angle B F D will be half a Right Angle. Therefore 
tbe Angle at B is equal to the Angle BFD; and fo 
the Side D F is equal to the Side D B. And becaufe 
A C is eqMal to C £, the Square of A C will be equal 
to tbe Square of C £• Therefore^the Squares of A C, 
and C £ together, are double to the Square of A C ; 
T 47» »• but the Square of E A is f equal to the Squ^^res of 

AC, 
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A C, and C £, together, fince A C £ is a Rigbt An- 
|lc. Therefore the Square of E A is double to the 
Square of AC. Again » becaufe £ G is equal to G F* 
and the Square of E G is equal to the* Square of G F ^ 
therefore the Squares of £ G, G F^ together, are 
double to the Square ojp G F. But the Square qf E F 
is t equal to the Squares of E G, G F. Therefore f 47* «• 
the Square of EF is double the Square ofG F: But 
G P is equal to C D ; and io the Square of E F i» 
double to the Square of C D. But the Square of A £ 
is likewife double to the Square of A C. Wherefore 
the Squares of A £ and £ F, are double to the Squares 
of A C, and C D. But the Square of A F is f equal 
to the Squares of A £ and £ F ; , becaufe the Angle 
A£ F is a Right Angle, and cohfequently the Square 
of A F is double to the Squares o^ A C and C D. But 
the Squares of A D, and D F, are dqual to the Square 
of A F : For the Angle at D is a Right Angle. There- 
fore the Squares of A D, and D F, together, fliall be 
double to the Squares of AC^ and C D, together. But 
D F is equal to D B* Therefore the Squares of A Dt 
and D B, together, will be double to the Squares of 
A C, and C D, together. Wherefore^ if a Kight Lint 
he any bow cut into two equfilj and two umqutd Partial 
then the' Squares of the unoquai Parts togithtr^ are doukk / ^ ' 
to the Squares of the half Line^ and the Square f of the /iv- 
termediate Part i which was to be demonflrated. 

PROPOSITION X. 

The or £ m. 
If a Rigbt Line be cut into two equal Parts ^ and 
to it be direSlly added another ^ the Square made 
en \tbe Line compounded of] the whole Line^ and 
the added one^ together with the Square of the 
added LinCyfiall be double to the Square of the 
half Lincy and the Square of [that Line which 
is compounded of] the half and the added Line. 

1 E T the Right Line A B be bifefied in C, and any 
^^ ftrait Line B D added direftly thereto. I fay, the 
Squares of AD, and D B, together, ate double to the 
Squares of A C, and C D, together. 

For, 
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•ii. I. ^^^ draw> CXfrxim A^ Ppint C at ,Ri^t Anjlfi^ 

<o A e, wlMch make equal to A C, or C U i gnd dr^w 

1 31 1. A E, E B ; Itkcwifelhroufflb E let £ F he t dcawn gji- 
f aile] to A D, and through D, P F t Parallel tp C %. 
Then, b«caufe the Right Line E F falls upon the 

* ^. J Par a»r Is E.C, F D^ the Angles C.E F. E F D. a« J 

* ctjiial to two HigKt Afigjlcs. Tbercfprc tl^c Ax)glj?s 
f E B, E F'D, ape tD^dbcr left th*n t|»w> ft^igbt Aa- 
^les. Sat Rigiit Linta maJ^iog, wi^ ^ tl)ird Ljoo^ 
^rrgles togctber kfs than itvfQ Right Angles, beipg in- 

• Axi 11. finitely produced^ will JitfiBt *. Wherefore E B, F.D^ 

* -produced, will ouct towards. B D* Now J«t them bp 
produced, and aicct usach «ither . in ^JicPoifjt G, ,and 
•let A G be drawn. 

Aikl then, becaufc A C is equal to C E, the ^qig^e 
A E-C will be cquad to the Angle £ A C t • But tbp 
Angle at G is a Right Angle. The;efpre the Anglic 
E A C, or A E C, is half a Right one. By the faqae 
Way€tf*eafaning,ithc Angle C.EB, or EB C, is half 
a Right one. TJiearefojo A E B k a Right Angle. 
Anft ftnce'E B C is half a Right Aqgle, 03 Q w,ill J 
alfo be half a Right Angle, iinpie i% is ycri^al to 
E B C. But B D>G is a Right Aogje.atlfo.i for it is 
* equal to the alternate Angk D C E. Tbec€ifore the 
remaining Angle U<iBk half a Right Angle, andfo 
equal to D B G. Wbgscfore the Side BD is t equal 
to the Side D G. Again, becaufe EG F *is h^f a 
Right Angle, and the Angle at F is a Right Angle, 
for it is equal * to thp opRpfite Angle at C ; the re- 
maining Angle F E G will be alfo half a Right one, 
and h equal to the An&le E G F j andio the Side G F 
is t equal to the Side E-F. Andfince C E is equal to 
C A, and ithe Square of E*C equalio the. Square of 
*C A ; therefore the. Square? »af E Q, ^ A, .tqgetjier, 
are doirible to.tbe.Square of C A. But the Sguace of 
t47»». E A is t ^fl^^ ^ ^^ Spuares of EC and C A. 
Wherefore the Square of E A is double to the Square 
of A C. Asiain, becaufe G F is equal to ? E, the 
Square of G F alfo is, equal tp the Square of F E. 
Wherefore the Squares i of G F and F.E are dpuble to 
the Squfare.of F.E. But the Square pf EG is J equal 

. to the Squares of GF,.FE. Therefore the Square 
of E G 18 double to the. Square of E F '-m^ F J^ 
cpual to C D. Wherefore the Square of E G fliall be 
^ double 
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double to the Sqiiare df C D. But the Square of ]E A 
has been proved to be double to the Square of AC. 
Therefore thie Squares of A £ and £ G, are <iouM« 
tlie S'q'u&rtl 6f A G "and C D. But the SquareoF A 6 
is t equal fo the Stjiiares 6f A E and E G, fof the t47.f. 
Angfe ( A £ B or) A E G has been proved to be Rrght; 
and <Jonfequently the Square of A G is double to the 
Squares of A C, and C D* But the Squares of A D^ 
ind D G, are t equal the Square of A G. Theid^e 
the Squares of A D and D G are double to the Squttrei 
of A C and C D. But D-G is*cqual to D B- SVhert*«r« 
the Squares of A D, and D B, are doubh to theSqaaret 
of A C, and • C D, Therefore, if a Right Line ^ 
tut into two ^fual Parity itndtoit be direSlly aided dnotbir% 
the SquQYi made dn [the 'Lin^e cdmpnttndedvf] ihe whok 
Liney dnd the added one^ fogither ivhh the Square of the 
aidid 'liine^ Jball he dduble to the Square of the ha^LiMt^ 
and the Square of{tbnt Linr which is compounded af\ tbg 
halfy and the added Lt/nr /which 'Was to be demonfirated* ' 

P R O P O S I T I O N XI. 

Pr O B1.E M. 

'f9 €Ui a gfvin Right lane fo^ that the. )ReSpngle 
centirinetl under the whole Line and one Segment^ 
Jball he e^altotbe S^areaf^thevtherSijg^ent^ 

T ET AJJ be a^given Right Line* It is required 
^^ to cut the fame fo, that the ReAangle contained 
under the Whole, and one Segment thereof, H)e equal 
to the Square of the other Stgtiaent. 

Defcribe * A B P C the Square of A B ; bifefl • 46. n 
A C in E^ and* draw B E : Alfo producte C A to F/fo 
that E F be equal to E B. I>cfcribe » F G H A the 
Square of AT, and produce *GH toK. ITay, A B 
is ciit in 'H fo, that the R«<9angfe under B A and B H 
isequal'tb fhe Square^f A H. 

For fince the Right Line A C is liin^Sed irt E, and 
A F is direftly adtfedtherrto, the Rei^angleumJefC F 
and F A, together with the Square of A'Ej*^ll be f + 6 /iM« 
equal to the Square of E F. 'Bat E F is^eqiial to'E B. 
Therefore the Reaaogle- under* CT anrf F A,*^toge- 
' ther With the 'Square of AE, is equal to the Square of 

£B. 
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f £ B. Qttt the Squares of B A and A £ are ^ equal tf ' 

' *^* '• the Square of E B ; for the Angle at A is a Right An- 
gle. Therefore the RedangTe under C F and F A, 
together with the Square of A £, is equal to the 
Squares of B A, and A £• And taking away the 
Square of A E» which is comnion» the remaining 
• Redangle under C F and F A is equal to the Square 
of A B. But F K is the Redapgle under C F and 
F A^ fince A F is equal to F Gj aiid the Square of AB 
is A D. Wherefore the Rectangle F ]^ is equal to the 
Square AD. And if A K, which is commbn, be 
taKen from both, then the remaining Square F H 19 
-equal to the remaining Rectangle H D. But H D is 
the Re£tangle ynder A B and B H, fince A B is equal 
to B D ; and F H is the Square of A H. Therefpre^ 
. thi ki£IangU under A B and B H Jball hi equal to the 
Square dfh H. Jndfo ibe given Right -Line A B it'aet 
in Hjfo that the Re^an^ie under A B and A H is equal 
ta the Square of hH I which was to be done. 

. PR OP O S I T I p N XII. 

T RE O R £ M. . 

In an oiiu/e- angled TrioftgUf ibe Square of tie 
Side fubtending the obliife Angle is greater than 
ibe Squares of tbe Sides containing tbe obiufe 
Angliy by twice tbe Reilangle under one of tbe 
Sides f containing tbe obtufe Angle^ viz. that on 
wbicb^producedj' tbe Perpendicular falls ^ and 
tbeLinetakenwitbout^ between tbe Perpendi'- 
cular and tbe obtufe Angle. 

T ETABCbean obtufe-angled Triangle, having 
• x;i, ,. ^^ the obtufe Angle BAG; and * from the Point § 
draw B D perpendicular to the Side C A producedl I 
fay, the Square of B C is greater than the Squares of 
B A, and A C, by twice the Redahgle contained un- 
der C A, and A D. 
For, becaufe the Right Line C D is any how cut in 
t ^oftblu the Point A, the Square of C D fliall be t equal to the 
Squares of C A, and A D, together with twice the 
Re£bngle under C A, ^d A D. ; And if the Square 
of B D, which is common, be added, then the Squares 

'of 
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of C D and D B are equal to the Squares of C A, A D» 
and D B, and twice the Redangle contained under 
C A and A O. But the Square of C B is * equal to*47« <• 
the Squares of C D, D B ^ for the Angle at D is a 
Right one, fince 6 D is perpendicular j and the Square 
of A B is * equal to the Squares of A D and D B. 
Therefore the Square of C B is equal to the Squares of 
C A, and A B, together with twice a Rectangle un* 
der C A, and A D. Therefore, in an obtufi- angled Tri-^ 
angle f the Square of the Side fuhtending the ohiufe Angle U 
greater than the Squares of the Sides contaimng the obtufe 
Angle^ by twice the Re£langle under one $f the Sides con* 
taifung the ebtufe Angle j viz. that on which^ produced^ 
the Perpendicular faHlsy and the Line taken without^ be-' 
tween the Perpendicular and the obtufe Angle i which 
was to be demonftrated, 

PROPOSITION Xlli. 

Theorem. 
In 4tn Mcuti' angled Triangle 9 the Square of the 
Side fubUnding the acute Angle is left than the 
Squares of the Sides containing the acute Angk^ 
hy twice a ReSangle under one of the Sides 
ahut the acute Angle ^ viz. that on which the 
Perpendicular falls ^ and the Line ajfumed with 
in the Triangle^ from the Pcrpetsdifular to the 
acute Angle. 

T £ T A B C be an acute-angled Triangle, having 
*^ the acute Angle B j and from A let there * Sc • ,^, ,, 
drawn A D perpendicular to B C. - 1 fajc, the Square 
of AC is lefs than the Squares of CB, and B A> by 
twice a ReSangle under C B, and B D, 

For, becaufe the Right Line CB is cut any how in 
D» the Squares of C B, and B D will be t^qual tofjrftKt. 
twice a Redangle under C B, and B D, together with 
1 the Square of D C. And if the Square of A D be 
added to both, then the Squares ofpB, BD^ and 
D A, are equal to twice the Re£bngle contained un* 
der C B and B D, together with the Squ;}res qf^^ D 
and P C. But the Square of A B is % equal (o the ^ ^j, |, 
Squares of fi D, and D A ; for the Angle at D is a 

Right 
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* _ j^ lS.j^t Aogk, And the Sqi^^vre of A C is % eqjoal to 
* * the'Squares of A D and D ^.Therefore the Squares 
of C B and B A are equal to the 'Square of A C, to- 
' gether with twice the Re6tangle c^fit^in^ed under C B 
and Bl!^. Wherefore the Square of AC, only, is iefs 
than the Squares ofC B and B A, by tw[c§ the Re£V- 
angfe under 'C Band B D. Therefore^ in anacute^ 
angled Trt^ngUy the Square of the Side fuht ending tkg 
acui4 Angle is lejs than the Squares bf the Sides containing. . 
the acute jfn^le^ by twee a ReSiangle under one of the ^ 
Sides about the acute Angle^ vl^. that on which the Per- 
pendicular falls^ and, the Line ajfumed within the Tri^^ 
axfgle, from the Perpendicular to the acute^ Angle ^ which 
was to be demonflrated. 



PROPOSITION XIV; 

I • 

* - • I 

Problem. 

7o make a Square tfual t^ a given Rigbt-linei 

Figure. 

T E T A bethe given Rtght-Iined Figure. It is rc- 
^^ quifiC^J tp make a Square cqu^i ihercto. 

• 45. 1. Ma^p *.tbe Right-angled Parallelogram B C D E 

equal to thfi Right-liepd Figure A. Now if B E be 
equal to E O, what was propofed will be already 
done,'fincethe6quare4JO ismade equal to the Right- 
lined Figure A : But if it be not, let cither B E or 
. E D be tbe greater: Sufipofe B E, which Jet be pro- 
duced to F ; fo that E F be egyal to E D. This be- 

+ 10. 1. i"g done, Jet B F be f bif^.^ed m G, about which, as 
a Centrp, with the piftance G B, or G F, dticribe the 
Semicircle BH;F; and let D E be produced to H, 
and drav^ G H. Now becaufe the Right Line B F is 
. divided ittto two equal Pacts m G, and iiito two un- 
equal ones in £« the Re^angle under B E and £ F, 

% 5 tftbis, tQgf^her wjtb the Square of G.E, fliaU be J equal to the 
Square of G F. B^t ,Q f[ is equal to G H. ^ There- 
fore thje Redanglp under B E and E F^ together, wi|b 
the.-SquareofG E, is equal to the Square of G^H. But 

• 47. 1, the Square of Hlf ai^d G Ea,re ^ eq^al to the Sqiare 

of G H, . Wherefore tjhe I^egSaiiglc unc(er.^B E and 

E F, 
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E F, t^gctfier wlS> the Square otG E. i? eqtj'al to the 
Squiptsdf il E arf^G E* An«J4/ihe bft|Aare«»WE G, 
which is common, be taken from both, the remaining 
ReftanglCj contained under B E and E F, is equal to 
the Square of EH. But the ReAnngle under B E aod 
E F is the ParalklograJh B D, becaufe E F is equtl 
to E D. Therefore the Parallctegram 'B Dls equal 
to the Square of E H ; but the Parallelogram B D ij 
equal to the Right-lined Figure A. Wherefore the 
Right-lin'd Figure A rs equal to the Square of EH. 
And {o^ there is a Square made equal to the given 
Right-lined Figuri A, viz. the "Square tfE H ; which 
was to be done. 
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DEFINITIONS. 

I, Jp^AL Circles are fucb i^hoft Diameters 
are equal •, orfrctm wbofe Centres the Right 
Lines that are drawn are equal. 
IL A Right Line is jaid t$ touch a Circk^ when 
meeting the Jame^ and ieing produced^ it dees 
not cut it. 
JII. Circles are' /aid to touch each other ^ which 
meeting do not cut each other. 

IV. Right Lines in a Circle arefaid to be equally 
dijlant from the Centre^ tuben Perpendiculars 
drawn from the Centre to them are equal. 

V. And that Line is /aid to be farther from the 
Centre^ on which the greater Perpendicular 

falls. 
VL A Segment of a Circle is a Figure contained 

under a Right Line^ and a Part of theCircum^ 

ference of a Circle. 
VII. An Angle of a Segment is that which is 

contained by a Right Line^ and the Circumfe- 
' rence of a -Circle. 

^ VIU, 



6s 
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VIIL An Angle is /aid to be in a Segmept, wheH 
fome Point is taken in the Circumference thereof^ 
and from it Right Lines are drawn to t}:>€ Ends 
of that Right Line, which is the Bafe of the Seg- 
ment ; then4he Angle contained under the Lines ^ 
fo drawn ^ is faii to he an Angle in a Segment. 

IX. But when the Right Lines containing the 
Angle do receive any Circumffirence of the Circle^ 
then the Angle is faid to fiand upon that Cir" 
cumference, 

X. A Se£ior of a Circle is that Figure, which is 
comprehended between two Right Lines, drawn 
from the Centre, and the Circumference contained 
between them. , 

XL Similar Segments of Circles are thofe^ which 
include equal Angles^ or whereof the Angles in 
them are equal. 

PROPOSITION I. 

V . Pro b l s m. 

7o find the Centre of a Circle given. 

LET A B C be the Circle given. It is required 
to find the Centre thereof. 
Let the Right Line A B be, any how drawn 
irt it, which * bifeft in the Point D j and let D C be f • lo, t , 
dcawn from the Point D, at Right Angles to A B, t "• »• 
which let be produced to.£. 

Then, if E C be ♦ bifeaed in F, I fay, the Point F 
18 the Centre qf the Circle ABC. 

For, if it be not, let G be the Centre, and let G A, 
G D,G B, be drawn. Now, btcaufe D A is equal to 
D B, and I>G is common, the two Sides A Di D GT/ 
are equal to the two Sides G D^ D B, each to each ; 
alfo the Bafe G A is J equal to the Bafe G B, for they JDf/. i^,^ 
are drs^wn from the Centre G. Therefore the Angle 
A D G is * equal to the Angle G D B. But when a • g. ,. 
Right Line ftanding upon a Right Line makes the 
adjacent Angles equal to one another, each of the 
equal Angles will t be a Right Angle. Wherefore tZ?*/.io.jf 

F . the 
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the Angle O D B is a Right Angle. But F D B is alfo 
a Right Angle. Therefore^ the Angle F D B is equal 
to the Angle G D B, a greatei to a lefs, which is ab- 
furd. Wherefore G is not the Centre of. the Circle 
ABC. After the fame manner we prove, that no 
other Pcint, unlefs F, is the Centre. Therefore, F is 
the Centre of the Circle ABC; which was to be found. 

CorolL If in a Circle any Rigtit Line cuts another 
Right Line into two equal Parts and at Right An- 
gles, the Centre of the Circle will be in that cutting 
Line. ' 

PROPOSITION IL 
Theorem. 
If any two Points be ajfumed in the Circumference 
of a Circle^ the Right Line joining tbofe twp 
Points [hall jail within the Circle. 

T ET ABC be a Circle j in the Circumference of 
•*-' which let any two Points A, B, be affumed. I 
fay, a Right Line drawn frc^nv the Point A, to the 
Point B, falls within the Circle. 

• 1 t^fthlu Find D * the Centre of the given Circle, and let 
any Point E be taken in the Right Line A Bi and let 
D A, D E, D B, be joined. 

Then, because D A is equal to D B, the Angle 

t 5. !• DAB will be f equal to the Angle DBA; and fince 
the Side A E of the Triangle D A E is produced, the 

J 16. 1, Angle D E B will be J greater than the Angle D A E. 

' , But the Angle D A £ is equal to the Angle D B £ ; 

therefore the Angle DEB is' greater than the Angle 

D B E. But the greater Angle fubtends the greater 

II 19. 1, Side. Wherefore D B |f is greater than D E. But 
' P B only comes to the Circumference of the Circle 5 

therefore D E does not reach fo far. And fo the 
Point E falls within the Circle. Therefore, if tw9 
Points are ajfumed m the Circumference of a Circle^ the 
Right Line jcining thofe two Points Jhali fall within the 
Circle ; which was to be demonftrated. 

Corolh Hence if a Right Line touches a Circle^ it 
will touch it in one Point only. 

PRO- 
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P R O P O S I T I O N in. 

Theorem. 

If in a Circle^ a Right Line drawn tbro* the Cen* 
, tre cuts any other Right Line^ not drawii tkro^ 
the Centre^ into equal Parts^ it jhall cut it at 
Right Angles \ and if it cuts it at Right An- 
gles y it fhall cut it into two equal Parts. 

J T ET ABCbea Ctfde, wherein the Right Line 
r* ^ J-' C D, drawn thro' the Centre, bifeds the Right 
Line A B, not drawn thro' the Centre. I fay, it cuts 
it at Right Angles. 

For, * find E the Centre of the Circle, ' atid lei •lo/fW*. 
E A, E B, be joined. 

Then, bccaufe A F is equal tr> F B, and F E is 
common, the two Sides AF, F E, are equaleo th^, 
two Sides B F, F E, each to e^ch ; but the Bafe E A 
is equal to the Bafe E B. Wherefore the Angfe A F E 
fhall be f equal te the Angle B F £i Bat wben a x g^ ^^ 
Right Line ftanding upon a Right Line makes the ad^ , 
jacenc Angles equ^ to one another, each of the equal' 
Angles is J a Right Angle. Wherefore A FE, ortD//.io.iJ 
B F E, is a Right Angle. And therefore the Right 
Line C D drawli thro* the Centre, btfefting the Right 
Line A B, not drawn thro' the Ccntrd, cuts it at Right 
Angles. Now, if C D cuts A 8 at Right Angles, 1 
fey. It will bife£l it ; that is, A F will be equal to F B.* 
For the fame Cortitru^ion remaining, becaufe E A, 
being drawn from the Centre, is equal to E B, the 
Angle E A F fhall be * equal to the Angle E B F. But* 5. i. 
the Right Angle A F E is, equalrto the Right Angle 
B F E : Therefore the two Trianalcs E A F, E B F, . 
have two Angles of the ohe equal to two Angles of the 
Other, and the Side £ F is common* to both. Whcte^ 
fore the other Slde$ of the one Ihall be f equal to the^. 26, 1^ 
other Sides of the other : And fo A F will be equal to 
F B. Therefore, if iri a Circle j a Right Line draw^ 
ibrgugb the Centre 4uts any, other Right Line not drawn 
through the Centre into tivo equal Par is ^ it /hall cut it at' 
Right Angels ; ^hiffitxuis it. at Right Angiei^ it JbaU cut 
it into two equal Parts \ whicjlvawio be dcmonftrated, 

F:a PRO. 
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PROPOSITION IV. 

Theorem. 

If in a Circle two Right Lines not being drawn 
thro" the Centre^ cut each other y they will not 
cut each other into two equal Parts. 

T ETABCbbea Circle, wherein two Right 
-"^ Lines AC, B D, not drawn through the Centre, 
cut each other, in the Point £. I fay, they do not 
bifedi each other. 

For, if poflible, let them bife£l each other, fo that 
A E be equal to E C, and B E to E D. Let the Centre 

1 1 »/'*'*. F of the Circle A B C D be t found, and join E F. 

Then becaufe the Right Liric F E, drawn thro' the 
Centre, bifedis the Right Line AC, not drawn through 

^loftbtu the Centre, it will * cut AG at Right Angles. And 
fo F E A is, a Right Angle. Again, becaufe the Right 
Line F E, drawn thro' the Centre, bifefis the Right 
Line B D, not drawn through the Centre, It will * cut 
3 D at Right Anglts. Therefore F E B is a Right 
Angle, But F E has' been (hewn to be alfo a Right 
Angle. Wherefore the Angle FE A will be equal to 
the Angle F E B, a jefs to a greater ; which is ab- 
furd. Therefore, A C, B P,*do not mutually bifeft 
c^ch other. And fo, if in a Circ/f two Right Linesy 
not being drawn thnugh the Centre^ cut each other ^ they 
will not cut each other into two equal Parti > which was 
to be demonihated. 

P R O P O S I T I O N V. 

Theorem. 

If two Circles cut one another^ they Jhall not have 

the fame Centre. 

T E T the two Circles A B C, C D G, cut each 
■■^ other in the Points B, C. I fay they have not the 
fame Centre. 

For, if they have, let it be E, and join E C, and 
draw £ F G at Pleafurc/ 

Now, 
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Now, becaufe E. is the Centre of the Circle ABC, 
C E'will be equal to £ F. Again, becaufe £ is the 
Centre of the Circle to C D G, C £ U equal to 
!K G. But C £ has been (hewn to be equal 9> 
£ F. Therefore E F (hall be equal to £ G, a lefs to 
a greater, which cannot be. Therefore the Point £ 
18 not the Centre of both the Circles ABC, C D G. 
Wherefore, if two Circles cut one another ^ they Jhall not 
have the fame Centre j which was to be demonfira^ed. 

« 

PROPOSITION VI. 

Theorem. 

If two Circles touch one mother inwardly^ they 
will not have one and the fame Centre. 

« 

T £ T two Circles A B C, C D £, touch one aiK>* 
■^ ther inwardly in the Point C. I fay, they will not 
have one and the fame Centre. 

For, if they have, let ic be F, and join F C> ajid 
draw F' B any how. 

Then, becaufe F is the Centre of the Circle ABC, 
C F is equal to j^ B. And becaufe F is alfo the Cen- 
tre of the Circle CDE, C F (hall be equal to F £.> 
But C F has been (hewn to be equal to F B. There- 
fore F £ is equal to F 3, a lefs to a greater ; which 
cannot be. Therefore the Point F is not the Centre 
of both the Circles A B C, C D E, Wherefore, ;/ 
tu/o Circles touch one another inwardly^ they will not havs i 
one and the fame Centro ^ which was to be den^oa- 
flrated. 



F 3 PRO- 



_/' 



L' 



^o ^tftf/r'/s Elements. Book HI. 

PROPOSITION VII. 

' Th £ O R S M. 

• _ • 

Ifvi tie Diameter of a Circle fome Point be taken] 
whicb is not the Centre of the Circle^ and fron^ 
that Point certain Right Line! fall on the Cir^ 
cumference of the Circle^ the greateft of tbefe 
Lines fhall be that wherein the Centre of the 
Circle is, the leaji^ the Remainder of the fame 
JJne^ And of all the other LineSy the near eft 
to that which was drawn thrcf the Centre^ is 
always greater than that more remote \ and only 
two equal Lines fall from the abovefaid Point 
upon the Circumference^ on each Side of the leaji 
. or great efl Line. 

E T -A B C D be a Circle, whofe Diameter is 
A D, in which affume fome Point F, which is 
not the Centre of the Circle. Let the Centre of the 
Circle be E; and from the Point F^ let certain Right 
Lines F B, F C, F G, fall on the Circumference : I- 
fay, F A is the greateft of thcfe Lines, and F DAe 
leaft ; and of the others F B is greater than F C, and' 
E' C greater than F G- 
- For, let BE, C E, G E, be joined. 
Then, becaufe two Sides of every Triangle arc 
• xo I ** greater than a third ; B E and E F-arc greater than 
BF. But A E is equal to B E. Therefore B E and 
EF are equal to A F. And fo A F is greater than FB'. 
Again, becaufe B £ is equal to C E, and F £ is 
comAion, the two Sides B E and F £ are equal to the 
two Sides C £ and £ F. But the Angl^B £ F is 
greyer than the Angle C £ F. Wherefore the Bafe 
t «4' »• B F is greater than the Bafe F C f. For the fame 

Reafon, C F is greater than F G» 
1 10. 1. Again, becaufe G F and F £ J are greater than 

G E, and G E is equal to £ D ; G F and F E fliall 
be greater than E D ; and if F E, which is common, 
be taken away, then the Remainder G F is greater 
than the Remainder F D. Wherefore, F A is the 
greatejl of the Right Lines^ and F D the leaft: Alfo B F 
is greater than F C , and F C greater than F G. 

I fay. 
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I fay, moreover, chat there are only two equal 
Right Lines that can fall from the Point F on A B C D» 
the Crcumference of the Circle on each Side the 
Ihorteft Line F D. For at the giVen Point £, with 
the Right Line £ F, make :|: the Angle F £ H equal {13. i. 
to tne Angle G £ F, and join F H. Now becaufe GIL 
is equal to £ H> and £ F is common, the two Sides 
G £ and £ F are equal to the two Sides H £ and £ F. 
But the Angle E G F is equal to the Angle H £ F. 
Therefore the Bafe F G fliall be f equal to the Bafe ^ 4. ,. 
FH. I fay, no other Right Line fallmg from the 
Point F, on the Circle, can be equal to F G. For 
if there can, let this be F K. Now fmce F K is 
equal to F G, and F H is alfo equal to F G ; there- 
fore FK will be equal to F H, viz; a Line drawn 
Higher to that palling through the Centre, equal to one 
niore remote^ which* cannot be. ^therefore, ifflytbU* 
ibg Diameter ef a Circle^ feme Point be taknij which 
is not the Centre of the Circle^ and from that Pointy certain 
Right Lines fall on the Circumference of the Circle^ the 
greattft of thefe Lines Jhall be that wherein the Centre of 
the Circle is; the leajt^ the Remainder of the fame Line* 
And of all the other Lines^ the nearefi to that which was 
drawn through the Centre^ is always greater than that 
more remote ? and only two equal Lines fall from theabove^ 
faid Point upon the Circumference^ on each Side of the 
Uaji or p-eateji Line \^ which was to be demonftrated. 
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PROPOSITION vm. 

t 

T H E O R £ M. 

Jjf fame Point be ajfumed without a Circle^ and 
from it certain Right Lines be drawn to the 
Circle^ one of which pajjes tbro^ the Centre^ buf 
thf other any bow ; the great eft of the Lines 
which fall Hppn the concave Part of the Cir- 
cumference of the Circle^ i^ thatpaffmg through 
fhe Centre -, and of the others^ that which is 
nearefi to the Line, puffing through the Centre^ 
is greater than that mote remote. But the ieafi 
of the Lines that fall upon the concave Ctrcum- 
ferenct of the Circle y is that which lies between 
the Point and the Diameter ; ami of the others, 
that which is nighir to the leafi, is lefs than 
that which is farther diflant ; and from that 
Point there can be drawn only two equal Lines, 
i^ipich fhall fall on tke Circumference on each 
Side thf leafi Line. 

T ETABpbea Circle, o\xX of which take any 
r-' PoiptJp. From this Point let there be dra>Y/i 
certain Right Lines D A, D E, D F, D C, to the Cir- 
cle'whereof DA pafles thro' th« Centre. ' I fay, D A, 
which pafles through the Centre, is ' the greateft of the 
Lines falling upon A E F C, nhe concave Circumle'* 
lence of the Circle : Likewifc D E is greater than 
D F, and D F greater than D C. But of the Lines 
rhat fall upon H L K G the convex Circumference of 
the Circle, the leaft is DG, V4Z, the Line drawn from 
D,'to the Diameter G A ; and that which is neareft the 
leali D'G, is always lefs than that more remote -, that 
is D K is M^ than D L, and D L lefs than C H, 
• I 9/thh, For, find ♦ M" the Centre of the Circle ABC, and 

>i M |:, M F, M C, M H, M L, M K, be joined. 

Kow, hecaufe A M' is equal to EM; if M D, 

which is common, be added, A D will be equal to 

f ,o. I. ^M and M D. But E M and^ aie t greater than 

' . EDi 
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E D ; therefore A D is alfo greater than E D. Again, 
becaufe M £ is equal to M F, and M D is common, 
then M E and M D (hall be equal to M F and M Dj 
but the Angle £ M D is greater than the Angle 
F M D. Therefore the Bafe E D will be f greater than . ^ 
the Bafe F D. We prove,,in the (anr.e manner, that * 
FD is greater than C D. Wherefore, DA is the 
greateji of the Right Lines falling from the Point D ; D E 
is greater than D F, and D F is greater th^n D C, 

Moreover, becaufe M K and K D arc ♦ greater • «o. i, 
thap M D, and M G is equal to M K ; then the Re- 
mainder K D will t be greater than the Remainder f ^x. 4. 
qO, And fo G D is lefs than KD, and confc- 
que^tly is the leaft. And becaufe two Right Lines 
M K,* K D, are drawn from M and D to the Point 
K, within the Triangle ML D, M K, and KD, are 
X lefs than M L and L D ; but M K is equal to M L. ^ si. it 
Wherefore the Remainder D K is lefs than the Re* 
mainder D L. In like manner we demonftrate, that 
D L is Ids than D H. Therefore, D G, is the leajf j 
and D K is Ufs than Dl.yandT>L than D H. 

I fay likewife, that from the Point D only two equal 
Right Lines can fall upon the Circle on each Side the 
leaft Line. For, make* the Angle D M B at the^aj.i. 
Point M, with the Right Line M D, equal to the An- 
gle K M D and join D B. Then, becaufe K M is 
equal to M B, and M D is common, the two Sides 
KM, M P, are equal to the two Sides MB, M D, 
each to each ; but the Angle K M D is t<\\xz\ to the 
Angle B M D. Therefore the Bafe D R is f equal t 4. »• 
to the Bafe D B. Now I fay, no oiher Line can be 
dravyn from the Point D to the Circle equal to D K i 
for, if there can, let it be D N. Now, fince D K is 
equal to D N, as alfo to D B, therefore D B (hail be 
equal to D N, viz. the Line drawn neareil to the leaft 
equal lo-that more remote, which has been * (hewn to * *^ '^"* 
be impoifible. Therefore, if fome Point he ajfu7ned 
without a QircUy and f ram it certain Right Lin£s be drawn 
' to the Circle^ une of which paffis thro* the Centre^ but the 
others any how ; the greattji of the Lines ^ that fall upon the * 
concave Part of the Circumference of the Circle^ is that 
pajjing thro" the Centre \ and of the others^ that which is 
near eft to the Line^ p^Jfi^i ^hrtf the Centre ^ is greater than 
tbat^ more t emote ^ But tbeUaJi oftkt Lines that fall upon 
I '/ tbf 
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the cmvex Circumfeunce of the Circle^ is that tuhicb lies 
between the Point and the Diameter ; and of the others^ 
that which is nigher to the leaj^^ is lefi than that which is 
farther diftant ; and from that Point there can be drawn 
€fn!y two equal Lines ^ which Jhallfall on the Circwnfe^ence 
on each Side the leaji Line^ which was to be demon- 
flrated.; 

PROPOSITION IX. 

Theorem. 

If a Point he affumed in a Circle ^ and from tt- more 
than two equal Right Lines be drawn to the 
Circumference ; then that Point is the Centre 
of the Circle. 



V 



E T the Point D be afltimed within the Circle 
A B C y and from the Poini D let jhere fall more 
than two equal Riahi Liues to ihe Circumference, v/s, 
the Right Lints D A, D B, D C 1 lay, the aOlimed 
Point D is the Centre of ihe Circle A B C* 

For, if \t be nut, let K be the Centre, if poifible; 
and join D £, which produce to G and F. 

Then F G is a Diameter of the Circle ABC; 
and fo, becaufe the Point D not being the Centre of 
the Circle, is afTumed in the Diameter F G ; therefore 
• 7 9fthh, D G v^ill * be the greatcft Line drawn from D to the 
Circumference, and D C greater than D B, and D B 
than D A'; but they are alfo equal, which is abCurd, 
Therefore E is not the Centre of the Circle ABC. 
And in this manner we prove, that no other Pointy ex^ 
cept D, is the Centre \ therefore D is the Centre of the 
Circle A B C j which was to be demonftrated. 

Otherwife : 

Let A B C be the Circle, within which take the 
Point D, from which let more than two equi«l Right 
Lines fall on the Circumference of the Circle, viz, the 
three equal ones DA, D B, DC: I fay, the Point 
D is the Centre of the Circle ABC, 
1 10. I. For, join A B, B C, which bile£l f in the Points 

E and Z; as alfo join E D, D Z5 which produce to 

the 
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the Points H, K, O, L ; then, becaufe A £ is equal to 
£ B, and £ D is common, the two Sides A £, £ D, - 
(hall be equal to the two Sides B £, £ D. And the 
Bafc D A, is equal t?o the Bafc D B ; Therefore the 
Angle, A £ D wiU be ^ equal to the Angle B £ D ; * S« r. 
and fo [by Dtf. lo. i.] each of the Angles A £D, 
BED, IS a Right Angle : Therefore H K, bifedling 
A B, cuts it at* Right Angle's. And becaufe a Right 
Line in a Circle, bifeding another Right Line, cuts it 
at Right Angles, and the Centre of the Circle is in the 
cutting Li»e^ [by C$r, I. ^.] therefore the Centre of 
the Circle ABC will be in H K. For the fame Rea- 
fon the Centre of the Circle will be in O L. And the 
Right Lines H K, O L, have no other Point common 
but D. Therefore D is tbe Centre of the Circle A B C j 
which was ta be deaionftrated* 



PROPOSITION X. 

Theorem. 

A Circle cannot cut another Circle in more than 

two Points. 

tp O R, if it can, let the Circle A B C cut the Circle 
" D £ F in more than two Points* v/2. inB, G, F; 
and let K be the Centre of the Circle AB Cj and join 
K B, K G, K F. 

Now, becaufe the Point K is afTumed within the 
Circle D £ F, from which more than two equal Right 
Lines It B, K G9 K F, fall on the Circumference, the 
Point K (hall be f the Centre of the Circle D £ F. f 9 ofthU^ 
But K is J the Centre of the Circle ABC. Therefore j By Hyp. 
K will be the Centre of two Circles cutting each other; 
which is * abfurd. Wherefore, a Circle cannot cut a% ^ gftbu. 
Circle in more than two Points ; which was to be de- 
monftrated. 
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PROPOSITION XL 
' Theorem. 

1/ two Circles touch each other on the Itijide^ and 
the Centres he found, the Line joining their 
Centres will fall on thelPointof] ContaSt of 
thofe Circles. 

T £ T two Circles A B C, A D E, Couch one another 
•*-^ inwardly in A ; and IctdF be the Centre of the 
Circle A B G, and G that of A D E. I fay, a Right 
Line joining the Centres G and F, being produced, 
will fall in the Point A. 

If this be denied, let the Right Line, joining F G» 
cut the Circles in D and H. 

Now, becaufe A G and F G are greater than A F, 
* ao. i» * that is, than F Hj take away F G, which is com- 
mon, and the Remainder A G is greater than the Re-* 
mainder G H. But A G is equal to G D ; therefore 
G D is greater than G H, the lefs than the greater ; 
which is abfurd. Wherefore, a Line dr awrk through the 
Points F and G, will not fall out of the Point of Contact 
A, and fo necejjarily mujl fall on it i which was to be 
demonftrated. 

PROPOSITION XIL 

Theorem. 

If two Circles touch one another on the Outfide^ a 
Right Line joining their Centres will pafs tbro^ 
the IPoint of'\ Con tail. ^ 

T E T two Cikles ABC, A D E, touch one ano-, 
'*^ thcr outwardly in the Point A ; and Jet F be the 
Centre of the Circle A B C, and G that of A D E. I 
fey, a R-ght Line drawn through the Centres f and 
G, will pafs through the Point of Conta<5t A. 

For, it it does not, let, if poffiblc, F C D G, fall 
without it, and join F A, A G. 

Now, fiiice K is the Centre of the Circle ABC: 
A F will be equal to F C. And becaufe G is the 

Centre 
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Centre of the Circle A D ^, A G will be equal to 
G D : But A F has been {hewn to be equal to i^ C ; 
therefore F A and A G arc equal to F C and D G. 
And fo the whole F G is greater than FA and AG; 
and alfo lefs, * which is abfurd. Therefore, a Right* *«• »• 
Ling drawn from the Point F to G, will pafs through thi 
Point of Conta£i A s which was to be demonftrated. 

PROPOSITION XIII. 

Theorem. 

One Circle cannot touch another in more Points than 
one^ whetbefit be inwardly or outwardly. 

FO R, in the iirft place, if this be denied, let the 
Circle A B D C, if poflible, touch the Circle . 
E B F D inwardly, in more Points than one, viz. * 
in B and D. 

And let G be the Centre of the Circle A B D C, 
andHtha^pf EBFD, . 

Then a Right Line drawn from the Point G to H, 
will t fail in the Points B and D. Let this Line be f tffthit, 
B G H D. And becaufe G is the Centre of the Circle 
A B D C, the Line B G will be equal to G D. There- 
fore B G is greater than H D^ and B H much greater 
than H D. Again, fince H is the Centre of the Cir- 
cle E B F D, the Line B H is equal to H D. But it 
has been proved to be much greater than jr, which is 
abfurd. Therefore, one Circle cannot touch another 
Circle inwardly in more Points than one: 

Secondly, Let the Circle A C K, if poffible, touch 
the Circle A B D C outwardly, in more Points than 
Qne, viz. in A and C ; and let A and C be joined. 

Now, becaufe two Points, A and C, are aflume^l in 
the Circumference of each of the Circles A B D C, 
A C K, a Right Line joining thefe two Points will fall 
% within. either of the Circles. But it falls wM\n\he % z ^ftbu. 
Circle A B D C, and without the Circle A C K, which 
i 8 abfurd. Therefore one Circle cannot touth another 
Circle Jn. more Points than one outwardly. But it has 
been proved, that one Circle cannot touch another 
Circle inwardly [in more Points than one], Where- 
< fore^ one Circle cannot touch another in more Points than 
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6ne, whether it be inwardly ♦r outwardly \ which was to 
be demonftrated. 

PROPOSITION XIV. 
Theorem. 
. E<iual Ktgbt Lines in a Circle are equally dijlant 
from the Centre ; and Right Lines ^ which are 
equally dijlant from the Centre^ are equal between 
tbemfelves. 

T ETABDCbea Circle, wherein are the equal 
-*^ Right Lines A B^ C D. I fay, thefc Lines arc 
equally diftant from the Centre of the Circle. 

For, let E be the Centre of the Circle A B D C j 
from which let there be drawn E Fand EG, perpen- 
dicular to A B and C D } and let A £ and E C ber 
joined. 

Then, becaufe a Right Line E F, drawii thro' the 
Centre, cuts the Right Line A B, not drawn thro' the 

•'^cfthin Centre, at Right Angles, it will *^ bifed the fame. 
Wherefore A F is equal to F B, and fo A B is double 
to A F. For the fame Reafon C D is double to C G ; 
but A B is equal to C D ; therefore A F is equal to 
CG : And becaufe A £ is equal to E C^ the Square 
of A E (hall be equal to the Square of £ C« But the 

1 47. !• Squares of A F and F E art f equal to the Square of 
A £ i for the Angle at F is a Right Angle : And the 
^Squares of £ G and G C are equal to the Square of 
£ C, fince the Angle at G is a Right one. Therefore 
the Squares of A F and F'E are equal to the Squares of 
C G an^G E. But the Square of A F is equal to the 
Square of C G ; for A F is equal to C G. There- 
fore the Square of F £ ie equal to the Square of £ G^ 
and fo F £ equal to £ G. Alfo Lines in a Circle are 

tDef,^eft^^^ to ^^ equally diftant from thfe Centre, when 

thiu Perpendiculars drawii to them from* the Centre are 

«jual. Therefore, A B and C D are equally diflanf 
from the Centre. 

But if A B and C D are equally diftant from the 
Centre, that is, if F £ be equal to £ G^ I fay, A B 
ic^ equal to C D* ^ 

For, the fame Conftrudion being fappofed^ we de- 
monftrate, as above% that A B is double to A F, and 

CD 
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C D to C G ; and becaufe A E is equal to E C, the 
Square of A £ will be equal to the Square of £ C, But 
the Squares of E F and F A are + equal to the Square -j. 47.1, 
of AErj alfo the Squares of £ G and G C are equal 
f to the Square of E C Therefore the Squares of 
E F and F A are equal to the Squares of £ G and 
G C. But the Square of £ G is equal to the Square 
of £ F ; for E G is equal to E F, Therefore the 
Square of A F is equal to the Square of C G 5 and fo 
A F is equal to C G. But A B is double to A F, and 
C D to C G ; whence A B is e;jual to C D. There- 
fore, equal Right Lines in a Circle are equally diftant 
from the Centre ; and Right Linei^ wbith are equally 
diftant from the Centre^ are equal between them/elves ; 
which was to be demonftrated. 

P R O P O S, I T I O N XV. 

Theorem. 

A Diameter is the great eft Line in a Circle ; and 
of alt the other Lines therein^ that which is 
neareft to the Centre is greater than that more 
remote. 

T E T ABCD be a Circle, whofe Diameter is A D, 
-■^ and Centre E ; and let B C be nearer to the Cen- 
tre than F G. I fay, A D is the greateft/ and B C 
is greater than F G. 

For, let the Perpendiculars EH, E K, be drawn 
from the Centre E to B C, F G. Now, becaufe B ^ 
is nearer to the Centre than F G, E K will be greater 
than EH. Let E L be equal to E H ; draw L M 
through L at Right Angles to £ K, which produce to 
N; and let E M, E N, E F, £ G, be joinid. 

Then, becaufe E H »s equal to E L, the Line B C 
will be equal to M N *• And fmce A £ is equal to^i^oftbk* 
E M, and D £ to E N, A D wiB be equal to M £ and , 
E N". But M E and E N are f greater than M N : ^ j^^ ^^ 
And fo A D is greater than M N ; and N M is equal 
to B C. Therefore A D is greater than B C. ' And 
fmce the two Sides E M, E N, are equal to the two 
Sides F E, EG^ and the Angle MEN greater than . 
the Angle F £ G, the Baw M N iball be % greater j 24. 1. 
than the Baf^ F G. But M N is equal to B C. 
-*- • - ' • Therefore 
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Therefore B C is greater than F G. And fo the Di- 
ameter A D is the grcateft, and B C is greater than 
F G. Wherefore, the Diameter is the greateji Line in a 
Circle \ and of all the other Lines therein^ that which is 
nearejl ti> the Centre, is greater than that fnore remote ; 
which was to be demonftrated. 

PROPOSITION XVI. 

Theorem. 
A Line drawn from the extreme [Point'] of the 
Diameter of a Circle^ at Right Angles to that 
Diameter^ /hall fall without the Circle ; and 
between the faid Right Line^ and the Circum- 
ference^ no other Right Line can be drawn ; and 
tb'e Angle of a Semicircle is greater than any 
Right-lined acute Angle ; and the remaining 
Angle \yiz, without the Circumference'] is lejs- 
than any Right-lined Angle. 

LET ABG be a Circle, whofe Centre is D, and 
Diameter A B. I fay, a Right Line drawn from 
the Point A at Right Angles to A B, falls without the 

Circle. 

for, if it Hoes not^ let it fall, if poffible, within the 

- Circle, as A C ; and join D C. 

Now, becaufe D A is equal to D C, the Angle 

♦ 5- !• D A C (hall be * equal to the Angle A C D. But 

D A C is a Right Angle; therefore A C D is a Right 
Angle : And accordingly the Angles D AC, AC D, 

,t ,- ,^ are equal to two Right Angles ; which is abfurd f- 
Therefore a Right Line drawn from the Point A at 
Right Angles to B A, will not fall within the Circle ; 
and fo likewife we prove, that it neither falls in the 
Circumference, Therefore, it mil necejfarily fall with- 
out the fame ; which now let be A E. 

Again, between the Right Line A E and the Cir- 
cumference C fl A, no other Right Line can be drawn* 

J II, I. For, if there can. Jet It be F A, and let J D G be 

drawn from the Centre D, at Right Angles to F A. 

Now, becaufe A G D is a J[light Angle, and D A G 
is lefs than a Right Angle, D. A will be greater than 

• «5. 1. D G *- But D A is equal to D H. Therefore D H is 

^greater 
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greater than DG, the lefs than the greater; which is 
abfurd. Wherefore, no Right Line can be drawn be* 
ttveen A E, and (he Circumference A H C. I fay, more- 
over, that the Angle of the Semicircle, contained 
under the Right Line B A^ and the Circumference 
CHA, is greater than any Right-lined acute Angle ; 
and the remaining Angle contained under the Circum* 
ference CHA, and the Right Line A £, is lefs than* 
any Right-lined Angle. 

For if any Right lin^d acute Angle be greater than 
the Angle contained under the Right Line B A, and 
the Circumference C H A j or if any Right-lin'd An-^ -• . 
gle be lefs than that contained under the Circumference 
CHA, and the Right Line A £ ; then a Right Line 
may be drawn between the Circumference CHA, 
and the Right Line A £, making an Angle (contained 
under Right Lines) greater than that contained under 
the Right Line B A, and the Cirjcumference CHA, 
and lefs than that contained under the Circumference 
C H a; and the Rigbt Line A E. But fuch a Right 
Line cannot be dra^m, from what has been proved. 
Therefore, no Right-Md acute Angle is greater than the 
Angle contained under the Right Lin^ B A, and the Cir^ 
cumference CHA; nor lefs than the. Angle contained un* 
der the Circumference C HA, and the Right Line A E j 
which was to be demonftraced. 

CwrolL Frotn hence it is manifeft, that a Right Lipe, 
drawn at Rieht Angles, on the End of the Pi- 
ameter of a Circle, touches the Circle, and that in ' 
one Point only ; becaufe, if it fliould meet it in two 
Points, it would fall within the fame \ ^ as hat been • a of this. 
demonJirated» 

PROPOSITION XVII. 

Problem. 

To draw a Right Line from a given Pointy that 
Jhall touch a given Circle, 

T E T A be the Point given, and B CD the Circlt. 
-■^ It is required to draw a Right Line from the Point 
A, that (hall touch the given Circle BCD. 

G Let 
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then about th^ Centre £, with the JD^^apce^ A^ de- 
• II. I. fcrihc the Circle A F G ; draw 0F * at Righc An- 
gles to E A, and join £ B F and A B« I &y, , the 
Right Line A B i& drawn froo? the Point A, toi^cliinK 
the Circle BCD..,' 

For, fincc E is the Centre; of the. Circles B C D, 
A F G, the Lin^ £ 4^ will be equal to £ F, and LD 
to £ B. Therefore the two Sides A £, £ B, are equal* 
to the two Sides F £i £, D« each to each -, and they 
containtbe common Angle £. Wherefore the Bafo 
1 4. 1. ' D F is t equal to the B^fe A B', and the Ti tangle 
D £ F equal to the Triatigle £ B A, and the remain* 
ing AngUa of the one equal to the ren>^ining Angles 
of the other. And Co the Angle £ B A is equal to the 
Angle £ D F. Biit E D F is a Right Angle. Where- 
fore £ B A is alfo a Right Angle, and £ B is a Line 
drawa from the Centre ; but a Right Line dvawa. 
from the ExtrenEiHy of the Diamelter of a Circle at 
iCtr* 16. of i^'ig^t Angles % *P »t^ touches the Circle. Where- 
this, fore, A B toufhes ih$ Circle ; ,vfh\ch v^as to be done. 

PROPO&rTION XVIII. 

The Qi rm.. ~ 

If any Right Line touchis a. Cmlei^ ^ni fi^m tbi 

Centre to the Point of Contaff a Right JJne be 
' drawn ; th4t Line mil be perpenipouidt $9 the 

fangent. 

T £ T any Right Line. D E touch a Qrcle ABC 
^ •*-' i^ the Point C, and let there be drawn the Right 
Line F C from the Centre F. I fay, F C is perpen- 
dicular to D E. 
• ii. I. ^oxy if it be-not, letF.G be drawn * from the Ccn* 

tre F, .pferpendlcular to D E. ^ ' ^ 

-Now, becaufe the Angle F G C is- a Right Angle, 
t Cor. 3. of |]ie Angle G C F will be f an acute Angle \ and ac- 
^*' '• cordtngly* the Angle F G P is greater than the Anglfc 
J 19, 1, F C G ; but the greater Angle fabtends % the greater 
Side, Therefore FC is greater than P G. But F C 
is equal to t & Wherefore. F B is greater than F G^ 

a lefs 
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a lefs tbari a greater; which is abfurd. Therefore 
F G » n^ perpMditulir to D £• A^d i(l th^ fame 
manner we t>rove, that no other Right Line hut F C 
is perpendicular to D £. W^reforc F C is perpen- 
dkrular to D £. Therefore, j/*fl»r Right Lini tomiis 
mi3rck^ and from tbi dntri t& tbi Point of CdntaSf 
tf Right Line be 4r^wn^ that Line uiill be pirpendicular 
to the Tangent i which was to be demonftrated. 

PROPOSItrON XIX. 

THEaREM. 

If any Ri^t Line touches a Circle^ aiti ftom 
the Pomf ef CcntaS a tiigbt Line Be drawn 
at Right Angles to the Tangent^ the. Centre 9f 
the Circle Jkutt be in thefaH Lme\ 

LE T any Right Line D' E tbuch the Cirdc A B G 
in C, and let C A be drawn frotft the Point C it 
Right Angles to D £l I fay,. th(5 Circe's Centre (s 
in AC. 

For, if it be not, let F bd the Cehtte, if poffible ; 
and join C F. 

Tfeen, b,ccaufe the iSigttt Line t> E tbuches thfe 
Circle ABC, and PC xi dTa^n from the Centre to 
the Point of ContaS ; F C will be pafpertdicular to 
P E *. And fo the Angle F C E is a Right one. • iS ^/i/t 
!6ut A C E is alfo a Right Angle % : Therefore the j Frc* tU 
Angle FC E ilj equal to the Angte A C £, a lefs to a ^J'/'- 
greater; which is abfurd. Therefore F is not thfe . 
Centre of the Circle ABC. After this manner we 
pro^'^that the Centre of the Cifclef can' be in no 
other Line, but A C. Wherefore, \f any Right Line 
touches a Circlej and from the Po'ynt of ContaSi a Right 
Line Be dratsn at Right Angies ti^tht^Taiigent^ the Centre 
ef the Circle Jhak be in rti Jmd Line 5 which was to 
be demonftrated. 
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PR OP O S I T I O N XX. 

The OR KM. 

• 

The Angle at the Centre of the Circle is double to 
the Angle at the Circumference^ when the fame 
Arc is the Bafe of both Angles. -' 

T ETABCbea Circle, it the Centre E v/hereof 
^ is the Angle B E C, and at the Circumference, 
the Angle B A C, both of which ftand upon the fame 
* Arc B C. I fay, the Angle B £ C is double to the 
Angle B A C. 

For join A, and produce it to F. 
Then, becaufe E A is equal to E B, the Angle 
• 5. ,. E A B (hall be equal to the Angle E B A*. There- 
fore the Angles £ A B, E B A, are double to the An- 
t 3»- 1* gle E A B ; but the Angle B £ F is f equal t'o the 
Angles E A B, E B A ; therefore the Angle B E F is 
double to the Angle E A B. For the fame Reafon, 
the Angle F E C is double to E A C: Therefore the 
whole Angle B £ C is double to the whoie Angle 
B A C. Again, let there be another Angle B DC ; 
and join D E, which produce to G. We demon- 
ftrate in the fame manner that the Angle G E C is 
.double to the Angle GDC; whereof the Part G E B 
is double to the Part G D B. And therefore the re- 
maining Part B E C is double to the remaining Part 
B D C. Confequently, Jn Angle at the Centre of a 
Circle is double to the Angle at the Circumference^ when 
the fame Arc is the Bafe of both Angles *, which was to 
be dcmonllrated. 

PROPOSITION XXL 

Theorem. 

Angles that are in the fame Segment of a Circle^ 
are equal to each other. 

^TETABCDEbea Circle, and let BAD, 
~ B £ D, be Angles in the fame Segment thereof 
B A £ D. 1 fay, thofe Angles aie equal. 

For, 
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For, let F be the Centre of the Girclc A B C D E ; 
and join B F, F D. 

Now, becauTe the Angle B F D i$ at the Centre,' 
and the Angle BAD at the Circumference, and they 
ftand upon the fame Arc BCD ; Uie Angle B FD- 
w»ll be X double to the Angle. B A D. For the hm^X^oeftkitm 
Reafon, the Argle B F D is alfo doable to the A^gle 
BED. Therefore the Angle BAD will be equal to* 
the Angle BED. 

If the An;gles B A D, fi E D, are^ iq a Segment 
lefs th9n a Semicircle, let A £ be ^rawn ; and then 
all the Angles of thi Triangle A B G are f equal to t 3** '• 
all the Angles of the-Triangle D £ G« But the An^ 
gles A 6 E, AD £, are equal, from what has been be- 
lore proved j and the Angles A G B, D G E, are 
alfo equal % ; for they are vertical Angles. Where- 1 15* r* 
fore the rematniiig Angle B A G is equal to the re-*' 
maining Angle G E D> Therefore, AigUs that ar& 
in the fame Segment of, cfCircUi art tqml to ea<b other j : 
which ivas to be dein'onilrated. . . 

PROPOSITION XXIL 

Theorem. 
The ofpdjitt Angles of any quadrilateral Figure^ 
defcribed in a Circle j are equal i9 two Right 
Angles. ^ * # 

T ET ABDCbe a Circle, wherein is defcribed ' 
^^ the quadrilateral Figure A B C D. I fay, two 
oppofite Aogles thereof are equal to two Right Angles. 

For join A D, B C. . 

Then, becaufethe three Angles of any Triangle are 
♦equal to two Right Angles, the three Angles of the • a»» «• 
Triangle A B C, vi%. the Angles CAB, ABC, 
B C A, are equal totwo Right Angles. But the^n- 
gle A B C is t equal to the Angle ADC; for they f *' t/"'*'** 
are both in the fame Segment A B D Ci And the 
Angle A C B is f equal to the Angle A D B, becaufe 
they are in the fame Segment ACDBj therefoire 
the whole Angle B D C is equal to th? Angles ABC, 
AC fi ; and if the tommon Angle B AC be added,* 
then the Angles BAG, ABC, A C B, are equal to 
the Angles B A C, B D C j but the Angles B A C, 

G 3 ABC, 
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§ 3». I. AS e, A^?^ m icqu^J I ti^ jwo IWgiit AngJ'ns. 
Therefore likewife, the Angles B A C, 9PC, (halt be 
e.qi,i^ ,tQ uirp Right Anglts. A'Xid *fte.r the faiw W^y 
we piravjep jthj^t the Angles A B P^ A C D« are alfo 
^c^ual to twQ Right Angle®. Thcnefore, ib^ 9ppofiti 
^ - A^i^'^^fflHy ^uadrHatir^ Figtfre^ i^JfriMin the Cirfle^ 
OTi e^qmai ia jfUM Might Jngtis } Which WAS to be de->. 
j|>.0|iftr*tcd, . . 

PROPOSITI ON XXIIL 

j . Theorem. 

T'ti;*^ fimllaP and mefual Segments of two Circles 
cannot he Jet upon the fame Right Z.W, and on 
tbefytne 'SiJi thereof. 

l^O R if Ihif b& pofSble, let the two Similar and 
" ufie<^ual Segmems A C B, A D B) of tivo Circle?^ 
fbnd uf>9ii the ftight Line A B on* the (»tnt Side 
thereof. Draw A C D, fend fct C B,' B D^ be joined. 

Now, becaufe the Segment A C li js fimilar to the 

Segment A D B, .aiti (unikir Segnitiits i)f Cw cles'irc* 

♦Z)/. I?, fuch which include ^qual Angles f.the Angle A C B 

cftBti. ^jjj jjg ^^^ ^^ jj,^ Angle A 6 ;, tke oiKward Qpe 
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to the yiward oi^e'; which is f abfaicl. 1 herefore, 
fiWiikr (fffd UHeHUa} ^egfnmU of' two dnUs^ cannot hefe^ 
upon the fame Right Line^ arid on the fame Side thereof ; 
\}hich was to be defiiojiilrac0d, ' 

P R O P OS I T I O N XXIV. 

Theorem* 

^Similar Segmenh of CircJeJky ieiftg upon equal 
Right Lin^Sy are equal fo one another, 

L£ T A E B, C F D, be fxniilar Scgn^ents of 
Circles, ftandms upon the ec^qal Right Lines 
A B, C D. I fay, the Segment A L B is equal to the 
Segment CF|). 

For the. Segment A E B being applied to the Seg- 
ment C F D, fo that the Point ^ coincides with C, 
apd the Line A B with C D ; then the Point B will 
cpincidp with the Foint D, ftnce A B and C D are 

equals 
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equal. Artd Rncc the Right line A B coinddw with 

C D, the Segment A E B will coincide with the Seg:- 

ment C P D, For if at the fame time that A B 

coincides with C D, the Segment A E B fhouid not ^ 

coincide with the Segment C F D, but be othcrwife, 

as C G D ; then a Circle would cut a Circle in more • 

Points than two, viz. in the Poi»ts C, G, D i which 

is ♦ impofTible. Wherefore, if the Right Line A B • " ^fthih 

corncides ^ithC D,» the Segment AEB will coincide 

with, and be t qtial to, the Seigment C F D. Thef^?-* 

fore, fimilar Segment i tfCircUs^ Mnj^ upoff iqual Right 

Lines^ are eqhal to ent ak^tbtri which was to be de- 

moifYft rated. 

PROPOSITION XXV. 

Problem.^ 

jl Segment of a Circle being given^ to defcribe tbs, 

Qfcle whereof it is^ the Segment. 

T E T A B C be the Segment of a Circle givtn. It 
^ is required to defcribe a Circle, whereof A B C 13 
a Segment. 

Bifea •AC in D, and Jet D B be drawrt t from* lo. t. 
the Point D at Right Angles to A C ; and join A 3l t >«• >• 
Now the- Angle A BD iseither, greater, equal, or left, 
than the Angle B A D. And nrft let it be grea^ter, 
*and make % the Angle B A E at the given Point A, { 23. 1, 
with <he Right Line B A, equal to the'Angle A B D ; 
produce B D to E, and join £ C. 

Then, becaufe the Angle A 6 E is equal to the 
Angle B A E, the Right Line B E will be * equaJ to • 6. i« 
E A. And becaufe A D is equal to D C, and D E 
common, the two Sides A D, D E, are each equal to 
the two Sides CD, D E ; and the Angle A D £ is 
equal to the Angle C D £ ; for each is a Right one. 
Therefore the Bafe A E is equal to the Bafe E C But 
A £ has been proved to be equal to E B. Wherefore 
B E is alfo equal to E C. And accordingly the three 
Right Lines A E, E B, E C, are equal to each other. 
Therefore a Circle defcribed about the Centre E, with 
either (if the Diftantes A E, E B, £ C, f ftall pafs f 9 ofthii^ 
thro* the other Points, and be that required to be de- 
fcribed. But it is aianifeft, that the Segment ABC 
« G 4 . is 
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is lefs than a Semicircle, becaure the Centre thereof is 
without the fame. 

But if the Angle A B D be equal to the Angle 
B A D $ then if A D be made equal to B D, or D C, 
the three Right Lines A D, B D, D C, ;^re equal be- 
tween themfelves, and D will be the Centre of the 
Circle to be delcribod) and the Segment ABC is a 
Semicircle. •• 

But if the Angle AB D is, lefs than the Angle 
BAD; let the Anele B A £ be made, at the given 
, Point A, with the Ktght Line B A, within the Seg«. 
ment ABC, equal, to the Angle A B D. 
. Then the Point E, in the Kight Line D B, wilJ, 
by arguing as before, appear to be the Centre, and 
A B C a Segment ^re^ter than a Semicircle. There- 
fore, a Circle is defcribed^ whereof a Segment is given j 
which was to be done. , 

PROPOSITION XXVI, 

T H E O R E Nf . 

Jrt equal Circles^ ^eqitaf Angles fiand upon equal 
Cinumferences^ Hvhetktr they be at their ten- 
^^tress^ or at tieir Circumjerinces. . 

LET ABC.DEF, be equal Circles; and let 
B G C, E H F., be equal Angles at their Cen- 
rres ; and B A C, E D F, equal Angles at their Cir- 
cumferences. I fay, the Circumference B K C is 
equal to the Circumference ELF. 

For, lee B C, E F be joined. Bccaufe A B C, 
* D E F, are equal Circles, the Lines drawn from their • 
X Def. 1. Centres will j be equal. Therefore the 'two Sides ' 
B G, G C, are equal to the tv^o Sides EH, H F ; ' 
and the Angle G is equal to the Angle H. Where-' 
♦4. 1. fore the Bafe BC is * equal to the Bafe E F. Again, 
becaufe the Angle at A is equal to that at D, the 
fX?'/. IX. Segment BAC will be f ftmilar to the Segment 
EDF; and they are upon equal Right Lines B C, 
E F. But thofe fimilar Segments of Circles, that are 
♦ j^o/- ,£,/,, lipon equal Right Lines, are J equal to each other, 
t />*/". II. Therefore the Segment BAC will be f equal to 
the Segment ED F. But the whole Circum- 
ference ABKCA is equal to the whole Ch-cumference 

DELFD, 
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D £ L F D. Therefore the remaining Circumference 
B K C (hall be equal to the remaining Circumference 
ELF. Therefore, in equal CircUs^ equal Angles JIani 
upon equal Circumferences^ whether they be at their CeH" 
tresj or at their Circumferences ; which was lo be de- 
monRrated. 

. PROPOSITION XXVII. 

T H £ O R E M. 

Angles tbat fiand upon equal Circumferences in 
equal Circles^ are equal to each other ^ wbetber 
they be at their Centres^ or Circumferences 

f E T the Angles B G C, E HF, at the Centres of 
-*-' the equal Circles A B C, D E F, and the Angles 
B AC, E D F, at their Circumferences, ftand upon 
the equal Cu'cumfbrences B C, £ F* I fay, the An- 
gle B G C is equal to the Angle £ H F; and the 
An^le B A C to the Angle E D F^ 

Vox\i the Angle B^G C b6 equal to the Angle 
£ H F, it is manifeft that the A^gle B A C is alfo 
^qual to the Angle E D F : But if the Angle G B C 
be not equal to the Angle £ H F> let one of them be 
the greater, as B G C, and make ^ the Angle B G K, * *3- »• 
at the Point G, with the Line B G^ equal to the An- 
gle £ H F. But equal Angles iland f upon equal fiSo/tbis. 
Circumferences, when they are at the Centres. / 

Wherefore the Circumference B K is equal to the 
Circuinference E F. But the Circumference £ F is 
equal to the Circumference B C. Therefore B K is 
equal to B C, a lefs to a greater, which is abfurd. 
Wherefore the Angle B G C Js not unequal to the 
Angle £ H F, and fo it muft be equal to it. But the 
Angle at A is one half of the Angle B G C ; and the 
Angle at D is one half of the Angle £ H F. There- 
fore the Angle at A is equal to the Angle at D* 
Wherefore, i^/;^/^j, that ftand uton equal Circumferfncet 
in eqyal Circles ^ ate equal to each others whether they he 
at iheir Centres^ or Circumferences \ which wa^ to be 
d«mon(lrated» 

PRO- 
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PROPOSITION XXVIIl. 

T H C O R £ M* 

In equal CircUs^ equal Right Lines cut off etjua^ 
Parts vf the Circumferences ; the greater Part 
of ibe one Circumference equal to' the greater 
P^t of the other y and the leffer equal to the 
lejfer. 

t ET ABC, DEF, be equal Cifdes, in tVhicV 
-*-*' afcthe^ual Right Lines BC, E F,/which cut 
off the greater Circumierenccs B A C, E D F, and 
the lefler Circumferences B G C, E H F. I fay, the 
greater Circumference B A C is equal' to the greater 
Circuttiferencc E HF^ and the Icffer ^Jifcumfercncc 
B G C to the IclTcr Circumference E H F, . . 

For afTuirte the Geutree K axui L of. the Circles) 
and joidBK:, KC,EL, LF. 

fiecaufe the Circles are equal, the Lines drawn 
IDtf. I. filQin their Centres* arc alfo equal. Thecefore ttic 
two Sides B K^ K C, are equal to the two Sides E L^ 
L F ; and the Bafe B C is equal to the Bafe E F. 
t 8- 1. Therefore the Angle. B K C is f is equal to th» Ahglc 
J zSefiiii, E I^ ^' ®"^ equal Angfes % ftand upon equal Cir- 
cumferences, when they are at the Centres* Wheie* 
. fof«. the CircumfeitenGe BG C is equal tothe.Circum-* 
ference EHF, and the whole Circumference ABGCA' 
eqtxal to .the whole Circnunference D £ H F D ; and fo 
the remaining Circum&rence B A C fliall be equal to 
the remaining Circumference^ D F. Therefore, in 
equal Circles^ equal Right Lines cut off equal Parts of the 
Qircumfennfes i which .was to be demonilrated* 

PROPOSITION XXIX. 

T H E O R E M.* 

In equal Circles;, the Right Lines ^ which fubtend 
equal Circumferences^ an equal. 

T E T there be \^i9o equal Circles, A B C, D E F ; 
^ and let the equal Circumferences B GC, EHP,' 
be afTumcd in them, and B C, E F, joined. I fay, 

the 



I 

the Right Line B C is equal to the Right Line , 

EF. : 

For, find *K and L, the Centres of the Circiesi %t of tSb. 
andjoin BK, K C, E L, L F. 

Then, becaufe the Circumferancc B G C is equal to 
the Gihcanrrferemre E H F, the Angle B K C fliall 
be t equal to the Angle ELF. Aod becaufe the t »7 •/«*»• 
Circles ABGCA, DEHFD, are equal, ibe 
Lines drawn /rom their Centres iball be % equal, t ^^f* i« 
Therefore the twa Sides B K, K C, are equal to the 
two Sides E L> L F j aod they contain equal Angles : 
Wherefore (he Bafe B C is f «qual to the Bafe E F. ^ ^. ,, 
And fo^ in equal Circles ^ the Right Linis which fubtend 
equal Circumferences^ are equal \ Which was to foe de* 
monSrated. 



PROPOSITION XXX. 

Problem. 

^0 cut a given Circumference into two eqftai 

Paris. 

T 'E T the given Circumf<;rencc be A D B'. It is re- 
^ quired to cut the fame into tv/o equal Parts. 

Join A B, which bifeS * in C^ and let the Right » ,o, j^ 
Line C D be drawn from the Point C at Right Angles 
to A B t ; and join A D, D B. \\\.u 

Now, becaufe A C is equal to C B, and C D is 
common, the two Sides A C, C D are equal to the 
two Sides B C, C D ; but the Angle A C L> is equal 
to the Angle BCD; for each of them is a Right 
Angle : Therefore the Bafe A D is f equal to the f ^; ,. 
Bafe B D. But equal Right Lines J cut off equal ^ - j^ri^j,^ 
Circumferences. Wherefore tJie Circumference AD ^ * 
(ball be equal to the Circumference B D* There- 
fore, a given Circumference is cut int(f two epial Parts ; 
)/jbich was to be done. 



PRO^ 
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PROPOSITION XXXI. 

Theorem. 
Itt a Circle^ the Angle that is in a Smicircle^ is a 
Right Angle ; but the Angle in a greater 8eg^ 
tnent is lefs.tban a Might Angle ; and the Angle 
in a lejfer St^ment\ greater than a Right Angle : 
* • Moreover^ the Angle of a greater 'Segment is 
greater than a Right Angle ; iind th^ Angle of 
a lejfer Segment is lefs than' a Right Angle, 

T ET there be a Circle A'BDC, whofe Diameter 
-■-^ is B C, and Centre E ; anH join B A, A C, A D^ 
DC. I fay, the Angte wKich is in the Semicircle 
B AC is a Right Angle; that which is in the Seg- 
ment ABC being greater than a'Semicircle, viz. the 
, Angle ABC rs lefs than a-Rrght- Angle > and that 
which is in the Segment ADC bv'ing lefs than a Se- 
micircle } that is, the Angle AD C js greater than a 
Right Ang;le. . ; .. 

Fpr join A E, and produce B A to F. 
Then, becaufe B E is equal to E A, the Angle 
^ ^.-g, EAB &all -be* equal .to :the Angle EBA. And; 
becaufe *A E is equal to E C, the Angle ACE will bei 
* equal to the Angle C A E. Therefore the whole 
Angle B AC, Is equal to the two Angles A B C»: 
. A C B ; but the Angle F A C, being without ibe.Tri-j 
t 3». 1. angle ABC, is f equal to the two Angles ABC, 
A C B ; therefore the Angle B A C is equal to the- 
t ^{/".ib. I. Angle F A C ; and fo each cif then) is J a Right An- 
gle. . Wherefore, the Angle B A C, in a Semicircle^ is 
a Right Angle. And becaufe the two Angles ABC, 
- * B A C, of the Triangle ABC*, are lefs than twor 

Right Angles, and B A C ia a Right Angle; then, 
A B C /J lefs than a Right Angle ; andis^ in the Segment ^ 
ABC, greater than a Semicircle^ ■ 

And fince A BCD is a quadrilateral Figure in a 
Circle, and the oppofite Angles of any quadrilate.al 
f 22 ofthtu Figure defcribed in a Circle are f equal to two Right 
Angles \ the Angles A B C, A D C, are equal to two 
Right Angles ; and the Angle A B C is lefs than a 
Right Angle. Therefore, the remaining Angle ADC 

will 
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wiU ki greater than, ^ Rigbtvidngte ; . ^nd it in lie Sig- 
ment A D C, 'ii?hicb is lefi than a Semkircle. 

I fay, moreover, the Angle of the greater Segment 
contained under the Circumference ABC -and the ' 
Right Line AC, h greater than a Right Angle ; and 
the Angle of the Icffer- Segment, contained under the 
Cireuihference ADC, and the Right Line AC, is 
kfs jtban.aRight Angle. This manifeftly appears; 
for, becaufe the Angle contained under the Right 
Lines B A, A C, is a Right Angle ; the Angle con- 
tained under the Circumference AdC, and the Right . 
Line AC, will be greater than a Right Angle, Again, 
becaufe the Angle contained under the Right Lines 
C A, A F, is a Right Angle, therefore the Angle 
which is contained under the Right Line AC, and 
the Circumference ADC, is lefs than a Right An- 
gle. Therefore, in a Circle^ ibs Angle that ii in the Se- 
micircle is a Right Angle \ but the Angle in a greater Seg^ 
ment is lefs than a Right Angle ; and the Angle in a lejfer 
Segment, greater than a Right Angle: Moreever\^ the 
Angle of a greater Segment is greater than a Right Angles 
and the Angle of a leJJ'er Segment is lefs than a Right An^ 
gle i which wa; to be demonftrated. 

PROPOSITION XXXIL 

Theorem. 
Tfany Right Line touches a Circle^ and a Right 
TJne he drawn from the Point of ContaSi cut- 
ting the Circle ; the Angles it makes with the ' 
Tangent Line, mil he equal to tbofe. which are 
made in the alternate Segments of the Circle. 

T E T any Right Line E F touch the Circle A B C D 
'J^ the Point B, and let the Right Line BD be 
any how drawn from the Point B, cutting the Circle. 
I fay, the Angles which B D makes with the Tangent 
Line E F, are equal to thofe in the alternate Segment* 
of the Circle ; that is, the Angle F B D is equal to an 
Angle made in the Segment DAB, viz. to the Angle 
D A B J and. the Angle D B E equal to the Angle 
P C B, made In the Segment D C B. For, 

Draw 
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• ". «• Draur ♦ B A,^ from the Point Bv at Right A«gle# 

to E F $ and take any Pomt C^ in the Cirlcuiaference 
B D ; and join A D, D C, C B, 

Then, becaufe the Right Line EF touches the Cir<-^ 
cle A B C D in the Point B : and the Ri^t Line fi A 
is drawn from the Point of CootaA B, at Rigj^nt AfH 
gles to the Tangent Line y the Centre of th^ Circk 

ti9 0/r&;i. A BCD will t be in the Right Lime B A; ajxl.fti 
B A is a Diameter of the Circfe, and the AngM 

1 31 e/*f^»' A D B in a Semicircle \^%2. Right Angle. Thens-^ 

• 1. 1. ^^""^ ^"^ ^^^^ Angles BAD, A B D, are ♦ equal td 
^ ' * one Right Angle. But the Angle A B F is alfo a 

Right Angle : Therefore the Angle A B F i» equal to 
the A)ngles B A D, A B D ; and if A B D, which is 
comn:i^n, betaken away, then the Angle D B F, re* 
maining, wUl^be eq^ial to that which is in the alternate 
Segment of the Circle, «»z. equal to the Angle B A< D. 
And becaufe A B C D is a quadrilateral Figure in ^ 
f 22 9f this Circle, the oppodte Angles thereof are f equal to two 
' Right Angles ; therefore, the Angles DBF, DB E* 
will be eq4ial to the Angles B A D, B C D; But 
BAD has inen proved to*be equal to D B F ; there- 
fore the Angle D B £ is equal to the. Angle made in 
" D C B', the alternate Segment of the Circle, viz. equal 
to the Angle DCB* Therefore, if any Ri^t Line 
ioucheiaCiftUi and a Right Line be draton jronf the* 
Point of Cental ^H^^^ ^^ Circle ; the Jngles it makes 
uiith the Tangent Line^ will be equal to- tbofe which are 
made in the atternate Segments of the Circle -, which^a$ 
to be dcmonftrated. 

PROPOSITION XXXHI. 

. Problem. 

To defer tie upm a giwn RighP Iaitb^ a Sfigmeni 
oj a Circle J which fhAll contain an Angky e^at 
to a given Right - lined Angle. ' 

T E T the given Right Line be A B, and C the gtven 
-*^ Right-lined Angie. - It is rec^ired to defcfibethe 
S.egment of a Circle iigon the given Right Line A B^ 
cbn^'aining aa Angle, equal tio the Angle G. 

At 






A( the Vom A, with the Right Liw A B» make 
X the Ax>g^ RAD eqiial to the Angle C, ai><I daw t *3* i; 
* A E (torn the Point A, at Right Angles to A D. • ri, i. 
Likewife bifcd f A B in F> and let F G be drawn f ic'i. 
from tbe Point Fj at Right Angles to A B i, and joia 
GB. 

Then, bccaufe A F is equal to F B, and F G » 
commori, the two Sides A F, F G, are equal to the 
two Sides B F, F G > and the Angle A F G is equal 
to the Angle B F G. Therefore the Bafe A G is ^ 1 4* x- 
equal to the Bafe G B. And fo, if a Circle be de- / 
Tcribed about the Centre G, with the DiftanceAG, 
this fliall pais through the Point B. Defcribe the Cir- 
cle, which let be A B £» and join £ B. Now, be* ^ 
caufe A D is drawn from the Point A) the Extremity 
of tbe Diameter A £, at Right Angles to A E, the 
faid AD will ♦ touch the Circle. ^Attd fincc the ♦ Cor. i6. «/ 
Right Line A D touches the Cirijle ABE, apd the '^'' 
Right Line A B is drawn in the Circle from the Point 
ot Contad A, the Angle D A B is f eejual to the An- 1 3* e/"^*'*- 
g^e made in the alternate Segment, viz, 'equal to the 
Angle A £ B. But the Angle D A B is eq«ial to the 
Angle C. Therefore the Angle C will he eqo^ tq 
the Art^te A £ B. Wherefore, the Segmmf of a Cird{ 
A £ B ii d$f&ibed vf^n tht given Right Line^ A Bv con- 
taimng an /higie A £ B| equait9 a given Angk C s which 
w^s to be done. 

PROPOSITION XXXIV. 

Problem* 
JV cut off a St^mknt from a given Circle j that 

Jball contain an 'Angle^ equal /# a given Rfgbf- 
. lined Angle. 

t E T the given Circle be A B C, and the.Right- 
*-* lined Angje given D. It is required to cut off a 
Segment from the Circle ABC, containing an Angle ^ 

equal to the Ansle D. 

Draw X ^he Kight Line E F, touching the Circle in t i^i^fthiu 
the P«int B, and make * the Angle F B C^ at the • aj. i. 
Point B, equal to the Angle D. 

Then, becaufe the Right Line E F touches the Cir* 

de ABC in the Point B, and B C i»4iaw» from 

* • " the 
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• 32 o/this. the Point of Contadi B ; the Angle F B C will be * 

equal to that in the alteirtate Segment' of , the Circle > 
but the Angle ¥ B G is equal to the Angle D. There- 
fore the Angle in the Scgrtient BAG will be equal to 
the Angle D. Therefore, the Segment BaG'/j cut 
off from the given Circle ABC, containing an Angle 
equal to the given Right-lined Angle D j which was to 
.be done. 

PROPOSITION XXXV. 

Theorem. 

If two Right Lines in a Cirde mutually cut tach 
ether ^ the ReSlaiigle contained under the Seg- 
ments of the one is equal to the ReSiangle under, 
the Segments of the ether, 

T N the Circle A B C D, let two Right Lines mutu- 
•* ally cot each other in the Point E. 1 fay, the Reft- ' 
angle containecl under A E and £ C is equal to the 
R.e£langle contained under D £ and £ B. 

If A C and D B pafs through the Centre, fo that E 
be the Centre of the Circle A B C D ; it is naanifeft^ 
fince A £, E C, D E, E B, are equal, that the Rect- 
angle under A E and E C is equal to the Rcftangle 
\inder D E and E B. 

But if A C, D B, do not pafs through the Centre, 
afTume the Centcc of the Circle F j from which draw 
F G, F H, perpendicular to the Right Lines A C, 
' DB;'andjoinFB, FC, FE. 

Then, becaufe the Right Line G F, drawn through 
the Centre, cuts the Right Line A C, not drawn thro* 

* 3 efthh, the Centre, at Right Angles, it will alfo bifedt * the 

fame. Wherefore A G is equal to G C : And be- 
caufe the Right Line AC is cut into two cqiial Parts 
in the Point G, and into two unequal Parrs in E, the 
Reftangle under A E and E C, together with the 
Square of E G, is f equal to the Square of G C. And 
if the common Square of G F be added, then the Redl- 
angle under A £ and £ C, together with the Squares 
of £ G and G F, is equal to the Squares of C G and 
t47* '• ' G F. But the Square of F£ is ]; equal to the Squares 
of £ G and G F, and the Square of F C equal t to the 

Squares , 
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S^uafes of QQ and G F. Therefore the Re^taode. 
under A.E and £ C, together with the Square ot FX>, 
is equal po the Square of F C ; but C F is equal to 
F B. Therefore the RciSan^Ie under A E and E C, 
together with the Square of £'F, is equal to the Square 
ofFB. For the fame ReafoQ the Rectangle under 
DE and £ B, together with the Square or F E, is/ 
equal to the Square of F B, But it has been proved^ 
that iheRedangle under A £ and £ C, together wjth 
the Square o( F £« i9 alfo equal to the Square of F B« 
Therefore the Redatigie unider. A E and E C, toge- 
ther with the Squar^e^of F £» is equal to theRe£iangfe 
under D £ and £ B^ tc^ether with the Square of F £• 
And if the common Square of F £ be taken away^ 
then thefe will remain the Rectangle under A £ and 
£ C, equal to the Re<5i2ngle under D £ and £ B* 
Wherefore, s/jv/a Right Lims in a Circle mutually cut 
each other^ the Re^angle contained under the Segments of 
the oney is equal, to the Re£iangle under the Segments of 
the other '^ which was to be demonfttated. 

PROPOSITION XXXVI. 

"Theorem. 

If fame Point he faken withotH a Circhy and from 

' that Point two Right Lines, full to the Circle^ 

ong of 'which cuts the Circle^ and the other 

touches it ; the Reffdhgle -contained under the 

^vohole S^ecctnt Line^ and its Part between the 

., Convextiy[of the Circle and the ajfumed Pointy * 

will be equftlto the Square of the Tangent Line. • 

LE T any' Point D be affumed without the Circlfe 
,^ A B'C, and let two Right Lines D C A,.D B, fill 
from the faid Point to the Circle f whereof D C A 
cuts the Circle, and D B touches it; I fay, the R <5t- 
angle under A D and D C is equal to the Square oi 

D tf. 

Now D C A either p?ffes thrt>' the Centre, or not. 
In the firft Place, let it pals through the Centre of the 
Circle ABC, which let be E, and join E B, Then 
the Angle E B D is * a Ri^hr Angle. And fo, iincc* jg ofthUt 
the Right Line A C is bifeacd m E, andC D is added 

H thereto. 
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tficreto-, the Rctftairiye under^A TX^nitX-C^^egt^km^ 

• 6. *. vrtrh the Square ftfLij; ihdW * h© et^iiai to the ^lMl^e' 

of E D* But EC h ^qual tA E B i wKertfdre^e'Ri*d:^ 

(Jf E B, is'cqual to the Square ol E I>. But tHdiN^u^r<? 

1 47« ». 3PE D is t «'«1"^ to fhe- Sqa^es of-B B attd-B &, ^of^ 
eHe Angle E H B^is- i Right; Angl^': -'Sh^refbiSe ><he 
Keflangle unfler •A'B^aiid DG, t^^g^^er- with the 
Sqave of E nr, i5-eqtikr^bSi<^S^I-i«s^o| E-i aid B D ; 
athd tf t^e cortimbri SqWrfic^ B B bi^tSktfl away, (hd 
Keaingfe uhdcr A-LT antl^ D G l^n^kift^^^/ mn be 
e<i^z\ ro ^e Square- 61 flie Tin^t fft - Lftie '8l>^ 
• >fow, let £> G A not ^ife thf iu^•4hll'€ertt^d 6f thtf 

1 1 •/ibis, eircljcf ABC; artd find J the €t*fter^ E^^h^ne'of^ and 
draiv E F pefptfndiciiWr t<3^ A C,^ artd JMrt^EB, EC, 
E I>. ThereforeEFD i3 a-Righ^Angle; Aiid-be-^ 
caufe a Right Lrinfe E F, d^^wtt thrd*-fheCi?f«fe^ cut* 
a Right Line A C,- not drawn thro* the CcAtfc,/it Rfgfrt 

"• Z'>fthis. kn^t^y it wiH * B?R?(a the fame ;= and foA P is equal 

to F C. Agai:^, firibe the Right Lirte A C ii bifeftetf 

V in F» and C D is addcd^ therem, the Redlangle under 

A Ii and D C, tooeVKei with \\\i Stafiaii df F C, i»^ill 

• 6. 2. be * equal to the Sg^MajJCX)/ F D- ^ And if the com- 

mon Square of EF be added*, tften the Rectangle 
finder A D and E^ C'tageiher vAlh thjfr S^uarc^ of F C 
afe4 F!E, is-equal to- the Squares of D F atid P.Ei But 
the Squ9r£i of D,£ is^cc^al to tjh& Sqifamof P F. jind 
F E jjor, the .Arigle.EF D is » Right pne ^ and the 
1 47« '• Square o( C E.is f- ^QM^al to ihe"^Squ?re^s of C T ^nd 
r£. Tfierefore the ReiSanele uncfer A fX aiid 'D C, 
together with the Scjuareof CE, iseqadlWtheStjtiarc 
o^E B ; but G E is equal to -E R ' VWt»er«fore the 
Jledtangle under A D and DC, together with the 
Square of^ £ H^ is equal to the Square of £ t), Bdt 
the Squares of E B and B D are + equal to the Square 
of E t) ; fincp the Angle EBD is a Right one. 
^iWiieie/ore iheReflangJe uiider A D and D C,* toge- 
ther with the Square of E B, is equaPto the Squares of 
E,B a/id B D. And if the ^mmon Square of E B be 
taken away, the Rectangle urtder AD and D C, re- 
marning, wiil be equal to the Square of D'B. There- 
fore, sfuny Point be tahn^ without ft Cirdi^ and from that 
Point twof Right Lines fall U the Cir^lejone of which cuts 
the Circle^ and the other toiichef it ; the ReSlahgle contained 

under 
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tMit ^ inhsh ^la^nt Line\ and its: Cnrt ieiii^effih4 

Cem^iffof th^ "^^itiie atitd the .^tAed )ParU.tviM.-if^ 
^i4j n tte-i^ifa^ ^ Ui T^ffgint Utn ^ which W4« td. 

'^ Ft O P O S I T I ON KXXviiy^ 

Iffome Paint he taken xvitkout a Circle^ and two 
Ri^bt Unit h dnriUnfromif fl* {ke €i^chi /i^ 
'-' that one etas it^i and ib^ vtM ^falliuponit i 
' H^dif the VtJil^aftgli Utitdtf thi ^hbie Seidnt 
; Liiii, andjhel^drt th&edf; ibfthiu't the Circle, 
,, iee^ate^fihej Square of the tfine falling upon 
itikhe CkeUt^^tkiffjbis'Jaji.Line will touab the ' 

tT^tiie^'SM f> \)t afllrtiTCfd without the Cffcle 
ABC, and from it draw two Righe Lines D G A, 
D B, to the Circle, infuch a manner, that D C A cuts 
the Circle, and D B falls upon it : And let the Red- 
angle under A D and D C be equal to the Square of 
DS. I fay,' the Right Line D B touches the Circle. 

For, let the Right Line D E be drawn * touching • if of this. 
the Circle ABC, and find F the Centre % of the Cir- f •/^^'>« 
cle; and join EF, F B* F D. 

Theni^MAingte-F^fiD fe. f * R^t AogJe. And \\%ofait. 
becaufe D E touches the Circle ABC, and D C A 
cuts it, the Re£tang!e under A D and D C will be 
equal to the Square of D £. But the Rectangle under 
AD and DC is J equal to the Square of^DB. j^-^^^ 
Whprefore the Square of D E (hall be equal to the 
Square of D B. And fo the Line D E will be equal to 
the Line D B. But E F is equal to f B : Therefore 
the two Sides D E, E F, are equal to the two Sides 
D B, B F i and the Bafe F D is common. Where 
fore the Angle D E F is equai * to the Angle D B F ;• # g ,^ 
Sat D£ F is a Right Angle ; whereior€.D B F is aho 
a Right Angle, and F B produced is a Diameter, But 
a Right Line drawn at Right Angles, on the End of 
the Diameter of a Circle, touches the Circle ; there- 
fore B D necefTarily touches the Circle We prove 
this in the fame manner, if the Centre of the Circle be 

H 2 in 
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iiYtht Ri^ht Line C A. If^ therefore^ any Point be mf" 
famed tvfibota a Circle^ ana two Right Lines be drawn 
from it to the Circle^ fo that one cuts it^ and the other falls 
upon it ; and if the ReSf angle under jhe whole Secant 
Lincy and the Part thereof i without the Circle^ be equal to 
thi^ 'Square of the tine^alUng^ upon the Circle j then this 
Iqft Line will touch jkc Circiej whkh wa$ to be de-* 
monftratcd. _ " " .u i 
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enroll- HAicci ff from any^ Pointy ^li^iihout alCirdc, 

;Avcnal Right hmt9 AJiitA^Cf^^re dra^vp, f«H,«^ng 

' the Circle, thevRe£tangles comprehended .under 

^ the whole Lines A, B, A C» and jtheir external Parts 

,' A E, A F,/are cquil between- th^mfelvevFoiS if 

the Tangent A D "be drawn;, the Reftanglc uhder 

B A and A D is equ^l to th6 Squaret W'AI) ; and 

the Redangle under C A and A F is equal* to )th€ 

• fame Square of AD: Therefore 'the. Rectangles 

fbail be equal/ 
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B-P.O K ay.. 



D E F INI T I O N S. 

L yf Right lined Figure is [aid to he infcribed in 

^ a Rigbt'Hned Figure^ when tvery one of the 

Angles of the inscribed Figure touches every one 

of the Sides of the Figure wherein it is in* 

fcribed. 

W. In like Manner a Figure isfaid to be defcribed 
about a Figure^ when every one of the Sides of 
the Figure^, circumfcribed^ touches every one of 

. the Angles of the Figure^ about which it is cir- 

^..cumfcribed. 

III. A Right lined Figure is faid to be infcribed 
in a Circle^ when every one of the Angles of 
that Figure^ which is infcribed^ touches the 
Circumference of the Circle, 

IV. A Right-lined Figure is faid to be defcribed 
about a Circle^ when every one, of the Sides of 
the circumfcribed Figure touches the Circumfe- 
rence of the Circle. 

Vi So likewife a Circle is faid to be infcribed in a 
Right-lined Figure^ when the Circumference of 

H 3 the 
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the Circle touches all the Sides of^ the Figure^ in 
^widci it (s in/bribed. * ^ 

Vl. ji Circle is f aid te be defcribed about a Fi- 
gure^ when the Circumference of the Circle 
touches all the Angles of the Figure which it 
chrcurnfcribes.. 

Til. A Righi Line hfaid ti te applied^in a Cir- 
cle, when its Extremes are in the Circumference 
of the Circle. 

P R OPO S I f I O N I. 

^m A .f ^ • ~ ^ ^' mm. •^ -m. •- .M. 

Problem. 

Tofppfya J^hl LTfe if ag^eff CircU^ ^^^^^ 
. a given Right Line^ whoje Length does not ex- 
ceed the Diameter of the Circle. 



3.1. 



■^\ fr 



E T tJicCfrcle given bcT^B C, and the gnTcn 
Riphk Li(^ aot> greater thar> fthe Di^pfieter, 
l&Q. , It is reared to-^ippiy ^ R«^hi! LinQ in 
the Circle ABC, equal to the Right Line i), 

DrawBC tkc DUcucter o£ t^^ Circle j then, if 
S C be e^M^l (9 v» what was t.^qi^ircd ia done : F«r 
in the Circle A 3 fljerc is applied the Ri^ht J^inc 
B C, ^qual t6 the Right Line D : But if not^ the Di- 
ameter hX^ IS gf eater than H, and put* C E equal to 
D ; and ahout the Centre C, with the Dif^ance C £, 
kr the Circte A E F hci defcnbed i and join C At . : 
, Then,^ hecamH^ f he. Point C ist the Centre o^ tbe^^ir- 
^jjft A E i\ C A will he equal' to C £ ; but O W e<jual 
to C E, Wh'erefore C A U e^^j^} to D, And fo, in 

{be Circle ABC, tkere is app!ie4 a ' Ri^ht l^ine C' A^ 
'qval to the givm Right Line D\ not greaUr then the 
DiQweter j whleh was to be done» 
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; . ■ Pa o».LE M.' ■. . : 

:In a givr»''CTnk t'odtfmbe-aXrhngle, e^uida- 
guiar. /a a given Triangii. 
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.Contact in the Citqle, (he Angle HAC (hall be Jt i«. j. 
equjl to A B'C, the Angle in ilie aUctriiite Segment of 
the Crcle. But the Angle H A (J 15 equal tg the An- 
gle D E F i thertfore alR> the Angle A B C is equal to 
the Angle D E F. For (he fame Reafon, the Angle 
A G B is hke'wifc equal tothe Angie DFE. .Where- 
TofC the other Angle B A C Ihall be -f equal to ihefCw. 1. 
other Angle E D F. And, conrequenily, ihe ttiangUi^- i. 
ABC ii equiangular tg the Triangle D EF, end ii di- 
feribed in the Circlt A B C > which was ;o be done. 

PRO P O S I T I O N III. 

"P-R O B L E M. 

About a given Circle to defcribe & Triangle, equi' 
angular to a Tria>igle given. 

I E t A B C be the given Circle, «id p E F the . 
■*-' given Triangle. It is required to defcribe a T(i- 
_at)gle a^oot the Circle A B Ci equiangular to the 
TriangleDEF. 

Produce the Side E F, both Ways, to the Pomts 

G.andH, and find theCcntrcjof the Circle K. and 

.any how iav/ the Line K B. THen ai the Point K., 

H 4 with 
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• at. I. with KB make *the Angle B K A equal tothe Angle 
D E G ; and the Aiigle B K C, ait the fame Point K 
on the other Side the Line K B, equal to the Angle 

t »7. 3' D F H ; and thro' the Points A, B, C, % let the Right 
Lines LAM, MBN, NCL, be drawn, touching 
the Circle ABC. 

Then, becaufe the Lines L M, M Nj N/^j touch 
the Circle A B C in the Points A, B, C, and the Lines 
K A, K B9 K C, are drawn from the Centre 1^ to.tHe 
points A, B, C i the Angles at the Points A,tB, C, 

1 18, 3t will be t Right Angles. And becaufe the foQr An- 
gles of the quadrilateral Figure A M B K arc equal tp 
four JRight Angles (for it may be divided into two 
Triangles), and the Angles K A ^ K B M, are 
each Right Angles ; therefore the other 'Angles 
'A K B, AMB» are equal tQ two^Right Angled. Bu^ 
D E G, D E F, arc equat to two RighT Angles j 
therefore the Angles A K B, A M B, are equiJ to the 
Angles D E G, D E F, whereof A K B Ts e^ual tp 
D E G. Wherefore the other Angle A M B is equal 
to the other Angle D E F. In like manner we de- 
monftrate, that the Angle L N B is equal to the An- 

tc#r. a. gle D F E. Therefore the other Angle L M^N is J 

3*»'v equal to the other Angle EDF, "Wherefore, ii<? 
Triangle L N M / J equiangular to the Triangle D E F, 
and j^ defcribeU db&ut the Circle ' A B C > which was to be 
jdorie, ^ : ' . " ' . 

P R O P O S I T i O N It. 

Problem. 

^0 infcribe a Circle in a given triangle, 

LET A BC be a Triangle given. It is required 
to infcribe a Circle in (he fame. 
Cut * the Angles A B Cj B C A, into two equal 
Parts by the Right Lines B D, DC, meeting each 
t J». !• other in the Point D ; and from this Point draw D E, 
DF, DG t perpendicular to the Sides AB, BC, AC. 

Now, becaufe the Angle E B D is equal to the An^ 
gle F B D, and the Righ^t Angle B E D 13 equal to the 
Rit>ht Angh B F D ; then the two Triangles E B D, 
DBF, have two Angles of the one, equal to two An- 
gles of the other, and one Side D B common to both, 
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viz. that whith fubrcnds Ac-fctiuaVAligUsV Were'fbrc 
the other Sides of the one Triahjgte (hall be ♦ cq^uat to ^ »6. i, 
the other S-dts of the other j ^nd fo D E fliall te'equal 
to D F. Ahd, for the fame'Reafon, D Gis^ud to 
DF ; thcrtfire D E is alfo e(ruai to, DO: And (b 
the th ec Right Lines D'E, D F, D G, are equal 
between thtmftrlves. Wherefore a Circle defcribed 
about the Centre D, with either of the Diftances D E, 
D F, DG, will alio pafs thro' the other Points. And 
the Sides A B, B C, A C; wiH touch it ; becaufc the 
Angles at E, F, and G, are Right Angles. For rf it 
(hould cut them, a Right Line drawn on the Extre- 
mity of the Diameter of a Cirtie at Right Angled, 
will fall within the Circle; which is ♦ abfurd. • i6. i. 
Therefore a Circle^ defcr^be^ about the Centre D, 
with either of the Diftances D E> D F, D G > wiH 
not cut the Sides A B, B C, C A ; wherefore it will 
touch them, and will be » Circle defcribed in the 
Triangle A.B Q. Therefore, ihi Circle E F G is di- 
f^ribed in the given Triangle ABC} which w.as to bc 
done. ' •■ . I . 

• ■ ... 

P R O P O S ! T I O N V. 
Problem. 
To defer tie a Ctrdt about et given Trhf^le. 

T ETABCbea given Triapgle. It is required 
-*-^ to defer 1 be a Circle about the fame. 

B (tO, * the Sides A B, AC, in the Point? D» E ; • ,p. ,, 
from which Points let D F, E F, be drawn f at Right j. „^ ,^ 
Angles to A B, A C, which will meet cither within 
the Triangle A B C» or i» the Side B C) or without 
the Triangle. .... 

Firft, Let them meet in tht Point F within the 
Triar>gle; and join BF, F C, F A. Then, becaiiie 
A D is equal to IXB, and D F is common, and at 
Right Angles to A B ; the Bafe A F will be % equal j^. i. 
to the Bafe F B. And after the fame manner we 
prove, that the Bafe C F is equal tathe Bate FA. 
Therefore alfo is B F equal to C F: And fo the three 
Right Lines F A, F B, B C, are equal to each other. 
"Wherefore, a Circle defcribed about the Centre T^-with 
ffthtr of the DiJlanceUjF hf F B, F C, will pafs alfo 

thro^ 
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ether PffiMi,.aifd willifff:irj;ietU/erifyd 

:^ M« p F, X F, meat e^cl} ifthtr in the 

,(iie Side 3,C^ as in lliC fpff^nd l^ijurej 
Fj. , Then, we prpve, as hfitar?^, ihat tk* 
'I Qmtry ef aCircle il/faribed aknut.itu Tri^ 

Bt ihe Right Lints D F, E Fo 0'^" *'"'= 

i^^tiicr .agflin in the Poijil F, without ibe ; J^rjanele, 
^, ifl'ihe.thir^ Figuf^i and Join,AVs F ^. ^C. 
^pd^'baraufe A D is equal. w D B, am) D t^. is com- 
15145,; ^ip(l,^t Right ^Pl'e^ tl": Safe A F /ball .^jc 
Mua(,'ti>,:«i8;Bafc B.F. Sojiliewlfe we prune, that 
.1 ,.. ■ ^-f-H *'***'S'l'^^ ^ ^Z"". ■ Whciefow B F js cgiiaUa 
pF. ^nd To again, if if Cirdt he dtjmb^d sa (teCfn~ 
;ifV.F,;jcfr'A tifl^rBfth, 0,yi4nu, F A, ,F B„;F C, tf 
^ij^ pa/ijhaugb the oi}erPeinn^ ftd -ifiiU ii , dtjerikti 
ab^ulih^Xl^H^ A^^'* which was, to ljB,donf, . , 

.Csria-'/, 'if ^ Trunglj be Right- apgled* the Centfcuf 
the Circle falls in the Side (ip|>ofiie to the Ri^Kt 
Angle i if acute-angled, it falls within the T/i- 
angle^ anti if ol»tufe'Vl°^d)^it--fa|t« wtchout the 
Tiiangle.' • ' ■ - ' ■■ " 

-'P R O P S i T I O N VI. 
;■■' ■ Prob l e m. - ■ 

t^in^rihi 4i^qu(iT?.in a gmtn Circle. 

I E f A BC D be a Ci/cle given. Ij i« required to 
'-* ififwibe 3 Sqgflfie win^w "^ fame.. 

Draw A C, D B, two Uiameiers <?f the Circle, 
J.,- , cutting oueanethcr aiftightAngle* t J andjoia A B, 
B C, C D, D A. . .' 

Then, becaufe B £ ifi Wiual t^ E I> (for^ is the 
Cenlrcl, and E A is common, pnd at Right. Angles 
• 4 , to B D, the Safe B A ftiaH be * 'qM^I to the Bafc 
AD ifuid for the fame Rcafon B C, CD, B A, and 
AD, aie. ill equil ta each othfir. . T befefiwe ibe 
quadiilawal Figure A B-C D is equilateral. I f^, 
k is alfo ReflaoguUr. For, becaufe the Right Line 
D B ia a Diajwttr df 6e->Cifcie A B C Oy checei^l^ 
BAD 
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BAD will be a Semicircle. Wherefore the Angle 
B A D Jfi> a Right Angle J And fof tihc 6*ne Rca- •3«- 3- 
fon, every one of the ptbor Aogtes A B C» BCD, 
C D A, is a Right Angle; Therefore, A B C D is a 
tt6\2Lng\jAiitq^^dtv\ix^f^\ Figure : But it has- alfo been 
proved to be equilateral. Wherefore, it Jhallneceffa^ 
tHj hi a.Square, and is infer ikdiv Hh Circle A B C D j 
which was to be done. 

PR O P S I T 10 N VIL 

"Problem; 

f> dfffribe a Squart about a given Grcti* - 

LET A B C D be a Ci/cle given. It is required 
to defcrtbe a Square ^boiat the fame. 
^ Draw AC, B D, two , Diameters of ih?; Clfcle, 
putting each other at Right AnoJes + ; and thro' thq t »»• »• 
Points A, 3, C, D, draw * F Q, G H, H K, K F, • «7. 3- 
Tangents^to the Circle A B CD.. , "J/. . 

Then, becaufe F G touches the Circle. A BCD, 
and E Ais d?awn from the Centre E to the^PoJrit of 
Contaft A, the Angles at A will be f Right. An|le8 | ,g. 3, 
For the* fa^me Reafpn, the Anglee at the Points 
B, C, D, arc Right AogfesI And fjtnce Oie Angle ^ . 
A E B is a.Right Angle, aa ^fo E B Q, G H (hall $ ^ "' '" 
be parallel t6 A C, and for tho fame Re^fon^ A C to 
K F. In this manner w^e prove Lkewife, that G F 
and H K are parallel to B £ D ; and fo G F is pa- 
rallel to H K. Therefoie Q K, GC, AK,F ^j. B K, 
arc parallelograms; and fo G F f is equal to H K, *5*''* 
and G H to F K. And fint?e A C is equal to B D, 
and A C equal to either G H or FIC} and B D 
equat to either G F, or H K ; G H» or F K is equal 
I to G F, or H K. Therefore F G H K is anequila- 

I teral qua(]rilataral jFi€ur« : < I fay, it is alfo equiangu- 

lar. For^, becaufe G B E *A is a Paratlelogram, and 
A E B is a Right Angle i Chen A G B (hall be alfo a ^ 
Right Angle. In like ma^nn<^r we dexnonftr^te^ that 
the Angle:* at the Points H, K, F, are/Ri»ht Angles. 
Therefore the quadrilateral Figyre F G H K is redaivr 
gular ; but It has been proved to be equilateral like- 
wife. Wherefore, // mu/l necejpiritf kg a Sguar^y and 
is defcribcd about the Circle A B C D j which w^s to 
be done. . " 

PRO- 
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. .. PR O POSITION VIII. 

'' P R O B L EM. 

^0 d(fcribe a Circle in a given Square. i 

. . . . ■ 

T E T xh^ givcnlSquarc be. A B C D. It is required 
•*^ todefcribe a Circle within the fame. 

, ,^ ,^ Bire(a * the Sid^s A -B, A D,An the Points.F, E ; 

. ' / and draw t EH through E, parallel to A B, 'or t) C 5 

^ ^ ' * and K F through F, parallel f to B C, or A D. Then 
AK.K B. A H, H D, AG, G C, B G^p D, arc 

J 34' '• 3II Parallelograms, and theiF^pporueSides ari;^' equal. 
And becaute D A is ^quaj A B, and A E is halhbf 
A.D,*^nd A F half of A ?, A E; {hall be equal to Af ; 
but jhe.oppofite fides are alio c(^ual. Therefore F G 
IS. equal to G E. In like' manner we demonft«ate, 
• "ihat Gfl, orGK/is equal to either F G,' or G E. 
Therefore G E, G F, ^G H, G K, are equal; to 
each other: And fo a Circle being defcjibed about the 
Centre G, with either of the p* fiances G E, GF, G H, 
G K, will alfo pafs through 't"he other Points, and (tall 
touch the Sides D A, A B, B C, C D, becaufe the 
- Angles at £, F, H, K, are Right Af>gles, For if the 
Circle flioutd cut the Sides, of the Square, a Right 
Line dtawn from the End of the Diameter of a Cir- 
cle at Right Angles, will fall wi bin the Circle ^ 
which . is ♦ abfurd. Wherefore a Circle defcribed a- 
bout the Centre G, with either of the Diftances G E, 
G F, G H, G K, will not cut D A, A B, B C, C D, 
the Sides of the Square. Wherefore, itjhall ntceffarily 
touch them^ and will be defcribed in the Square A B C D 5 
which was to be done. 

P R O P O SIT I O N IX. 

P R O 3 L E M. 

^0 defcrihe a Circle about a Square given. 

T ETABCDbea Square given. It is required 
.-■^ to circumfcribe a Circle about the fame. 

Join AC, B P, mutually cutting one another in 
iheFointE. 

And 



BooklV; E«r/f/5'ELEMENTs. 109 

And fince D A is e^uaP to A B, and A C is com- 
Bion, the two Sides D A; A C, are equal to the two 
Sides B A, A C ) bdt the Bafe D C is equal to the . 
Bafe B Cj Therefore the Angle D A C will ♦ be • «-t- 
equal to the Angle BfA C :.. And.confequentiy the An- 
gle O A fi is bi/echd by the 'Right Line A C. In the 
lame manner we prove, that each of the other Angles 
ABC, BCD, CD A, arc bifeaed by the Right 
Lines A C, D B. - 

Then, becaufe the Angle D A B is equal to the 
Angle ABC, and the Angle £ A B is half of the 
Angle DAB, and the Angle A £ B half of the An- 
gle ABC; the Angle £ A B Ihall be equal to the 
Angle £B A: and fo the Side £ A is t equal to the . 
Stde £ B. In like manner we demonftrate, that each 
of the Right Lines E C, E D, is equal to each of the 
Right Lines £ A, £ B. Therefore the four Right 
Lines £A« £fi,£C, £ D, are equal between them* 
fclves. Wherefore, -tf Circle biing defcribed about the » 
Centre £, with either^ of the Dijiances £ A, £ B, £ C, 
£ D, will alfa pafs through the other Points^ and will be 
defcribed about the Square A B C D i which was to 
be done. 

PR O P.O S I T I O N X. 

P R O B L E M. 

^0 make an Ifoceles Trianghy havitig each •f the 
Angles at the Bafe double to the other Angle. 

/^ U T * any given Right Line A B in the Point C, • ,, ^; 

^ To that the Redtangle contained under A B and 

B C be equal to the Squard of A C ; then about the 

Centre A, with the Diftance A B, let the Circle B D E 

be defcribed \ and f in the Circle fi D £ apply the Right ^ j oftbh. 

Line B D equal to A C ; which is not greater than the 

Diameter. This being done, join D A, D C, and de- 

fcribe % a Circle A C D about the Triangle A'D C. j ^ ^^^^.^ 

Then, becaufe the Triangle under A B and B C is 
equal to the Square of A C, and A C is. equal to B D, 
the Rcdangle under A B and BC fhall be equal to ' . 
the Square o\ B D. And becaufe fo|ne Poiqt 8» .is * 
taiten without the Circle AC D, and from that Point 
there fall two Right LineSi S Q A> B D, to the Cir* , 

cle. 
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equal J, and let the Right Lin^ G,H,JEl JC^ 1^ L,L lyi, 

^ ,- J,. M Gt be drawn, toucKi^g t the Ct^Jc i|i ihc t^okitr 
A, B, C^ D, E : Let Fbe the Centre 6t the Circle 
ABCDE;apdjoinFB,FK,FC,FL,.FD. ' 

Then, becaufe the Right Line KL touches the 
Circle A B C D E in the Point C» and the Right Line, 
FC'is<lrawn from the Centre F to C, the roint of 

JiS. 3. ContacS: 5 F C will be % perpendicular to K.L ; and fo- 
both the Angles at C are Right Angles." For the 
fame Reafon, the Angles at the Points B, D, Arc 
Right Angles. And becaufe FCK is a . Right Ali-, 

•47. X. g^^> ^^^ Square of K F will be * equal to the Squares 
of F.C, C K : And for the fame Reafon, the Square 
of F K is equal to the Squares of ,F B, B K. There- 
fore the Squares of F C, CK, are equal-to the Squares 
ofF B, B K. But the Square of F C is equal to the 
Square of F B*: Wherefore the Square of C K fhali be 
equalto the Square of B K;. and fo 6 K is equal to 
C K. . And becaufe F B is equal. to F C, and F K is 
corhmopf* the tvvo Sides B F, F K, arc equal to the 
two Sides C F. F K> and the Bafe B K is equal to the 

tS.i. Bafe K C ; and fo the Angle B F K fhall be f equal 
to the Angle K F C, arid the Angle B K F to the Angle 
F K C, Therefore the Angle B F C is <lbuble to 
the Angle K F G, and the Angle B K C double to tie 
' Angle F K C :' For the fame Reafon the Angle C F D 

is double to the Angle C F L, aod the Angle C L D 
double to the Angle C LF. And becauGe t^c Clr- 
cumferenpe BC is equal to the Circumference C D^ 

J the Angle B F C (ball be t equal' to.the Angle C F p, 

^* But the Angle B F C is dbuble to the Angle K F C^. 
and )he Angle D F C double to L F C. Therefore 
the Angle; K F G is equjal to the Arvgle C F U And 
fo F K C, F L C, are two Triangles, having two An- 
' gles of the one equal to tviro Angles of the other, each 
to each, and one Side of the One equal to one bide of 
the other, viiz, the common Side F C ; wherefore they 

t 2(. I. ^^^^ bave t (he other Sides of the one equal tO'the 
other Sides of the other; and the other Angle of chc 
one equal to the other Angle of the Qther. There- 
fore the Right Line K CJ5 cqu^l to the Right Line 
C L, and the Angle f K C to the Angle F L C. And 
fmce KC is equal to C L, K L (hall be double to K C, 
And by the fame ReiaToh wc prov^ that H K is doub)^ 

to 
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to K C, and K L the double of (C C, as alfo H K thf 
double of B FC ; H K (hall be equal to fC L. So like- 
wife we prove, that G H, G My and M L, are each 
equal to H K, or K L : Thetore the Perta^oa 
G H K L M is equilateral, t fay, alfo it is equiangu- 
lar* For becaufe the Angle F K C is equal to the 
Angle F L C» and the Ang e H K L has bee;) proved 
to be double to the Angle F K C ; and alfo K L M 
double to F L C: Therefore the Angle H K L ihall 
be equal to the Angle K L M, fiy the fame Real jij 
we demonftrate, that every one of the Angles K hi G, 
H G M, G M L, is equal to the Angle H K L, or 
K L M. Therefore the five Angles G H K, H K L, 
K L M, L M G, M G H, are equal b< tween them- 
felves. And fo, the Pentagon G H K L M li equiangu- 
lar ; and it has been proved likewife to be equilateral^ and 
defcribed about the Circle A fi C D £ j whuch was to 
be done,' 

PROPOSITION XIII. 

Problem. 

To defcribe a Circle in an equilateral and ^quian* 

gular Pentagon. 

T ETABCDEbean equiliiteral and equtangu* 
^^ lar Pentagon. It is required to infcribe a Circle . 
in the fame. 

Bifea ♦ the Angles BCD, C D E, by the Right •,. u 
Lines C F, D F i and from the Point F, wherein C F, 
D F, meet each other, let the Right Lines F B, F A j 
F E; be drawn. Now, becaufe B C is equal to C D, 
and C F is common, the two 'Sides B C, C F,. are 
equal to the two Sides DC, C F ; and the Angle 
B C F is equal to the Angle D C F. Therefore the 
Bafe B F is t equal to the Bafe F D ; and the Triangle . 
B F C equal to the Triangle D C F, and the other '''^ '* 
Angles of the one equal to the other An^/tes of the 
other, which are fubtended by the equal Sides : 
Therefore the Angle CBF (hall be equal to the An- 
gle CDF. And becaufe the Angle C D E is double 
to the Angle CDF, and the Angle C D £ is equal 
to the Angle A B C, as alfo.C D F equal to CBF; 

.1' . . . ' the 



114 BttrA'/s EiEMEkTiJ^ B66k IVI 

this Angle C B A will be double to the Angle C B F j 
sina To the Angle A B F equkl to the Angle C B F : 
Wherefore the Angle A B C 19 bifeded by the Ri^ht 
Line B F. After the fiflie friahnir we prove, that 
either of the Aisles B A E, or A E D^ Is bif^aed by 
the Right Line A F4 or F E. From tbfe Point F draw 

• II. I. • F G, F H, F K, F L, F M, perpendjtular ko the 
^ Right Lines A B, BC, C D, D E, E A : Then, finc^ 
the Ahole^H C F is cqiiarl m the Angle EC F, artd 
the Right Angle FHC equal to the Right Anglfe 
F K C i the two Triangles F H C, F K G; ihall haVte 
tlvo Angles of the one equal to two Ai^gies of tftte 
other, and one Side of the one equal to one Side ^f 
the other, vi%, the Side FC comnton to each of them : 

f 26, 1. And fo the other Stde^ of the one will be + equal to 
the other Sides of the other, and the Perpenditular 
F H equal to the Perpendicular F K. In the &m^ 
manner we dempnftrate, that F L, FM, or.FGi* 
equal to F H, or F K. Therefore the five Right 
Lines F G, F H, FD, F L, F M, are equal to each 
other, and fo a Circle defcribed on the Centre F, with 
either of the Diftances F G, F H, F K, F L, F M, 
will pafs through the other Points, and ihali touch ^he 
Right Lines A B, B C, C D, D E, E A ; fince the 
Angles at G, H, K, L, M, are Right Angles. For^ 
if it does not touch them but cuts them, a Right Line 
drawn from the Extremity of the Diameter of & Ctr^ 
cle, at Right Angles to the Diameter, will fall within 

J i6i !• the Circle ; which i's J abfurd. Therefore^ a Circle 

defcribed on the Centre F, with the Dijlance ef any one of 

the Points G, fiU K, L, M, will not cut the Right Lines 

' AB, BC, CD, D E, BA, and fo will neeejfari^ 

touch tbetn j which was to be done. 

CorolL If two of the neareft Angles of an equilateral 
and equiangular Figure be btfeded, and from the 
Poim in which the Lines bifeding the Angled meetv 
there be drawn Right Lines to tbe other Angles of 
the Figure, ail the Angles of the Figure will be 

■ bifcfted. • 
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PROPOS-ITION xiy. 

Problem*., 

To d^/crite a Gnde Aoui a given pqmlattrahand 

equiangular Pentagon. 

T E T A B C D £ be an equilateral and equiangii-* 
•^-^ lar Pentagon. It is required to defcribc a Circle 
about the fame. * • ^ 

Bifefi both the Angles B C D, C© E,T)y the Right 
Lines C F, F p ; and dravi^F B, FA, FE, from the 
Point F, in which they meet. Then each of the other 
Angles CB A, B A E, A E D, (hall.be bire^cd » by #(?«.. / 
the Right Lines B F, F A, F E. And fince the Art- prectd. 
gle B C D is equal to the Angle C D E, and the An- 
gle F C D is haU the Angle B C D ; as like wife C D F, 
half C D E ; the Angle F C P will be equal to the 
Anele F D C ; and fo the Side C F f equal to the Side ^ 6. i. 
FD. We demonftrate, in like manner, that F B, 
F A, or F ^, is equal to F ^, or F D. Therefore 
the five Right Lines FA, F B, ¥ C, F D, F E, zre 
equal to each other. And fo, a Circle being defcribed 
on the Centre F, w//fe anj (ftlpe Dijiances F A', F B, 
F C, F D, f E, wiil pafi ihrqu^ the other Points ^ and 
will he dejcrihed about the e-quitaterai and equiangnloT 
Pentagon A B C D £ ; whicjfi was to be done. 

PROPOSITION XV. 

Problem. 

To inf^rihe an equilateral and equiangular Hexagon 

. in a givm Circle. 

T ETABCDEFbea Circk given. It is re^ 
^^ quired to infcribe an equilateral and equiangular 
Hexagon therein. 

Draw A D, a Diameter of the Circle A B C D E F, 
«nd let G be the Centre ; and about the Point DTas a 
Centre, with the Difbnce D G, let aCucle» £ G G H, 
be defcribed ; join EG, G C, which pcoduce to the 
Points B, F : Likewife join A B,B-C,CD, D E, EF, 

I 2 FA: 
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F A : I fay, A B C D £ F is an equilateral and equi- 
angular Hexagon. 

for, fittcc the Eoint Q it the Centrc-of the Circle 
ABCDEF, GEwillbeequaltoGD. Again,bc- 
caufe the Point D i^the Centie of the Circle £ G C H, 
D £ (hall be equal to D G r But G £ has been proved 
equal to G D; therefore G £ is equal to £ D. And (o 
EG D is an equilateral Triangle; and confequently 
the three Angles thereof, EG D» GD £, D EG, are 

• C«r* 5* X* * equal between themfelves. But the three Angles of 
f 31* !• a Triangle are f equal to two Right Angles ; there-- 

fore the Angle EG D is a third Fart of two Right 
Angles. In the fame manner, we demonftrate^ that 
D G C is one third Part of two Right Angles : And 
iince the Right Line C G, {landing upon the Rischt 

4«3-x- LIneEB, makes J the adjjaccnt Angles EGC,CGB; 
therefore the other Angle CGEs is alfo one third 
Part of two Right Angles. Therefore the Angles 
E G D, D G C, CG B, are equal bjetween them- 
felves : And the Angles that are vertical to them, viz, 

^ the Angles B G A, A G P\ F G E, are ♦ equal to :he 

^' '• AnglcsE G D, D G C, C G B. Wherefore the fix An- 

t*6.3. glesEGD,DGC,QGB, BGA, AGF, FGE, 
are equal to one another. But equal Angles ftand f 
on equal Circumferences : Therefore the. fix Qk cum- 

t »9. 3. ferences A B, B C, C D, D E, £ F, F A are equal to 
each other. But equal Right Lines fubtend % equal 
Circu References ; Therefore the fix Right Lines are 
equal between themfelves ; and accordingly the Hex- 
agon A B C D £ F is aquilateral. I fay, it is alfo 
equiangular. For, becaufe the Circumference A F is 
equal to the Circumference £ D, add the common 
.Circumference ABC D, and the whole Circumference 
F A B C D is equal to the whole Circumference 
E D C B A. But the Angle FED ftands on the 
Circumference F A B C D ; and the Angle A F E, 

• *7. 3-r on the Circuh>fercnce E D C B A : Therefore the An- 

gle A F E is * equal to the Angle DE F. In the 
fame manner we prove, that the pther Angles of the 
Hexagon A B C D E F are feverally equal to A F E, 
or F E D. Therefore., the Hexagon A B C D E F is 
equiangular. But it has been proved to he alfo equilateral^ 
and is infcribed in the Circle A B C D £ F , which was 

to be done. 

CorolU 



i 
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CarolL From hence it is manifeft, that the Side of the 
Hexagon is equal to the Semidianieter of the Cir- 
cle. And if we draw, thro* the_ Points A* B, C, D» 
£, F, Tangents to the Circle*, an equilateral and 
equiangular Hexagon will be described about the 
Circle, as is manirtfi, from what has been faid^con* 
cerning the Pentagon. And fo likewi(e may a Cir* 
cic be inrcrHb:!d and circumrcribcd about a given 
Hexagon ; tuhich was U it done. 

PROPOSITI ON XVI. 

Pr O B L Bl^« 

decagon in a given CtrcU. 

1 ET ABCDbet Circle given. It i^feauired 
-^ to delcribe an equilateral and equiangular Quin^ 
decagon in the famf • r 

(ret A C be the Side of an equilateral Triai^le in*"* 
fcnbed in the Circle A BC D» and A B the Side of a 
Pentagon. Now if the whole Circumference of the 
Circle A B C D be divided into fifteen equal Parts,- 
the Circumference A BC» one Third of the Whole, 
Ihall be five of the faid fifteen equal Parts ; and the 
Circumferciice A B, one Fifth of the Whole, will b6 
three of the faid Parts : Wherefore the Yemaining Cir- 
cumference B C will be two of the faid Parts. An^ 
if B C be bifeaed in the Point £, then B £, or £€, 
will be one fifaKenth Part of the whole Circumference 
A B C D. And fo, i/B E, £ C, be joined^ mi either 
£ C, ^ £ B, be continually applied in the Circle^ there 
/ball bt an equilateral and equianfular ^indecagen di» 
Jaribed in the CircU'k B C D i wnich was to be done. 

If^ aqcording to what hath been faid of the Pentagon, 
Right Lines are drawn through the Divifions of Che 

' Circle touching the fame^ there will be defcribed 
about the Circle an equilateral and equiangular 
Quindecagon. And, moreover, ^ Circle o^ay be 
infcribed, or circumfcribcd, about a given equila- 
feral and equiangular Quindecagon. 

I 3 EVCLIU% 
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BOOK V. 

I 

■^'mffj^ WittTi^T.Ti-.vn^ liitft iiV^iiUiititinn lift 'v.r'.i 
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D E-F I NI T IONS,. 

I. ^ Part is a Magnitude of A Magnitude^ tbe 
'-^ Lefs oj the ISfeater^ when tbe Leffir mea- 

fures tbe Greater ^ . 

IL But a Midtifle is a Ma^niHH^ of a Magni- 
. 'tvdey tbe Kirente\r of tbe 'LJeffkr^ when the LeJ* 

f& me'afurts tbe <Sreater. 
lil. Ratio is 'a tertniri intttitiiil iii^irttdi tf Mdg- 
^'fCitudes of the fwlhe Kind^ auorditi^ to "^aH- 

TV, Magnitudes are faid to have Proportion to 
each ^ber^ vohitb Being ikultifliedi can etcVeed 

oheanntbiiti 
V. Magnitudes hri fttid to fft in the fhthe Itatio^ 
'tir^ firfi' fd'ibi fic&nd, and 'tie rbirH to the 

fouffb^^ when the EMtimuitiples oftbejirfi and 

fbirj^ i^i^9^e^witb_tbe,>^fdni^tiplu 

fecund and fourth j. aecahdin^ to My MfiUipU' 

camn wbn^foJever^ are vkbiir both 'together^ 

'l^nMerveqUcd^ d^ l»/s, 'tbtfh the ^inHtftipks 

' 'df'tba fecond dndfmrJb^ if Vbofe "be takeH Vbat 

anjwer each oteer.. 

I-;. . . - I - . That 
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That is, if there be four Magpitudeft, an4 y€%r^1$ 
any Equimultiples of the firft and third, and alfo any 
Equimultiples df the'fecond and fourth; and if the 
Multiple of the iirft be greater than the Multiple Qf 
the fecond; and alfo the Multiple of xbe third greater 
than the MahLple of the fourth 4 ar« if ihe Multiple 
of the iirft be equal to tbe Multiple of the fecond ; 
and aifo the Multiple of the third equal to the Mul- 
tiple of the fourth ; or, iaftly, if the Multiple of the 
.firfl l)e iefs than the Multiple of the fecond ; and alfo 
that of the third lefs than that of the fourth, and thefe 
Things happen according to every Multiplication what- 
feever : Then the four Magnitudes are in the fame Ra- 
tio I the£rft to the iecond, as the third toihe fourth. 

VI. Magniludes that have the fame Proportion^ 

are called Proportionals^ 

Expounders ufually lay down here that Definition^ 
for Magnitudes, vfhich>£ucliJ has given for Numbers^ 
^qly, in his Seventh Bool^> viz. That 

Numhtys are prhfortionaly when the firft is either the 
fame Multiple of the fecond ^ as the third is of the fourth^ 
or elf e the fame Partj or Parts. 

But this Definition appertains only to Numbers, 
and commenfurable Quantities ; and lo fince it ,is not 
univerfal, Euclid did well to reje<£t it in this Element, 
ivhich treats of the Properties of all Proportionals,; 
,^nd to fubftitute another general one» agreeing to all 
Kinds of Magnitudes* In the mean Time, Expoun- 
da;8 very n^u^ch endeavour to demonftrate the Dtfini- 
tion here laid down by Euclid^ by the ufual received 
JDefiaitipn pf proportional Numbers ; but this much 
cafier flows from that, than that from this i which may 
be thus demonftrated : 

• ^' Fi^9 Let A, fl, C, D, be four Magnitudes, which 
are i^n the fame Ratio, according to the Conditions that 
j^agnitudes in the Ume Ratio muft hav« according 
to the 4ift£' Definition ; and let the firft be a Multiple 
of the fecond : I fay, the ttnrd Is ako the fame Mul- 
tiple of the fourth. For Bxample : Let A be equal 
t» 5B: Then-C (hall be equal to s^. Take any 

I 4. ^Numj 
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'if^amheTf for Example, 2, by. which let 5 be mul- 
tiplied, and the Produd will be a . p . r . n 
10: And let2A, 2C, beEqui- ^ • o • , v. . 1^ 

multiples of the firft and third ^^ .^t> ^r« .^t\ 
Magnitudes A and C : Alfo, *A. 10B.2C loD 
let ^B and loD be Equimultiples of the fecond and 
fourth Magnitudes B and D. Then (by Def. S') 
if 2A be equal to loB, 2C fliall be equal to loD. 
But fince A (from the Hypotbefis) is five Times B, 2A 
{ball be equal to 10 B ; and fo. 2C equal to ioD» 
and C equal to cD ; that is, C will be five Times 
D. W. W. D, 

Secondly,^ Let A be any Part of B ; tbeu C will be 
the fame Part of D. For, becauft A is to B, as C is 
to D ; and fihce A is feme Part of B ; then B will be 
a Multiple of A : And fo by (Cafe i.) D will be tbe 
fame Multiple of C ; and accordingly C (hall be the 
fame Part ofthe Magnitude D> as A is of B,^W.W.D. 

Thirdly^ Let A be equal to any Number of what- 
foever Parts of B. I fay, C is eqaal to the fame 
Number of the like Parts of D. For Example : Let 
A be a fourth Part of five Times B; that is, let A be 
equal to ^B» I fay, C is alfo cquaKto^D. For, 
becaufe A i>s equal ^B^ each ofr them being multi- 
plied by 4, then 4A will be equal to.5B. And fo, if 
the Equimultiples of the firft ' a o n r% 
and third, v/z. 4A, 4C, be af- ^"- '^ ' : V. : U 
fumed; as alfo the Equimulti- * p n r\ 
pies of the fecond and fourth, ^^' ^^-^ 4^* 5^ 
viz. 5B, 5D ; and (by the Definition) if 4 A is equal to 
5B ; then 4Cis eqvial 1050. But 4A has been proved 
equal to 5B, and fo 4C (hdU be equal to ^Dy and C 
equal to |D. W. W. D. n 

And univerfally, if A be equal to— B, C will be 
n m 

equal to-^D, For let A and C 

m A : B V : C : D 

be multiplied by nr, and B and 

D by n. And becaufo A is equal . •, . 

n jc^A, hB, mC, >zD 

to— B i mk {hall be equal to 

«Bi wherefore (by Dj/l 5.) mC Will be equal fiHiD, 

n 
and C equal 10— D. W, W. D. 

m VIL WbiH 
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VII. IVben, of Equimultiples^ the Multiple ofibi 
' firft exceeds the Multiple of the fecond^ but the 
Multiple cf the tbtrd does not exceed the Mul* 
tiple of the fourth \ then the fir fi to the fecond 
is faid to have a greater Proportion than the 
third to the fourth, 
VIIL Analogy is a.Similitude of Proportions. 

IX. Analogy at kafi conftjls of three Terms. 

X. fVben three Magnitudes are Proportionals^ the 
firft is faid to have J to the thirds a duplicate 
R'itio to what it has to the fecond. 

Xi. But when four Magnitudes are continued 
Proportionals^ the firft fhall have a triplicate - 
Ratio to the fourth of what it has to the fe^ 
cond ; and fo always^ one more in Order ^ as the 
Proportionals fhall be extended. 

XII. ( HomoUgcus Magnitudes J or Magnitudes of 
a like Ratio y are faid to be fuch whoje Antece* 
dents are to the 4ntecedents^ and Confe^uents to 
the Confequenfs* 

XMI. Alternate Ratio is the comparing of the 
Antecedent with . the Antecedent ^ and the Con^ 
fequent with the Confequent. ; 

XIV. Inverfe Ratio is, when the Confequent is 
taken at the Antecedent y and fo compared toiti 
the Antecedent as a Confequent. 

XV, Compounded Ratio is^ when the Antecedent . 
and Confequent^ taken both as one^ is compared 
to the Confequent itfelf^ 

XV I. Divided Ratio is^ when the Excefs^ where- 

by the Antecedent exceeds the Confequent^ is com-^ 

pored with the Confequent^ 

XVll. Converfe Ratio is^ when the Antecedent is 

•- ¥Htftre4 tmtb tbeEp^cefs^ by which the Ante- 

cedent exceeds the Confequent^ 
^VIII. Ratio of Equality is^ where there are taken 
V than two Magnitudes in one Order, and a 

like 
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l^ Number of Magnitudes in anoibcr Or^^y 
€Simparing two to two being in, the Jame Propor" 
iion J and itjhall be in tbtfirft Order of Mag- 
niiudeSy as the firfi is to tbt lafi^ fo in thefeeond 
Order of Magnitudes is the firfi to the Iqft : 
Or otberwifey it is the Comparifon of the Ex- 
tremes together ^ the Means being ot^ited. 

XIX. Ordinate Proportion is^ when as the Ante^ 
eedent is tq the Confequent^ fo is the Antecedent 
to the Confequent ; and as the Confequent is to 
any other, fo is the Confequent to an^ other. 

XX. Perturbate Proportion is, when there are 
three or more Magnitudes ^ and others alfoy that 
are equal to tbefe in Multitude ^ as in the fir ft 
Magnitudes the Antecedent, is to the Confequent ; 
fo in the fecond Magnitudes is the Antecedent 
tfi the Confequent.: And as in tbefirfi Magni- 

^ tudes the Confequent is to feme other ^ fo in the 
fea^nd M<^gnitufies is fome other ^ to the Ante^^ 
cedent. 



A^: 



A X I O M §. 

I. p^^muitiples ofthefame^ or of equal Magni^ 

tudes ^ are equal to each other. 

II. Thofe Magnitudes that have the fame Eqm- 
multiple^ ^ whafe Equimultiples are equals are 
equal to each other. . 



- il li V . 
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PROPOSITION L 

Th E O R 1^ M. 

If there he any Number 4f Magniiudes EquimuU 
tiples of 4 like Number of M^nUudes, each 
(^ each ; wbatjhever Muhiple any one of the 
founer Magnitudes is of "its correfpondeni one.^ 
tbie fame Multiple are all the former Magfii* 
tudes of all the latter. 

LE T there be any Number of Magnitudes A B^ 
C D Equimultiples of a like Number of Mag* 
nit4jdes £ F^ each of each. I fay, what Mw* 
tiple the Magnitude A B is of £, the fame MuUipIf 
A B and C D, together, is of £ and F together. 

For, becaufe A B and C D are Equimultiples of £ 
and F, as many Magnitudes equal to 
£, chat a're in A B, fo many Aiall be A . 
e^u4l toF'in C D. Now, divide AB 
irito Partis eiqual to£, which let be AG, 
d B ; and C D into Parts equal to F, G 
fe. C H, H D. Then the Multitude of 



vtz 



B 
C 



1 
I 



Parts, C H, H D, fhall be equal to the 

Multitude of Parts, A G, G B. And flnce 

A G is equal to E, and C H to F; AG 

and CD, together, fhallbe e^u^ to £ 

and F togetber. By the Tame Reafon, 

becaufe G B is equal to £, and H D to F, 

G B and H D, together, will be e<Jual to 

E and F together. Therefore ai often aa 

£ i^ contained in AB,fo often i^ £ and F, 

together, contained in A B anil C D, to- 

togethef. And fo as often asF is cont^in^d 

in C t), fo 6'fteh arc E and F, together* contained 10 

A B and C D together. Therefore, if there are any 

Number of Magnttudis Equimultiples of a like Number 

•of Magnitudes J each $f e^uh ; 'ivhatfoever Multiple any 

hie of the former Magnitudes is of its carrefpondent one^ 

the Jaime Multiple are all the for Mir Magnitudes of all the 

latter ^ which Wals t6be demonilrated. 
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PROPOSITION II. 

T H £ O R £ M. 

ythefirfi he the fame Multiple of the fecond^ as 
the third is of the fourth ; and if the fifth 
be the fame Multiple of thefecond^ as the fix tb 
is of the fourth j then {hall the firft^ added to 
the fifths be the fame Multiple ofthefecond^ as 
the thirds added to tbeftxth^ is of the fourth. 

T E T the firft A B be the fame Multiple of the fc- 
cond C, as the third D E is of the fourth F j and 
let the fifth B G be the fame Mul- 
tiple of the fecond C, as the fixth ^ | ^ 
E H is of the fourth F. I fay, 
the firft added to the fifth, t//z, 
A G, is the fame Multiple of the 
fecond C, as the third added to 
the fixth, v/z. D H, is of the fourth 

For, becaufe A B is the fame ^ 
Multipile of C, as D E is of F i there are as many 
Magnitudes equal to C in A B, as there are Magni- 
tudes equal to F in D £• And, for the fame Reafon, 
there are as many Magnitudes equal to C in B G, as 
there are Magnitudes equal to F in E H. Therefore 
there are as many Magnitudes equal to C, m the 
whole AG, as there are Magnitudes equal to F in 
D H. Wherefore- A G is the fame Multiple of C, as 
D H is of F. And fo the firft, added to the fifth, 
A G, is the fame Multiple of the fecond C» as the 
third, added to the fixth, D H, is of the fourth F. 
Therefore, if thefirflh the fame Multiple of the fecond^ 
as the third is of the fourth ; and if the fifth be thefanu 
Multiple of the fecond^ as the fixth is of the fourth i then 
Jball the fir/ly added to the fifths he the fame Multiple of 
the fecondy as the thirds added to the fixth^ is of the 
fourth I which was to be demonfirated* 

PRO. 
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PROPOSITION III. 

Theorem* 
If the firft he the fame Multiple oftbefecond^ as 
the third is of the fourth j and there be taken 
Equ multiples of the firft and third \ then will 
the Magnitudes fo tdken be Equimultiples of 
the fecond and fourth. 

•T E T the firft A be the fame Multiple of the fecond 
-■-' B, as the third C is of the fourth D 5 and let E F, 
G H, be Equimultiples of A ^ 

and C, I fay, EF, is the fame 
Multiple of o as C H is of D. 
For, becaufe £ F is the fame 
Multiple of A, as G H is of C, 
Aere are as m^ny Magnitudes 
equal to A in E F, as there are 
Magnitudes equal to C in G H. 
Now divide E F into the Mag- 
nitudes E K, K F, each equal 
to A, and G H into the Mag- 
nitudes G L, L H, each equal 
CoC. Then the Number of the Magnitudes E K» 
K F, will be equal to the Number of the Magnitudes 
G L, L H. And becaufe A is the fame Multiple of 
B, as C is of D9 and £ K is equal to A» and G L to 
C ; £ K will be the fame Multiple of B, as G L is of 
D. For the fame Reafon K F (hall be the fame Mul- 
tiple of B, as L H is of D. Therefore becaufe the firft 
£ K is the fame Multiple of the fecond B, as the third 
G L is of the fourth D, and K F the fifth is the fame 
Multiple of B, the fecond, that L H, the fixth, is of 
D the fourth : Therefore the firft added to the fifth, 
£F, fhall be * the fame Multiple of the fecond B, as« « iftbit- 
the third added to the fixth, G H, is of the fourth D» 
Jf therefore, the firft be the fame Multiple of the fecond^ 
as the third is 9f the fourth^ and there be taken Equimul-- 
tiptei efthe firft and third i then will the Magnitudes fa 
taken^ be Equimultiples of the fecond and fourth i which 
was to be demonftratccU 

PRO- 
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PROPOSITION IV. 

Theorem. 

Ifthefirft have the fame Proportion to the fecond^ 
as the third to the fourth \ then dfoJbaU tbi 
E^uimuhifles eftbefirfi and third home the fame 
Proportion to the Equimultipies pfihefecondand 
fourth^ aeicording to any Muitiplication whatfo- 
every if they be fo taken Af to anftvereacb other. 



1 

BG 



T E T the firft A have tfce fame Proportion to 

^ fecond B* is th« third C hath to the fourth 

and let £ and F, the Equimultiples 

of A andC, he any hbw taken; as 

alfo G and H, the Equimuhiples of 

B and D. I fay, E is to G a& F is 

to H. 

For take K and L, any Squifnul'- 
tiples of £ and F ; and aYfo M and 
N, any, of G and H. 

Then, b^caufe E is ths fame 
Multiple of A, ps F is of C, and K 
and L are takfeArEquimultiples of E 
• 3 •ftbh. and F ; therefore K will be * the 
fame Multiple of A, as L is of C. 
For the f«me Reafon, M is the fame IC £ A 
Multiple of B, as N i8 of D. And 
fince A is to B, as C is to D, and 
K and L are Equimultiples <yf A 
and C ; and alfo M aiid N Equi* 
multiples of B and D ; if K exceeds 
M, then f L will exceed N ; if K 
be equal to M, L will he «qual to 
N ; and if K is lefs th^ii M, then L 
will be lefs than K : Bat K and 
L ar« ££[uimu]tip}es of E and F, 
alfo M and N are Equimulti'> 
pies of G and H. Therefore, as 
£ is to G, fo ftall t F be to H. 
Wherefore, if the firfi have the fame 
ProfBTtion i^ the peond^ jsi the thir^i 
to the fourth \ then alfo Jhall the f^ui- 

muUiplei 
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fkukipiei $f ibe fir/l and, third Ikbe tbefimn Prd pk tigm 
Utbe EqumuUipin ^ thtfecQnd and ftktrth^ lucar&ign 
nny Multiflicatim whatfveifir^ if they hi fi taken mis 
anfwtr ttacb ^ihtr ; whtch was to be dtmonftratcd. 

Becaufe kis demonilrated, if K exceeds M, then L 
will exceed .N ; and if K be equal to M, L will be 
equal €o N ; and if K be \tk than M, L wUl be Icf^ 
tban N: It* is mamfeft, Ukiiewife, tf M Exceeds K, 
that N (hall exceed L ; if equal, equal ^ but if iefs, 
Icfs. And tbercfone^ as G is to E, fo is * H to F. • ^sf. s- 

Coroll* From hence it is manifeft, if four Magnitudes 
be propDrtional^ that they wall be alfo inverMy 
proportional. 

^ RO^O S I T I O K v.. 

Tub O R B M. 

y ont Magnitude be the fame Multipie ^f mother 
MttpiHude^ as a Part taken from tife me i's of 
n Part taken from the ^ather ; then the Re- 
fidue of the one fhall be the fame Ma'Mpk of 
the Rjsfidue of the other ^ as the Whole is of 

: the fVbole. 

t E T the Magnitude A B be the fame Multiple of 
'•■^ the Magnitude C D« as the Part taken away A E, 
is of the Part taken away C F. I fay, 
that the Refidue £ B is the fame Mid- B 



tiple of the Refidue F D, as the Whole 
A B is of the whole C 0.' 

For, 4ct E B be fuch a Multiple of 



G 



CG, as AEisofCF. £ + | 

Then, becaufe A E is the fame Mul- + F 

tiple of C F, as E B is of G G, A E will 
be ♦ the falne Multiple of C F, as A B is | . ^ 

ofFG. But A E and A B are put Etjui- AD •3»/'^«- 
multiples of C F and C jG) : Therefore 
A B is the &me Multiple of G F, %a of C D ; and fo 
G F is t equal to C^D. Now 'let G F, which is ^ ^. ^^^f 
commoii^ i»e tftkea, fMvay«j then the Refidue G C is thiu 

equal 
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cqoal to the Reiidue D F. And then, becaufe A E is 
the fame Multiple of C F, as E B is of C G^ and C G 
is equal to D F ) A E (hall be the fame Multiple of 
G F, as E B is of F D. But A E is put the fame Mul- 
tiple of C F, as A B is of C D. Therefore £ B is 
the fame Multiple of F D, as A B is of C D $ and fo 
the Refidue £ B is the fame Multiple of the Refidue 
FD, as the Whole A B is of the Whole C D. 
Wherefore, if one Magnitude be the fame MubipU of 
another Magnitude^ as a Part taken Jrom the one is of a 
Part taken from the other \ then the Refidue of the ono 
JhaU be the fame Multiple of the Refidue of the other ^ as 
the Whole ts of the Whole ; which was to be demon* 
firated. 
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PROPOSITION VJ. 

Theorem. 

If two Magnitudes be Equimultiples of ttvo Mag-- 
nitudeSy and fome Magnitudes Equimultiples of 
the fame^ be taken away\ then the KefiduiS 
are either equal to tbofe Magnitudes^ or elfe 
Equimultiples of them. 

T £ T two Magnitudes A B C D, be Equimultiples 
'*^ of two Magnitudes E, F ; and let ihe Magni- 
tudes A Gt C H, Equimultiples of the fame £, F, be 
taken from A B, C D ; I fay the Refidues G B, H D, 
are either equal to £> F, or are Equimuhiples of 
them. 

For, firft. Let G B be equal to E. I fay, H D is 
alfo equal to F. For let w K be 
equal to' F. Then, becaufe A G is 
the fame Multiple of £, as C H is 
of F ; and G B is equal to £ ; and 
C K to F ; A B will be ♦ the fame 
Multiple of £y as K H is of F. But 
A B and C D are put Equimultiples 
of £ and F. Therefore K H is the 
fame^ Multiplo of F> as C D is of 
F. B l3 E B' 

And becaufe K H and C D are 
Equimultiples of F i K H will be equal to C D. Take 

4Wa7 



K 

u 
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away C H, which is common ; then K 

the Reiidue RC is equal to the Re- 
fidueHD. But K C is equai to F. 
Therefore H D is equal to F ; and +C 

fo G B (hall be equal to £, and 
H D to F. G + 

In lilce manner we demonftrate, 
if G B was a MMltiple of £, that + H 

H D is a like Multiple of F. There- 
fore, if tfjuo Magnitudes be EqiU- 
multiples of two Magnitudes^ and 
fame Magnitudes^ Equimultiples of B D E F 
the fame^ be taken away ; then the Refidues are either 
equal to thofe Magnitudes^ or elfe Equimultiples of them i 
which was to be demonftrated. 
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PROPOSITION VII. 

T HE O R E M. 

Equal Magnitudes have the fame Proportion to 
the fame Mi^gnitude ; and one and the fame 
Magnitude have the fame Proportion to equal 
Magnitudes, 



L 



DA 



E T A, B, be equal Magnitudes, and let C be 
any other Magnitude. 1 (ay, A and B have the 
fame Proportion ti> C ; and likewife 
C has the fame Proportion to A as to 
B- 

For take D, and E, Equimultiples of 
A and B ; and let F be^ any other Mul- 
tiple of C. 

N0W9 becaufe D is the fame Mul- 
tiple of A, as E is of B, and A is equal 
to B, O (hall be alfo equal to £ ; but 
F is a Magnitude taken at Pleafure, 
Therefore if D exceeds F, then E will 
exceed F ; if D be equal to F, E will 
be equal to F ; and if lefs, Icfs. . But 
D arid E are Equimultiples of A and Bi and F is any , 
other Multiple of C. Therefore it will be ♦ as A is •x)^/. 5, 
to C) fo is B to C. 
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I fajr, moreover^ (hat C has tbe famie Proportion to 
A as to B. , For the faitie Conftrudiroii remaining^ we 
prove, in like manner, that D is equal to £• Therer 
fore, if F exceeds D, it will aMb exceed E 5 if i^ be 
equal to D, it will be equal to £ ; and if ic be lefs tJian 
D, it will belefs than E. But F is a Multiple of C; 
and D and £, any other Equimultiples of A and B ; 
X)^. 5. therefore, a^ C is to A, fo (hall ♦ C be 'to B. Where- 
fore, equal Magnitudes have the fame Propcriim to the 
fame Magnitude j and the fame Magnitude to equal onesi 
whi^h was tobe demonftrated. 

PROPOSITION VIIL 

T H E O R I M, * 

The greats of any two unequal Magnitudes has 
a greater Proportion to fome third Magnitude^ 
than the .lefs has\ and that third Magnitude 
hath a greater Proportion to tbe leffer of the 
two Magnitudes^ than it has to the greater * 

T E T A B and C be two unequal Magnitudes, 
^^ whereof A B is the greater y and let D be any 
third Magnitude. I fay, A B has a greater Propor- 
tion to D, than C has, to D ; and D ha$ a greater 

'Proportion to C, than it has to A B. 

Becaufe A B is greater than C, make B £ equal to 
'C, that is, let A B exceed C 
by A E ; then A E, multiplied F 

fome Number of Times, will be 
greater than D. New let A E 
be multiplied unti-1 it exceeds 
D, and let that MultipJc of A £ 
greater than D be F G. Make 
G H the fame Muhiple of K 
E B, and K of C, as F G is 
of A E. Alfo, afiiime L double ^ 
to D, M triple, and fo on, un- 
til fuch a Multiple of D is had, 
as is the neareft greater than K ; | 
let this be N, and let M be a 
Multiple of D, the ntarcft kfs 
• than 'N. j 

- Nov/, becaufe N is the 1 

^ftcat^eft Multiple of D- -greater N M 



G+E 

I 
H 



A 
I 



t i 



than 



N 



t}ign.K ; M w^U npt |bc greater than K ; 't,bat i^^ K 
will not belefs than M. And fince F'G ii? the fame ' 

- Multiple of A E, as G H is of E B; fG flia)! be ^ • » rf'^i** 
the fame Multiple of A E, as F H is of A B ; but F Q . 
is the^ame Multiple of A E, as K is .ojf C : Where- 
fore F H is the fame Multiple of 'A.B as K is of C ; 
thaf is, F H and K are Equimultiples of A B and C 
Again, becaufe G His the fame Multiple of E B,*aslt 
is df C, and E B is equal to C 5 G ti fhall be + equal t -4f. i. 
toK. But K is not lefs than M : Therfefore G H 
(hall not be lefs than M. But E G is greater th^n D : 
Thereforethc Whol^ F H will be grektcr than M and 
D; but M and 'D, together, are equal to N, becaufe 
M is a Multiple of D, the neareft leffer than N: 
Wherefore F H is greater than N. And fo fince F fl 
exceeds N, and K does not ; and F H and K are 
Equimultiples of A B and C, and N is another Mul- 
tiple of D ; therefo/e A B will have % a greater Ratio j Def, 7, 
to D, than C has. to D. I fay, moreover, that D has 
a greater Ratio to C than it has, to AB: For Jthe 
fame Gonftru6tion remaining, we demonftrate, as be- 
fore, that N exceeds K, but iTQt.F H. :And N isja 
MulDfpJeof O, and F.H and K are EqfuwnuUiplcs of 
jA B and C. 1'hefelofc D has a grjeaxer Propoxtion 
to Cj.than D hat,h to A, B. Wherefore, the greater of 
any two unequal Jlfjgnitudes has a greater Proportidn to 
fome third Magnitude thun the lefs has y and the third 
Magnitude hath a greater Pi opoi tion to the leffer of the 
two Magnitudes than.it hu^ to the greater i which W^S 
to be dernonftrated. 

P R 6 P O S I T I O N IX. 

I 

T H E O R E M. 

Magnitudes which have the fame Proportion to one 
and the fame Magnitude^ are e^ual to one ano* 
tber ; and if a Magnitude has the fame Propir^ 
tion to other Ma^nitudeSythefe Magnitudes are ' > 
egual to one another. 

T E T the Magnitudes A and B have the ftme Pro- 
^ ortion to C, I fay, A is equal to B. 

'K 2 For, 
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irftbh. . For, if it was not, A and B would not ♦ have the 
fame Proportion to the fame Magni- 
tude C ; but the)' have. Therefore A 
is equa( to fi. 

Again, let C have the fame Propor- 
tion to A as to B. I fay, A is equal 
toB. 

For, if it be not, C will not * have | 
the fame Proportion to A as to B ; but 
it hath: Therefore A is neceflarily B 
equal to B. Therefore, Magnitudes 
that have the fame Proportion to one 
and the fame Magnitude j are equal to one another ; and 
if a Magnitude^ has the fame Proportion to other Magni' 
tudes^ thefe Magnitudes are equal to one another j which 
was Co be demonftrated. 



PROPOSITION X. 

Theorem. 

Of Magnitudes having Proportion to the fame 
Magnitude^ that which has the greater Pro- 
portion is the greater Magnitude : And that 
Magnitude to which the fame^ beari a greater 
Proportion^ is the leffer Magnitude. 

J ET A have a greater Proportion to C, than B has 
-■^ to C* I fay, A is greater than B. 

For, if it be not greater, it will either be equal or 
lefs. But A is not equal to B, becaufe 
then both A an d B would have * the | 
fame Proportion to the Magnitude C ; 
but they have not. Therefore' A is 
not equal to B : Neither is it lefs than 
t 8 •//!)(>. B; lor then A would have f a lefs 
Proportion to C, than B would have; 
but it hath not a lefs Proportion, There- 
fore A is not lefs than B. But it bias B 
jbcen proved fikewife not to be equal to 
|it : Therefore A fhall be greater than 
?• A^ain, let C have a greater Proportion to B than 
to A. 1 fay, B is lefs than A, 

* For, 
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For, if it be not leis, it is greater or equal« Now, 
B is not equal to A, for then C would have ♦ the ^i^ffhU* 
fame Proportion to A as to 6; but this it has nor. 
Therefore A is not equal to B ; neither is B greater 
than A ; for if it was, C would have + a lefs Proper- -j. % oftbit. 
tion to B than to A ; but it has not : Therefore B is 
not greater than A. But it has alfo been proved not 
to be equal to it. Wherefore B (hall be lefs than A. 
Tht^tiox^y of Magnitudes having Proportion tothpfamg 
Magnitude^ that whifh has the greater Proportion^ is the 
greater Magnitude : And that Magnitude to which the 
fame bean a greater Proportion^ is the lejfer Magnitude ; 
which was to be demonflrated. 

P R O P O S I T I O N XI. 

Problem. 

Proportions that are one and the fame to any thirds 

are alfo the fame to one another. 

T E T A be to B, as C is to D ; and C to D, as 
^ E to F. 1 fay, A is to B, as E is to F. 
For, take G, H, and K, Equimultiples of A, C, and 



G H K- 

A C E- 

B D F- 

L M N. 



E; and L, M, arid N, other Equimultiples of B, D, 
and F. Then, becaufe A is to B, as C is to D, and 
there are tak^n G and H, the Equimultiples of A and 
C, and L and M> any other Equimultiples of B and 
D ; if G exceeds L, * then H will exceed M ; and if • Def, ^,cf 
G be equal to L, H will be equal to M ; and if lefs,'*"' 
.lefs. Again, becaufe as C is to D, fo is E to F ; and 
H and K are taken Equimultiples of C and E; as 
likewife M and N, any other Equimultiples of D and 
F ; if H exceeds M *, then K will exceed N ; and if 
H be equal to M, K will be equal to N ; and if lefs, 
lefs. But if H exceeds M, G will alfo exceed L ; if 
equal, equal ; and if lefs, lefs. , Wherefore, if G ex- 
ceeds L, K will alfo exceed N 3 and if G be equal to 

K 3 L, 



LC K will be equal to N ; ahd if !efs, Mi. But G atid 

K are Equimultiples oF A and'E ; atld Land N art 
^ Equimultiples of B and F. Cohfequently, as A b to 

thfs! * ^^» fo * is E to F. Therefore, Pro'ponioni that are ^nt 

and the jume to any thirds are aljo thefaTfte to orieandther ; 

which was to be demonftrated. ' *' 

PROPOSITION XII. 

Theorem. 

If any Numhr of Magnitudes be prcportional^ as 
one of ibe Antecedents is to one of the Confer 
quents^ fo are all the Antecedents to aU the 
Confequents, 

T E T there be any Number of Prdpcfrtional Magni- 
. ^ ludes, A, B, C, D, E, F j whereof as A is to B, 



G : H K- 

A ■ ' C ^^ E- 

B D F^ 

L— M— ^- — N- 



fo C is to D, and fo E to F. I fay, as A is to B, fo are 
all the Antecedents A, C, and' E, together, to all the 
Confequents, B, D, and F, together. 

For, let G, H, and K, be Equimultiples of A, C, 
and E ; and L, M, and N, any other EquImuFtiplts 
ofB.D, andF. 

Then, becaufe as A i^ to B, fo is C to D, and foE 
to F ; and G-, H, and K/are Equimultiples of A, C, 
and E > and L, M, and N, Equimultiples of B, D, 

*iu'^' ^''^ ^"^ I^ 5 ^^' G exceeds L, H * will alfo exceed M, and 
K will exceed N ; if G be equal to L, H will be eqUal 
to M, and K to N ; and if lefs, lefs. Wherefore, alfo, 
if G exceeds L, then G, B, -and K, together, will 
l.kewife exceed L, M, and N together ; and if G be 
equal to L, then G^ tJ, and K, tf)getber, will be eqvtjl 
to L, M, and N, together ; ahd it lef-, lefs : But G, 
^ and G, H, and K^ aie Equimulti|)les of A, and A, C, 
andE; becaufe, if there are, any Numbi^r of Magni- 
tudes Equimultiples to a like Number of Magnirudes, 
each to the other, the fame Multiple- that one Magni- 

* 1 6/ this, tude is of one, fo (hall f all the ivlagniiudes beot all. 

Aod^ 
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And forthefapic Rcafon, L, andL, M, andN, are- 
Equimultiples of B, and B, D, and F, Therefore, aS 
A is to B, fo * is A, C, and E, together, to B, D,* D^f^ 5. 9 
and F, together. Wherefore, if there be any Number ^i*'* 
9f Magnitudes proportional^ as one of the Antecedents is to 
one of the Confequents^ fo are all the Antecedents to qll 
the Confequentsi which was to be demonilrated, 

PROPOSITION Xlil. 

Theorem. 

7/ tbefirft has tbefam^ Proportion to thefecondy aS 
the third to the fourth ; and if the third 'has a 
greater Proportion to the fourth^ than the fifth 

' to the ftxtb ; then alfo fhall the firfl have hi 
greater Proportion to the fecondy than the fifth - 
hastothefixtb. 

T E T the firft A have the fame Proportion to the fe-' 
^ con<i B, as the third C has to th€ fourth D ; aod ?ct 
the third C have a greater Proportion to the fourth D, 
than the fifth E to the fixth F. I fay, likewife, that the 



M ' ' G ■ ■ ' * H- 

A C E- 

B D F: 

N 1 K — L- 



firft A, to the fecond B, has a greater Proportion, than 
the fifth E, 10 the fixth F. 

For, becaufe C has a greater Proportion toD, than 
E has to F 5 there * are certain Equimultiples of C*/P^* 7- 'f 
and E, and others of D and F, fnch that the Mi^ltiple 
of C may exceed the Multiple of D ; but the Muhiple 
of E not that of F. Now let thefe Equimultiples .of 
C and E be G and H ; and K and L thofe of D and 
F; fo that G exceeds K, and H not L: Make M the 
fame Multiple of A, as G is of C j and N the farne.of 
B, as K is of D. 

Then, becaufe A is to B, as C is to D ; and M and 
G are Equimultiples of A and C ; and N and K of B 
and D: If M exceeds N, then f G will exceed K ; and f ^^r 
if M be equal to N, G will be equal to K i and if \ds^ ' ^* 

K 4 lefs. 
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'cfs. But G does exceed K : TherefoYe M will alfo 
exceed N. But H does not exceed L. And M and 
, H are Equimultiples of A and E ; and N and Lany 
^Def. 7. cf Olivers of 3 and F. Therefore A has a * greater Pro- 
portion to B, ihan E has to F. Whereforp, if the fir ft 
has the fame Proportion to thefecohd^ as the .third to the' 
fourth ; an4 if the third has a greater Proportion to the 
fourth^ than the fifth to thefixth; then^ alfo^Jhall the firji 
have a greater Proportion to the fecondy than the fifth has 
Jo tbefixth ', which was to be demon ftrated. 

PROPOSITION XIV. 

The o r £ m. 
ff the firfi has the fame Proportion to the fecondy 
as the third has to thefotirtb ; and if the firfi 
he greater than the third \ then will the fecond 
be greater than the fourth. But, if the firfi be 
equal to the thirds then the fecond fhall be equal 
to the fourth •, and if the firfi be lefs than the 
thirds then the fecond will be lefs than the fourth. 

T E T the firft A have the fame Proportion to the 
■*^ fecond B, as the third C has to the fourth D 5 
and let A be greater than C. I fay, B is alfo greater 
than D. 

For, bccaufe A is greater than C, and 
B is any other Magnitude ; A will have a 

*%ijthtu * greater Proportion to B, than C has to 
B : But z% A is to B, fo is C to D ; there- 

J 13 c/tbis. (orcy alfo, C fliall J have a greater Pro- 
portion to D, than C hath to B. But 
that Magnitude to. which the fame bears 

f 100/ this, a greater Pioportion, is f the Icfler Mag- 
nitude. Wherefore D is lefs chanB 5 and 
confequently B will be greater than D. 
In like manner we demonftrate, if A be A B C D 
equal to C, that B will be equal to D ; 
and if A be lefs than C, that B will be lefs than D. 
Therefore, ifthefirjl has the fame Proportion to the fe- 
cond^ as the. third has to the fourth ; and if the firfi he 
greater than the. third ; then will the fecond he greater 
than the fourth. But if the firfi be equal to the thirds 

then 
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then the fecond Jhall be equal to the fourth ; and if the firfi 
he lefs than the thirds then the fecond will be lejs than the 
y^ftr/^ ; which was to be demonflrated. 
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D 



PROPOSITION XV. 

Theorem. 

Parts have the fame Proportion as their like 
Multiples J if taken correfpondently. 

LET A B be the fame Multiple of C, as D E is of 
F. Ifay, asCistoF, fois ABto DE. ^^ 
For, becaufe A B and D £ are ^ 

Equimulttples of C and ~F, there 
fhafl be as many Magnitudes equal 
to C in A B, as there are Magnitudes 
equal to F in D E. Now, let A B 
be divided into the Magnitudes A G, 
"G H, H B, each equal to C ; and 
E D into the Magnitudes D K, K L, 
L E, each equal to F- ; then the 
Number of the Magnitudes A G, 
G H, H B, will be equal to the 
'Number of the Magnitudes D K, 
K L, L E. Now, becaufe A G, 
G H, H B, are equal, as likewife D K, K L, L E ; it 
fhall be *, as A G is to D K, fo is G H to K L, and • 7 cftku* 
fo \s H B to L E. But as one of the Antecedents is 
to one of theConfequents, fo fall the Antecedents io\%i^tb(tM 
all the Confequents. Therefore, as A G is to D K, 
fo is A B to D E. But A G is equal to C, and D K 
to F. Whence, as C is to F, fo (hall A B be to D E. 
Therefore, Pdrts have the fame Proportion as their liAe 
Multiples^ if taken correfpondently \ which was to be 
demonftrated. 
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PROPOSITION xvr. 

Theorem. 

If four Magnitudes of the fame Kind are- "propor^ 
ttonal^ they (haJi ic . ^^^ ^alternately proporj 
tional. 



T E T four Magnitudes A, B, C, D, b« proportion- 
•*-^ al ; wheregf A is to B, as C is to D. I (ay, like- 
wife, that they will be alternately proportional; viz. 
9S A is to C) fo is B to D : For take £ ahd F, Equi- 
multiples of A and 

B i and G and H, E G — ^ ' 

any jEquimuhiples A C 

of^CandD. ' B — D- 

Then, becaufe F— — ■ H— 

- ' E is the fame Mul- 
tiple of A, as F is of B, and Parts have the fame Pr#* 

• iztftbii, POJ^'^O" * to tbcir like Multiples, if taken con efpon- 
dently ; it (hall be, as A is to B, fo is £ to F. But as 
/V Is to B, To rs C to p. Therefore, alfo» as C istp 

fii tftbh, D,' fo t' is E to F, Again, becaufe G and H are Equi- 
Hiultipl^s of C and D, and Parts have the fame Pro- 
portion with their like Multiples, if taken correfpon- 
dently, it will be,, as Q is to D, fo is G to H ; but ^s 
C is to D, fo is E to F, Therefore, alfo, as E is to F, 
fo is G to H ; and if four Magnitudes be proportional, 
pnd the firft greater ih^n the third, then the. fecond 

J 14 oftbit, will be X greater ^han the fourth j and if the firft be 
equal jto the third) the fecoud will be equal to the 
fourth ; and ii lef§, Ie(s. Therefore if E exceeds G, 
F will exceed H 5 and if E be equal to G, F will be 
equal to H5 and iflefs, lefs. But'E and F are any 
Equimultiples of A and B ; and G and H,- any Equi- 
multiples of C and D. Whence as A is to C, fo fhall 

•^{/"S* Bbe * to D. Therefore, if four Magnitudes of the 
. fame Kind are proportivnai^ they /hall alfo be alternately 
proportional y which was to be demonftrated. 
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PROPOSITION XVIL ' 

Theorem. 

If Magnitudes compounded are proportionate iiey 
ftiall alfo be proportional when divided* 

YET the compounded Magnitudes A B, B E, G Dj 
-*^ D F, be proponional ; that is, ^et A B be ro B E^ 
as CD is to D F. I fay^ ihefe Magnitudes divided arc 
proportional ; viz. is A E is to E B, fo is C F to F D. 

ForlccGH,HK,LM^afd 
M N, be EquimultifJes of A E 
EB, CF, ^ndFD;andKX, 
and N P, any Equimultiples of 
EBandFD. 

Becaufe G H is the -fame 
Multiple of A £, as H K is of 
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x: 



K + 



E B ; therefore G H * is the 



Hj. 



B 



D 

I 



P 



I E+F+M+ 

ci 1 <! i. 



fame Multiple of A E as G K 

is of A B. But G H is the 

fame Multiple of A E, as L M 

is of C F. Wherefore G K is 

tl\e faimc Mulri\)le of A B, as 

L M is of C F. Again, becaufe L M is the fame 

Multiple of CF, as.lVlNisofFD, LM will be* the ' * 

fame Multipleof C F\ as L N is of C D. Therefore 
G K is the fame Multiple of A B, as L N is of C D. 
And fo G K and L N will be fiquimuhipks of A B 
and C D. Again, becaufe H K is the fame Multiple 
of E B, as M N is of F D j as hkewife K X the fame 
Multiple of E B, as N P is oT F D ; the compounded 
Magnitude H X is f affo the fame Multiple of E B, as t * e^'*"* 
MP is of F D. Wherefore, fince it is, ^s A B is to 
BE, fo is C D to DF ; and G K and L N are Equi- 
multiples of A B and CD; and alfo H X and M P 
af»y Equimultiples of E B and F D; if G K exceeds 
H X, then N L will J exceed M P j and if G K be t D^f. 5. 
equal to H X, then L N will be equal to M P ; if Icfs, 
Icfs. Now let G K exceed HX ; then if H K, which 

' is common^ be tiiken away, "G H {half exceed K X. 
But when G K exceeds H X, then L N exceeds M P; 
therefore L N does exceed MP. If M N, which is 

common. 
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common, be taken away, then L M will exceed N P. 
And fo, if G H exceed K X, then L M will exceed 
' N P. In like manner we dcmonftrate, if G H be 
equal to K X, that L M will be equal to N P ; and if 
le6, lefs. But G H and L M are Equimultiples of 
A E and C F : and K X and N P arc any Equimul- 

• ^/ 5» tiples of E B and F D. Whence^ * as A E is to E B, 

fo is C F to F D. Therefore, if Magnitude com'- 
poundtd are proportional^ they Jhall alfo be proportional 
when divided j which was to be demonftrated. 

PROPOSITION XVIII. 

Theorem. 

If Magnitudes divided be proportional^ the fam^ 
aljo being compounded^ jhall be proportional. 

LE T the divided proportional Magnitudes be A E, 
E B, C F, F D ; that is, as A E is to F B, fo is 
C F to F D. I fay, they arc alfo propor- 
^ tional when compounded ; viz. as A B is 
to B E, fo is C D to D F. 

For, if AB be not to BE, as CD is to 
D F, A B (hall be to B E, as C D is to a, 
Magnitude, either greater or iefs than E + F + 

FD. ^ I 

Firft, Let it be to a lefTer, viz, to G D. G 4- 

Then, becaufe A B is to B E, as C D is to | 

D G, compounded Magnitudes arc pro- B D 

• 17 9ftbit. portional 5 and confequently * they will 

be proportional when divided. Therefore A E is to 
E B, as C G is to G D. But (by the Hyp.) as A E 
is to E B, fo is C F 10 F D. Wherefore, alfo, a^ 

t XI •/•Ai'.CG is to G D, fo t is C F to F D. But the firft CG 
is greater than the third C F ; therefore the fecond 

J i^o/tbh. D G fhall be % greater than the fourth D F, But it is 
lefs, which is abfurd. Therefore A B is not to B E, 
as C D is to D G. We demonftrate in the fame 
manner, that A B to B E is not as C D to a greater 
than D F. Therefore A B to B E muft necefTarily be 
as C D is to D F. And fo, if Magnitudes divided be 
proportional, they will alfo be proportional when com- 
pounded ; which was to be demonftrated. 
^ ' PRO- 
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PROPOSITI ON XIX. 

Theorem. 
If the Whole be to the Whole ^ as a Fart taken 
away is to a Part taken away ; then (hall the 
Rejidue be to the Rejidue^ as the Whole is to the 
Whole. 

T E T the Whole A B be to the Whole C D, as the 
-*^ Part taken away A E, is to the Part taken away 
C F. I fay, the Refidue £ B is to the Refuhie F D, 
as the Whole A B is to the Whole C D. 

For, becaufe the whole A B is to the Whole C D, ^^ 6 / fc* 
as A £ is to C F ; it (hall be * alternately, as A B is to ' ^ ' ^* 
A E, fo is C D to CF.' Then, becaufe compounded 
Magnitudes, being proportional, will be - . . _ ^. 

t alfo proportional when divided ; as b h 1 / ^ 

is to E A, fo is D F to F C : And again, 
it will be by * Alternation, as B £ is to 
D F, fo is E A to F C. But as £ A is to p ^ 

F C, fo (by the Hyp.) is A B to C D * ^ "*■ ^ 
And therefore % the Rcfidue E B fliall be 
to the Refidue F D, as the Whole A B to 
the Whole C D. Wherefore, if the Whole 
be to the Whole^ ai a Part taken away is to 
a Pari taken away; then /hail the Rejidue be tp the Re- 
fidue^ as the Whole is to the PFhole^ which was to be 
demonftrated. 

CoroU. If four ^f agnitudes be proportional, they will 
be likewife converfly proportional. For let A B be 
to BE, as C D to D F 5 then (by Alternation,) it 
fhall be, as A B is to C D, fo is BE to D F. 
Wherefore, fince the Whole A B is to the Whole 
C D, as the Part taken away B £ ^s to the Part 
taken away D F ; the Refidue A £ to the Refidue 
P F fhall be as the Whole A B to the Whole C D. 
And again, (bylnverfion and Alteniatien) as A B is 
is to A"E, fo is C D to C F. Which is by con- 
verfe Ratio. 

The DemoTjJiration of conver/e Ratio^ laid down in 

this Corollary^ is only particular. For Alternation 

[which is ufed herein) cannot be applied hut when the 

four proportional Magnitudes are all of the fame Kindy as 

will 
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will appear /rom the 4/ A andjth Defimtions of this Book. 

But converge Ratio may he ufed when thi Ttrmsofihe firji 

Ratio are not of the fams Kind with the'Terms of the lat- 

ter, Tthereforty inJUad of that 9 it may not be improper to 

add this Demonflrationfolloufing : If four Mqgnifudes are 

^ proportional^ they will be fo converfiy : por^ let A B be to 

•.17 «/"'*«• B E, asCDto DF. Jfnd then dividing, it is^ * as 

t Cor. 4. 0/ A E is to liE^ fo isCY toD¥ \ And this inverfly^ f 

thu. fli B E is to At, fo 4s DF to CPi uthith by a^ipound- 

X 1% efthh. ing becomes, % as AB is to A E,fo is C D to C F ; which 

by thi lyth Definition, ts cower jt Ratio : By&. Cunin. 

PROPOSITION XX. ^ 

Theorem. 
If there be three Mognitiides, and others equal to 
them in Number ^.which^ being tahn tyoo and 
^ ^ Jwa in each Order ^ are in the Jame Ratio ; an4 
ifthefirfi Magnitude be greater than the third, 
then the fourth will be greater than thefixtb: 
Bui 4f the firfi be equal t§ the third, then the ' 
fourth will be equal to theftxth-, and if the firfi 
be lefs than the third, the fourth will be left 
thun the ftxth. 

T ET A, B, C, be three Magnitudes and 

-■--' D, E, F, others equal to them in Num- | | 

ber, which being taken twoifid two in each 

Order, axe in the fame Proportion, was. let 

A be to B, as D is to £ ; and B to C, as 

E to F ; and let the firft Magnitude A be 

greater than the third C. I Tay, the fourth 

D D is alfo greater than thefixth F. And if ABC 

A be equal to C, D is equal to F. But if 

A be lefs than C, D is lefs than F. 

For, becaufc A is greater than C, and B 

is any other Magnitude ; and fince a greater 

*Zpftbls, Magnitude hath * greater Proportion to 

the fame Magnitude than a Icfler hath ; A 

will have a greater Proportion to B, than C 

t ^y ^yP» ^^^^ ^^ ^* ^"^ ^^ A is to B, fo is D to E t ; D E F 
therefore D hath a greater Proj)6rtion to E, 
than C hath to B. Now invcrfly, as C is to B, fo is F 
to E. Therefore alfo D will have a greater Pmppr- 



tion 



Book V. Euclid'% Elements. ,143 

tion to £, than F has to £. But of Magnitudes have 

jtig Proportion to the fame Magnitude, that which has 

the greater Proportion is f the greater Magnitude. fio^Ma. 

Therefore D is greater than F. In-the fame, manner 

we demonftrate, if A be equal to C, then D will b^ 

aifo equal to F s and if A be lefsthan C, then D wjU 

be Icfs than F. Therefore, if thsn bt three Afagai- 

iudes^ and others efual to them in Number^ which being 

taken two and two in each Order y are in the fame Ratio ; 

if the firfi Magnitude be greater thatt the thirds tbtn the 

foarih wiU be greattr than the Jixth : But if the firfi he 

equal to tie thirds then the fourth will be equal to. the 

fixtb ; and if the firfl be left than the thirds the fourth wilt 

be left than thefixth \ which was to be demonitrated. 

PROPOSITION XXi. 

Theorem. 
If there It three Magniludes, and others equal to - 
them in Number ^ wbic^tbaken two and two^ are 
in tie fhme Proportion^ and the Proportion be 
per tur bate ; if the firfi Magnitude be greater than 
the thirditben the fourth wili be greater than the 
Jixtb ; but if the firfi be eaual to the thirds then 
is the fourth equal to the fixtb 5 // lefs^ lefs. 

T E T three Magnitudes, A, R, C, be proportional ; 

^ and otiiers, D, E, F, equal to them in Number. 

Let (heir Analogy likewi/e be perturbate \ 

viz. as A (s to B, fo js £ to F ; and as B is 

to C, fo is D to E : If the firft Magnitude 

A be greater than the third C, I fay, the 

Jourth D is alfo greater than the fixth F. 

And if A be <qual to C, then O is equal to 

F ; but if A be lefs than C, then D is lefs 

^han F. , A B 

For, fince A is greater than C, and 3 is 
fome other. Magnitude, A wilt have * a 
greater tPnoporti^n to B, than C has to B. 
8Mt ajj A is to B, fo is £ to F ; whence E 
has a greyer Proportion to F, than C bath 
to B : Now inverfly, as Cis to B, fo is E to 
D : Wherefore alfo, E (hall have a greater 
Proportion to F, than E tq.D. But that DE F 
f*Mag|iitucie to which the fame Magnitude 

bear9 
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+ loff /^/i.jjcaris a greater Proportion, f w the lefler Magnitude. 
Therefore F is lefs than D ; and fo D fliall be greater 
than F. After the fame manner we demonftrate, if 
A be equal to C, D will alfo.be equal to F ; and if 
A be lefs than C, O will be alfo lefs than^ F» If^ 
therefore, th^re are . three MagnitudeSj and others 
equ^al to them in }Jumher^ which ^ taken, two and two^ 
' are in the fame Proportion^ and the Proportion be per^ 
turhate ; ifthtfirji Magnitude be greater than the thirds 
then the fourth will be greater than the fixth ; but if 
the firji be equal to the thirds then is the fourth equal 
to the fixth'^ if lefs y lefi\ which was to be demon- 
ftrated. - 

PROPOSITION XXII. 

Theorem. 
, If there he any Number of Magnitudes and others 
equal fo them in Number y wbicby taken two and 
twoy are in the fame Proportion ; then they 
fhall he in the fame Proportion by Equality. 

T E T there be any Number of Magnitudes, A, B, 
^ and C > and others D, E, and F, equal to them in 
Number, which, taken two and two, are in the fame 
Proportion ; that is, as A is to B, So is D to £ ; and 
as B is to C, fo is E to F. I fay, they 
are alfo proportional by Equality^ 
VIZ. as A rs toC, fo is D to F. 

For lei G and H be any Equimul- 
tiples of A and D; and K and L any 
Equimultiples 6f B and E ; and 
likewife M and N, any Equimiil- 
. tiples of C and F. Then becaufe A A B C D E 
is to B, as D is to E; and G and 
H are Equimultiples of A and D ; GKM H L N 
and K and L Equimultiples of B and 
♦ 4 •fth'iu E,Mt (hall be, * as G is to K, fo is H 
to L. For the fame Reafon, alfo, it 
will be as K is to M, fo is L to N. 
And fince there are three Magnitudes 
G,. K, and M, and others H, L, and 
N, equal to them in Nuqaber, which, 
being taken two and two, in each 
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Order, are in the fame Proportion; therefore if G ex- 
ceeds M, * H will exceed N ; if G be equal to M* • «o ^lim 
then Hlhall be equal toN; and ifG be iefs than M, 
H fliall be tels than N. But G and H are Equimul- 
tiples of A and D ; and M and N any other Equi- 
rnWtiples of C and F. Whence as A is to C, fo ibali 
D t be to F. Therefore, // ther* be any Number tf^P'f- 5*/ 
Magnitudts, and tthirs e^uat to them in Number ^ wbuh, **"■ 
taien tvjt and tiua, art in tbt fame Pr»pertiea j then tbty 
Jbaltbe in lit fanu Prefer tkn by Efualily; which wai to 
be demonftrated, 

PROPOSITION XXIU. 

P R O B L £ M. 

If there be three Magnitudes; and ethers ^ual t» 
them in Number, which, taken Iwe and two, are 
in the fame Preforlien ; and if tbdr Analogy be 
perturbste, then fhatl ibey be alfo in the fame 
Proportion by Equality. 

LE T ihere be three Magnitudes 



I 



, B, and C ; and others equal 
to them in Number, D, £, and F, j 
which, taken two and two, aie in j 
the fame Proportion, and their Ana- 
logy be peitiirbaie ; that is, as A is 
to B, fo is £ to F ; and as B is to 
C, fo is D to £. I fay, as A is to 
C, foisDtoF. 

For, Jet G, H. and L, be Eqoi- G H K L MN 
multiples of A, B, and D ; and K, 
My and N, any EquimuJtipIes of 
C, E, andF. i _ 

Then, bccaufe G and VI are £quL- ) 

multiples of A and 8, and finceParis | 

have the fame Proportion as theii 
like Multiples, when \tVxa corre- 
fpondently, it fliali be *, aft A is to B, fo is G to H: , 
and, by the fame Reafon, as £ is toF, fo is lU to N, ' 
But A is to B, as E to F, Therefore, J as G is to 
H, fo is M to N. Again, becauft B is to C as D is *' 
to £ i and H and L aie Equimuhipiei of B and D ; 
L as 
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as liLevife K and lA any jEquimultifdiBs of C ^od £ 
k (hall be as H is to ||L, fo is L to M. Eut it Jba9 
been alfo proved, that as G is to H, fo is M to N 
Xbcrefpre,»hecaufe thrjee Magnitudes G» H, and K, 
and 4>tl)ers, L, M, and N, equal to them in Number, 
which, taken two and two, are in the^nie Propor- 
tion, and their Analogy is pierturbatc; then if G ex- 
• 11 •/ *Wr.^ccds K, alfo L P will exceed N ; and if G be «quat 
to K, then L will be eq^al to N ; and if G be le(s 
thanK^ L wilj likAwKehe kfethao N. But G and 
L are Equimultiples of A and D ; and K.and N £quii> 
multiples of C and F. Therefore, as A is to C, fo 
fliall D J^ to F.. lyhprrfore, if there be three j^d^^ni- 
tudes^ and others equal to them in Number ^ wbicby taken 
two and twOj are in the fame Proportion \ and if their 
AnaUgy be.perturbate^ th^n fi^ii tqey be iaifo in ihe f^m^ 
.Proportion by Equality'^ whic^ was to he demonftra^ed. 

PROPOSITION xxiy. 

I' R O 3 I* £ ¥• 

If the fir fi Magnitude has tbfifame Prcporthn tp 
the fecond^ as tb^ thiri t$,f be fourth \ ,andif 
she fifth has the fame PropgrHtm to the fecmd^ 
4S tb'^ Jixth has Jo tbifouf^bi then fbaU the 
firfi compoptnded toitb the fifths q 
have the fame Proportion to 
tb^ fecondy as the th'ird^ coip- J J^ 
pounded with the ftxth^ has ta 
fk^f mirth. 



LE T ^he firft Magnitude AB have 
the fame Proportion to the fe- 
qot^ C» as tl^e third D £ has to the 
foufth F. Let alfo the iifth B G have 
the fafne Proportion to the fecond 
C, as the fixth £ H has to the fourth 
F. I fay, A G, the firft, com- 
pounded with the fifth, has the fame 
Proportion to the fecond C, as 
P H) the third, compounded with 
the fixth, has to the fourth F, 



bI 



E + 




For, 



fior^ ^e<!»ur« B G o (t> C» 46 E « is toiP} l|t ft«U 
^ {4nvtj%;), *s C Uto« <J^ fo is F to £ W. Tli«c^ 
iiace <A£ is ^ C^ ^ D£ i« to F ; and «5 C isxo 
JB G,. To is F to £ H ; ic flull be, * by £<^altty» ^ • 219/ tbu. . 
A fi a« to G R, lb mD E to £ H. An4 btotatiffe Mag^ 
fiitiidea, 4}dikig divided, a(6 proportional, they (ball a[f<f> 
]be t^raportiohat when cciasifKriiiided. Therefore, M f 18 ^/^u, 
A G isto 3G,fd is D H to H£ : But as GB is t td t Bj^. 
4S, & alfo il) H£ 10 F. ^l^r^fore^ by £qua)icy«, k 
AaH bl^ «s A G U t<» C^ ib is D H to F. 'f herdbr<s 
iftbe firfl Magnitude has the fame Proportion to the fe^ 
condj as the third to the fourth j and if the fifth has the 
fame Proportion to the Jecond^ as the fixth has to the 
fourth ; then jhaU the firfi^ compounded with the fifths 
have the fame Proportion to the fecond^ as the third 
compounded with the fixth has to the fourth \ which was 
to be demonftrated. 



PROPOSITION XXV. 

Problem. 

If four Magnitudes be proportional 5 thegreatefi^ 
and the leaft of them^ will be greater than the 
other two. 

I E T four Magnitudes; A B, C D, E, F, be pro- 
^^ portional, where(3f A B is to C D, as £ is to F ; 
let A B be the greateft of them, and 
F the leaft. I fay, A B and F, are B 
greater than C D and £. 

For, let A G be equal to E, and 
G H to F. Then, becaufe A B is 
to C D as £ is to F ; and fince AG G + 
and C H are each equal to E and D 

F ; it (hall be as A B is to D C, fo 
is A G to C H. And becaufe the H + 

Whole A B is to the Whole C D, 
as the Part taken awa>y A G is to 
the Part taken away C H ; it (hall 
alfo be *, as the Refidue G B to the 
Refidue H D, fo is the Whole A B 
to the Whole C D. But A B is A C E 
greater than C D j therefore, alfo, 

L 2 GB 
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G B Aalt be greater than H D. And fince A G it 
eqoai to £, and C H to F ; A G and F will be equii 
to C H and E. But if equal Things are added -to un- 
equal Thines, the Wholes fhali be unequal. Thert- 
fore G B, H D, being unequal, for G B is the greatcTi 
if AGandFareaddedtoGB; and CH and £to 
H D ; then A B and K will neceflarily be greater than 
C D and E. Wherefore, if four Magmti^dts hprt' 
f9rtionai\ the great eft eMtbe leaft of tbetn wiUM 
greater than tbi otbiT two I which was to be demon* 
ftrattfd. 
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DEFINITIONS. 

L ClMILfA^ Right 'lined Figures arefucb as 
: ^ have eaeb of their feveral Angles equal to one 

another^ and the Sides about the equal Angles 

proportional to each other. 

II. Figures are faid to be reciprocal^ when the 
antecedent and confequent Terms of the Ratios 
are in each Figure. 

III. A Right Line is faid to be cut into mean and, 
extreme Proportion^ when the Whole is to the 
greater Segment^ as the greater Segment is to 
the leffer. 

IV. The Altitude of any Figure is a perpendicu- 
lar Line drawn from the Top^ or Vertex^ to 
the Bafe. 

V. A Ratio is faid to be compounded of Ratios^ 
when the ^antities of the Ratios^ being mul* 
tiplied into one another ^ do produce a Ratio. 
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PROFosirroN' r. 

Theorem. 

triangles and Parallelograms that have the fame 

Alutude^' are to eaob ot4?er.as their Bafes. 

E T the Triangks A B C,. A QU, aoj^the Par 
rallelograms EC,. C F, have the fame Altitude, 
vi%. the Perpendicular drawn from the Point A 
tflLaiL L£a)^.a&.thc,aafc B G is to the Bafe C D, 
fo is the Triangle ABC, to the Triangle A C D ; 
and fo is the P^rajlelegrawn E"C tothc Parallelogram 
CF. 

E^JV pmdiicc. E>D.hQth. Wa^j5..tp^th^, Poiot§ H an<l 
L ; and take G B, G H, any Number of Times equal 
to the Bafe B C ; and D K, K L, any Number of 
Timi&s equal; to the Baft C D'j, an4 join A' H, A G, 
A IC, A JL/» 

Then, becaufe C B, B G, G H, are 'equal to one 
another, the Tria^ngjlei? AH G, A G,B, A B.C. alfo, 
• 38 I. will be * equal to one another : Therefore the fame 
Multiple that the 'Bafe Pf C is of the fame B C, fiiall 
the Triangle A H C be of th« Triangle A B C. By 
X the fame Reafon, the Airae Mtiltiple ihar.thfit Bafe LC 

is of the Bafe C D^i.thsJl th? Triangle; A L C be of 
tite Tria/vgie>A ^I^ Aod if the Biitis H C. be equal 
to the Bafe CL, the Triangle A H,C is alfo * equal 
to the Tiiang^^ A L,C.: And if tbe Bafe H'C exceeds 
the Bafe C L then the Triangle A H C will exceed 
the Triangle A LC. And if the Bafe HG be lefs 
than C L, then tlie-Ti^angle A Ijl.C wil] b« lefs than 
A LC. Therefore, fince there are four Mi^niHflles, 
mzv the two Bai(?d^Bi4?|. QIX afid^thei; two.Thang^' 
4 &.C,. A\C P j» apd. fifice the Bafe'H,C, and the 
Triangle A H C, arc Equimultiples of the Bafe B C, 
ap<ltb^ Triangle ABC: And ibe^B^fe CI;, and'thc 
• Triangle A H-&, are Equimultiple of the Blafe C D, 
tfnd** the Triangle- A D C V A^d^ \\ hfj^s. bwn^' proved, 
(hat -if the BaCe- fefc Q ejftcpsdj chevBafe CX,* thci Tri- 
angle A H C will exceed the TViangle A L C ; and if 
equal, equal ; if lefs, lefs : Therefore, as the Bafe 
tiJ/.;. B C is to the Bafe CD, fo f is the Triangle ABC 
Ui tiie fTf iangle A C D. 

And 



t 

And bccaufe the Parallelogram EC is f dbuble fo 1 4i' »• 
the Triangle ABC; and the Parallelogram F G,* 
double t to the Triangle A G D : and Parts have the 
fame Proportion * as their like Multiples : There-* '5^ «• 
fore, a« thd Triangle A B C is' to the Tiiarigle A G D,* 
fo is the Parallelogram EG to* the Parallelogram G P. 
Andfo, iince it has been proved that the Baie B C is 
to the Bafe CD, as the Tiiangle ABC is t!o the' ' 
Triangle A G D j and the Triangle ABC is to the 
Triangle A CD, as the Parallelf gram £ C i^ to the 
Parallelogram G F; it (hall be t, as the Bafe B G i^t n. i. 
to the Bafe CD fo is the Parallelogram E C to thd 
Parallelogram F C, Wherefore, Tnangies^ and Paral- 
lelogram^^ that have the fame Altitude^ are to each.othif* 
m their Bafes \ which was to be demonfti ated. 

PROPOSITION ir. 

Theorem. 

IfaRighi Line be drawn parallel So one of the 
Sides of a Triangle, it fhall cut the Sides of the 
Triangle proportionally ; and if the Sides of the 
Triangle be cut propcrtionallyy then a Right 
Liney joining the Points of SeSlion^ fhall be 
parallel to the other Side of the Triangle. 

LE T D E be dra^^n parallel to B G, a Side of the 
Triangle ABC. I fay, D B is to D A, as G E 
is to £ A. 

For, let BE, GDbejoined, 

Then the Triangje B D E is * equal to the Tri-» 3^. ,/ 
angle CD E ; for they ftand upon the fame Bafe 
D £, and are between the fame Parallels D £ and 
B C'i af)d-A D £ is feme other Triangle. But ecjual 
Magnitudes have f. the fame Proportion to one and x .^ .^ 
the fame Magnitude. Therefore, as the Triangle 
B D E is to the Triangle A D E, fo is the Triangle 
C D E to the Triangle A D E. 

But as the Triangle B D £ is to the Triangle 
A D E, fo t is B D to D A ; for fince they have the j , ^^^^^ 
fame Altitude, vi%* a PeTjfcnrficular drawn from thfc 
Point E to A B, they are to each other as their Bafes, 
And, for the fame Reafon, as the Triangle C D £ is to 

L 4 the 
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the Trianele A D E, fo is C E to E A : And there 
*^«- 3- fore as B D is to D A, fo is • C E to E A.- 

And if the Sides A B, A C, of the Triangle ABC, 
be cut proportionally i that is, fo that B D be to D A, 
at C £ is to £ A ; and if D £ be joined i I fay, 
P E is parallel to B C 

For, the fame Conftru&ion/emaining, becaufe B D 

+ 1 B^ti'u " ^° Da, as C E is to E a ; and B D is f to D A, 

^ -^ * as the Triangle B D E is to the Triangle A D E } 

and C £ is to £ A, as the Triangle C D E is to the 

Triangle A D E ; it (hall ue as the Triangle BD E is 

. to the Triangle A D E, fo is ♦ the Triangle C D £ to 

the Triangle AD £• And fince the Triangle R D E, 

P D £ have the fame Proportion to the Triangle 

. A D E, the Triangle B DE flial) be f equal to the 

* ^* Triangle C D £ ; and they have the fame Bafe D £ : 

t J A, ,. But equal Triangles being upon the fame Bafe, % are 

between the fame rarallels ; therefore D E is a parallel 

to B C. Wherefore, if a Right Line he drawn parallel 

to one of the Sides of a Triangle^ itjhall cut the Sides of 

the Triangle proportionally I and if the Sides of the Tri* 

emgU be cut proportionally j then a Right Line joining the 

Points of Se£iion Jhali b^ parallel to the other Side of the 

Triangle; which was to be demonftrated. 

PROPOSITION III. 
Theorem. 

If cne Angle of a Triangle he hiftEljd^ and the 
Right IJne that bifeSs the Angles cuts the 
Bafe alfo \ then the Segments of the Bafe will 
have the fame Proportion as the other Sides of 
the Triangle. And if the Segments of the Bafe 
have the fame Proportion that the other Sides 
of the Triangle have \ then a iRJght Lane^ 
drawn from the Vertex^ to the Point of Seilion 
of the Bafe y will bife£i the Angle of the Tri^ 
angle. 



•9. 



LE T there be a Triangle ABC, and let its Angle 
B A C be * bifcaed by the Right Line A D. I 
fay, as B D is to D C, fo is B A to AC. 

For, 
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For, through C draw * C £ parillel to D Af and • it, u 
produce B A, till it meets C E in the Point £• 

Then, becaufe the Right Line A C falls on the 
Parallels A D, E C, the Angle ACE will be % equal t *9- *• 
to the Angle CAD: But the Angle C A D (by the 
Hypothefis) is equal to the Angle BAD. Therefore 
the Angle BAD will be equal to the Angle ACE. 
Again, becaufe the Right Line B A E falls on the Pa- 
raUels A D, £ C, the outward Angle B A D is f equal f j. ^ 
to the ioward Angle A £ C j but the Angle A C £ 
has been proved equal to the Angle BAD: There- 
fore ACE (ball be 6quat to A £ C ; and fo the Side 
A £ is equal % to the Side A C. And becaufe Che ^ ^, ,, 
Line A £) is drawn parallel to C E, the Side of the 
Triangle B C £, it (hail be» * as B D is to D C, fo is • s «/<te» 
B A to A £ ; but A E is equal to AC, Therefore, 
a^sBDjstoDC, fois^^B AtoAC. 

And if B D be to p C, as B A is to A C ; and the 
Right Line A D be joined ; then, I fay, the Angle 
B A C is bife£ted by the Right Line A D. 

For, the (ame ConftruAion remaining, becaufe B O 
is to D C, as B A is to A C ; and as B D is to D C, 
fo is t B A to A £ ; for A D is drawn parallel to one i%aitk» 
Side £ C of the Triangle B C £ ; it (hali be, as B A 
is to A C, fo is B A to A £. Therefore A C is equal 
to A £ 1 1 and, accordingly, the Angle A E C is equal f 9; 4. 
to the Angle £ C A : But the Angle A £ C ts equal 
* to the outward Angle BAD; and the Angle • ^5, ^ 
ACE equal to the alternate Angle C AD. Where- 
fore the Ang]/: B A D is alfo equal to the Angle 
CAD; and fo the Angle B A C is bifedkd by the 
Right Line A D. Therefore, if one Angle of a Tri-' 
angle be hifeSled^ and the Right Line^ that hife£fs the 
yfigle^ cuts the Bafe alfr i then the Segments of the Bafi 
iLt/l have the fame Proportion as the other Sides of the 
Triangle. And if the Segments of the Bafe have the fame 
proportion that the other Sides of the Triangle have 5 then . 
a Right Line, drawn from the f^ertex^ to the Point of SeC' 
tion of the Bafe^ tutll iifi^ the Jngle of the Triangle i 
which was to be demonftrated. 
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PR O P O S I T I O N IV. 

Theorem. 

The Srdes ahoul the equal Angles of equiangular 
Triangles are profortional ; and the Sides^ 
. wbfi;k are Jjib tended under t-he equal Angles y 
are bcmohgous, or of like R^M. 

r £T A B C, DEC,, be cquiangulaY Triangles, 
-^^ having the Angle ABC equal to the Anj^le 
DC E,. the. Angle A C B equal to the Angle D fi C,. 
and the Angle BAG equal to the Angle C D'E. f 
lay, the Sides that arc about Ihe equal Angles of the* 
•TriangJcs ABC, DC E, are proportional : add the* 
Sides that are (ubtended under the equal Angles, are 
Homologous, or of like Ratio. 

Set the Side B'C in the fanfie Right Litief with theT 
Side CE ; and becaufe the Angles A B C, A C &, arc 

• 17. X. * Icfs then two Right Angles, and the Angle A C B^ 
18^ equal to the Angle DEC, the Angles ARC, 
DEC, aie lefs than two Right Angles. And fo 

•fjix.12, BA, £ D, produced. Will meet f ^ath other*; let 
them be produced, and meet in the Point P. Then, 
becaufe the Angle D C E is equal to th^ Angld 

1 28. I. A B C, B F (hall be % parallel to D C. Agaiiv. be- 
caufe the Angle A C B is equal to the Angle D E C, 
the Side AC will be % parallel to the Side FE; 
therefore F A C D is a Parallelogram, and confe - 

^ quently F A is * equal to D C, and A C to F D ; and 

^** ^' becaufe A C is drawn parallel to P E, the Side of the 

1 1 oftbU, Triangle F B E, it (hall t be, as B A is to A F, fo is 
B to C E : But C D is equal to A F, and (by ( Al- 
tef nation) as B A is to B C, fo isC D to C E. Again, 
becaufe C D is parallel to B F, it (hall be as f B C is 
to C E, fo is F D to D E, but F D is equal to A C. 

J Therefore, as B Cis to C E, fo is J A C to D E : 

And fo by Alternation, as B C is-to C A, fo is C E to 
E D. Wherefore, becaufe, it is diemonftrated, that 
A B is to B C, as DC is to C £ ; and as B C is to 

•"• 5- C A, fo is C E to E D J it (hall be, *'by Equality, as 
B A is to A C, fo is C D to D E. Therefore, the 
Sides about the equal /Angles of equiangular Triangles an 
proportional > and the SideSy which are /ubtended under 

the 



thg^eqtMi Jngik ar^ bmrologdusi 9ni>f Uk^Ratis^i which 
was to be demonftrated. 

PROPOSITION V. 

Theorem. 

If tie Sides of two Triangks are proportional^ the 
Triangles fi>all be equiangular ; and their Angles-^ 
under which the homologous Sides are fubtended^ 
are equal. 

T E T there be two Triangles, A B C, D E F, hav- 
^^ ing their Sides proportional ; that is; let A B be 
to B C, as D E is to E F ; and' as B C to C A, fo is 
E F to F D: And, alfo, as B A to C A. fo E D to 
D F, 1 fay, the Triangle A B C is equiangular to 
the Triangle D E F'; and the Anglfes are equai,^ unr 
der which the homologous Sides are fuhtended,, v/z. 
the Angle ABC, equal to the Angle D E F ^ and the 
iki%\^ B C A equal to the Ai)gle £ £X F. 

For, at the Points E and F, with the Line E F, 
make * the Angle F E G equal to the Angle A B C ; • ^j, ,, 
and the Angle £ F G- equal to the Angle B C A : 
Tbea the remaining Angle B A C is f equal to thcf Cw. 31. i. 
remaining Angle E G F. 

And fo the Triangle A B C is equiangular to the 
Triangle E G F ; and, confequently, the Sidles that 
are fubtended under the equal Angles, are propor* 
tionaL Therefere, as A B is to B C, fo is fG E tdt ^•ftbUt 
E F ; but (by the Hyp.) as A B is to B C, fo is D E 
to E F : Therefore as D E is. to E F„ fois ♦ G E W* ii. 5, 
E F. And fince D E, E G, have the fame Propor- 
tion ta'E F,. D E (hall be f eqiial to E G. For the f «." 5. 
fame Reafon D F is equal to F G; Brnt E'FMs com- 
mon. Then, becaufe the two Sides. D E, E F, are 
equal to the two Sides G E, E Fj and the B'afe D F is 
equal to the Bafe F G, the Angle D E F is J equ^l tO{ 1. 1, 
theAngleGEF; and the Triangle DE F equal to 
the Triangle G E F ; and the other; Angles of the 
one, equal, to the other Anglt^s of the other, which are 
fubtended. by the exjiial Sides. Therefore the. Angle 
D F E is eqfial to the Angle G'-F E; and the Angle 
EOF c<|ual, to the, Angle E G F. And beeaufc.the 

Angle 
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Angle DEF is tqu^l to the AngleG EFj and tbe 
Angle GEF equal to the Angle ABC; therefore 
the Angle ABC (hall be a)(b equal to the Angle 
DEF. For the f^me Reafon the Angle A C B (ball 
be equal to the Angle D F £ ; as aifo the Angle A 
equal to the Angle D : Therefore the Triangle ABC 
Mf'iM be equiangular to the Triangle DEF.' Where- 
fore, iftht Sides of two TriangUi ere prcportionaly the 
Triangles Jhdl be equiangular ; and their jfnglesy under 
tuhich the homologous Sides are Jubtendedy are equal \ 
which was to be demonftrated. 

PROPOSITION Vf. 

Theorem. 

If two triangles have one Angle of the one equal 
to one Angle of the other ; and if tbe Sides 
about tbe equal Angles he proportional^ then the 
Triangles are equiangular ; and have thofe 
Angles, equalj under which are Jubtended tbi 
' homologous Sides. 

t 2 T there be two Triangles ABC, DEF, hav- 
-" ing one Angle B A C, of the one, equal to the 
Angle E D F of the other ; and let the Sides about 
the equal Angles be proportional, viz, let A B be to 
AC, as E D is to D F. I fay, the Triangle A B C 
is equiangular to the Triangle DEF; and the Angle 
ABC equal to the Angle DEF; and the Angle 
A C B equal to the Angle D F E, 
For, at the Points D and F, with tbe Right Line 

• »3. 1. D F, make the * Angle F D G equal to either of the 

Angles B A C, £ D F ; and the Angle D F G equal 

to the Angle AC B. 
tC#r.32.x. Then the other Angle B is f equal to the other 
. Angle G ; and fo the Triangle A B C is equiangular 

to the Triangle D G F ; and, confequently, as B A is 
X^tfthii, to A C, fo is t G D to D F : But (by the Hyp.) as 

B A is to A C, fo is E D to D F. Therefore, as 

• II. 5. E D is ♦ to D F, fa is GO to D F ; whence E D is 

t equal toD G, and D F is common ; therefore the 

• ^* ^* two Sides E D, D F, are equal to the two Sides G D, 

DF; and the Angle EDF equal to the Angle 

G D F : 
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G D F : Confcquently the Bafc E F is • cqaa! to the •4- «. 
Bafe F G, and the Triangle D E F equal to the Tri- 
angie D G F ;- and i}ie other Angles of the one e^voA 
Co the other Angies cf the^ther, each to each ; cinder 
which the equal Sides are fubtended. Therefore the 
Angle 1>FG fs equal to the Angle D F £, and the 
Angle G equal to the Angle £ ; but the Angte 
D F G is equal to the Angle ACS: Wherefore the . 
Angle A C B 4s equal to the Angte D F £ ; but the 
Angle B A C is J is alfo equal to the Angle E D F : * ji^ft* 
Therefore, the otfeer Angle at B is + equal to the other , ^^ 
Af^le at E J ai^ fe the Trian^ A B C is equiangti- • ** 
lar to the Tfiangle D E F. Therefore, ///ttw fW- 
aftgiff bene one Angle of the one equal t§ ow Jngie of tht 
^iher ; and if the Sides about the equal '/fugles he pro^or-^ 
tional i (he/t ' the Triangles are equiangular ; and havi 
tboji Angles equals under which ar^e fubtended tlfe bomor 
iigous Sides ; which was to be demonAiated* 

iP R OP OS I T I ON VIL ^ 

Th £ Oft £ M« 

If there are two ^riangles^ Baling one Angle cf 

the one equal to one Angle of the other ^^ and the 

Sides about the ^iher Angles proportional ; and 

. if she remaining third Angles are either both 

• /f/i, cr botk mt'lefs^ than Right Angles % iben 

jball the Triangles be equiangular^ and have 

thofe Angles equals about which are the prof or- 

jtional Sides. ' 



YET two Triangles ADC, D E F, hiivc one An- 
^^ gle of the one equal to one Angle of the other« 
vi%. the Angle B A C equal to the Angle E D F ; and 
let the Sides about the other Angles ABC, D E F^ 
be proportional, viz, as D E is to E F^ fo let A B btt 
to B(i|^ and i^ the other Angles at CT^nd F be both 
lefs, or both not iefs, than Right Angles. I fay,, the 
Tr. angle A B C is equiangular to the Triangtel> E Fj 
and :he Angle A B C is equal to the Angle D £ F^ 
as 'Ai'o the other Angle at C equal to the other Angle 
at F* 

For, 



»5» 



EucMits Eis^vte^'n. fisok 



K€r» if ihe Angle A fi'C be JDot tqvni to the Angle 

D E f , one of chimi will be the greater, which let be 

ABC Tfaea at the Point B -with the Right Line 

*'•'• A B, make * the Angle A B G equal to the Angle 

D E F. 

Now, becaufe the <AngIe A is equal to the Ac^le 

D, and the Angle A B G equal to the Ai^gle D E P j 

t CiT. 3».i.'thc xemaiotng Aiyfle A G B is t equal to ^hc xemain- 

jng Angle Df E : And ^refore the Triangk A B G 

•jsiequiangular to the Triaagle D E F ;and fo, as A B 

tit/ft"* is to 3G» fo is t D £ to £ F; but as D £ b to£ F, 

• BpBjp. ibis * A B toBC*. Therefore* as A B is fo B C, (o 
t ". 5. is A B t to BGi and fmce A B has the fame Propor- 
t9.5. ti^ntoBC^that rt bastoBG, B C (hali be t equal 

• 5. X. to BG ; and, confequendy, the A ogle ^t C * equal 

to the Angle B G CX ^Wherefore each of the Angles 
BCG, orBGC,isJefs than a Right Aiigk ; and 
confcqucntly A G B is greater than a Right Angle* 
But the Angle A G B has been proved equal to the 
Angle at F ; therefore the Angle at F is gr^tgr than 
a RigTit Angle : But (by ihc Hyp.) it it nOt greater, 
fince C is not greater than a Right Angle, which is 
abfurd. Wherefore the Angle A B C is not unequal 
to the Angle I> E F ; and 10 it muft be equal to the 
remaining Angle at ¥ ; and confequentJy the Tri- ^ 
angle ' A B C is equiangular to the Triangle D E F. 
Therefore, ;/ tieri an iv^ TriangliS hipoiltg me Angle 
tfthe mt itpiid to we Angk •/" the Hbir^ ^d ihi Sides 
etbwt the vther Angles pr«f9rtt^n^l i and if the remaining 
third Angles are either both le/Sy or both not Aj/i, than 
Right Angles ; ihert Jhall the Triangles be equiangular^ 
' and have thofe Angles equals about which are the propor- 
tional Sides i which wa^ to be dcmonftiated. 
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Theorem. 
If a Perpndicular be drawn in a, Rigbs-angle^ 
Triangle^ fr^m tht RigU AngU to ti>€ Bafe^ 
then ibe Tria9gle 6H iacb Side 4>f the Perpendi- 
cular arefimHat^ heth to the Wbole^ and alfa t9 
cnfi another. 

T ET ABC be a Right- ^inrfcd Triangle, whofe 
^^ Right Angle is B A C ; andiet the Perpendicular 
A D, be drawn from the Point A to the Bafe B C. I 
fay fhe Triangles A B D, ADC, are fimilar to one 
another, and to the whole Triangle A B C. 

For, becaufc the Angle B A C is equal to the Ao-^ 
gle A D JB, for each oTthem is. a Rijght Angle \ and 
;he Angle at B is common to the two Triangles 
A B C, A B D ; the remaining Angle A C B Oiall be 
*ecfualtoihe reijfiiining Angle BAD. Therefore •C^r. 31. u 
the Triangle ABC is equiangular to the Triangle 
A B D ; and fo, as f B C, which fubtends the Right 1 4^'^*«* 
Angle of the Triangle 'A B C, is to B A, fubtcnding 
the Rigbt Angle of ^thfiTriaqgk ABD, Jb is A B, 
fubtending the Angle C of the Triangle ABC, to 
D B, fubtending an Angle equaJ to the Angle C, viz. 
ifae Angte B A 0^ of the Triangle ABj5; and fo^ 
moreover, is A C to A D^ fubtending the Angle B, 
which is common to the two Triangles. Therefore 
the Triangle A B C is J equiangular to the Tc iangle j Dtf, u f 
A B D ; ar>d the Sides ab«ut the equal Angles are ^^"* 
proportK>naf. Wherefore the Triangle A BC is ;( alfo 
fimilftr to the Triangle A B D. ny the fame Way 
>we denaonftrate, that (he Triangle A D C is alfo 
'funilar to rheiTnati^ ABC. Wherefore each of 
the Triangles A B D, A D C, is fiiiiilar to the whole 
Triangb* ' • 

' I iay, the faid Tf<iar^s are aSfo fimiiar to one 
•Aot^ier. . . 

For, becaiife (heR^ght AngleB D A is eqiial to the 
Right Angle A D C, and the Angle BAD has been 
proved equal^o^thfe AngbC ; ft follows, that the re- 
maining Angle at B * (hall be equal to the remaming * Cor» 3^. i. 

^njlc 
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Angle D A C. And fo the Triangle A B D is equi- 
1 4 ?f '**• angular to the Triangle ADC, Wherefore as f 
B D, fubtending the Angle B A D of the Triangle 
A B D, is to D A, fubtending the Angle at C of the 
Triangle ADC, which is equal t6 the Angle BAD; 
fo is AD, fubtending the Angle B of the Triangle 
A B D, to D C, fubtending the Angle D A C^ equal 
to the Angl^ B.. And, moreover, fo is B A to A C, 
fubtending the Right Angles atD ; and, confequently, 
the Triangle A B D is fimilar to the Triangle A D C. 
Wherefore, if a Pirpenduular be drawn in a Right'* 
englid Triangle f from thg Right JngU to the Bafe^ then 
the Triangles on each Side of the Perpendicular areftmilarj 
both to the TVhole^ andalfo to any another i which was to 
be demonftrated. . ' 

CorolL From hence it is manifeft, that the Perpendi- 
cular drawn in a Right-angled Triangle from th^ 
Right Angle to the ^afe, is a mean Proportional 
between the Segments of the Bafe. Moreover, ei« 
ther of the Sides containing a Right Angle, is a 
' mean Proportional between the whole Bafe, and 
the Segment thereof, which is iiext to the Side. 

P R O P O S I T I O N IX. 

Problem. 
To cut off any Part nquired from a given Right 

Line* 

LE T A B be a. Right Line given, from which muft 
be cut off any required Parti Aippofe a third. 
. Draw any Right Line A C from the Point A, mak- 
ing an Angle at Pleafure with |he Line A B. Aifume 
• 3. I. any Part D in the Line AC; make ♦ D E, E C, each 
t 31. 1, equal to AD; join B C, and draw f D F through 
D, parallel to B C. . 

Then, becaufe F D is drawn Parallel to the Side 
1 1 tftbiM. B C of the Tris^ngle A B C9 it fh^W be, t as C D is to 
DA, fo is B F to F A. But C D is double Co D >^ 
Therefore B F ihall be double 10 F A ; and fo B A ts 
triple to A F. Wherefore* there is cut off A F, a thir4 
Part required of the given Right lAm AB | which was 
to bedcne. -., 

PRO- 
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PROPOSITION X. 

Problem. 

To divide a given undivided Right Line^ ms an^ 
ether given Right Line is divided. 

T £T A B>1>e>a given undivided Right Line» and 
^^ A C a divided Line* It is required to divide A B^ ' 
as A C is divided. 

LfCt A C be divided in the Points D and £» and fo 
placed, as to contain any Angle with A B. Join the 
Points C and B ; through D and £ let D F^ £ G, be 
drawn * parallel to B C ; and thro' D draw D H K, • .31. 1, 
parallel to A B. 

\ Then FH, H B) ^re each of ihem Parallelograms ; 
afid fo D H is f equal to F O, at>d H K to G B. And f 34. u 
becaufe H £ is drawn parallel to the Side K C of th^ ' 
Triangle D K C» it (hall be ^ as C £ is to £ D, fo is ft^fthss^ 
KHtoHD. But KH is equal to B G, and H D to 
GF. Therefore, as C £ is to £ D, fo is B G to 
G F. Again, becaufe F D is drawn parallel to the 
Side £ G of the Triangle A G £> as £ D i^ to D A, 
fo fhall t G F be to F A. 3ut it has been proved, 
that C £ ia to 1^ D, as B G is to G F. Therefore, as 
C£isto£D, fo.isBGtoGFi a^asED is co 
D A, fo is G F to F A, Wherefore, the given undi* 
vided Line A B /i divided as the given Line hQisi 
which was to be done* 

PR O P O S I T I O N XI. 

Problem. 

Two Right Lines being given^ to find a third 

, Proportional to tknt* 

LE.T A.B, AC, be two. given Right Lines, fo 
placed, as to make any Angle with each other. 
It is required to find a third Proportional to AB, AC. 

Produce A B, A C, to the Points D and £ ; make 
^ JB D equal .to A C ; join, the Points B,. C ; and draw t .,. * 
ttheJftisht Line D£thra'D, parallel ta a G.. > ^ 
. ... M Then, 
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Then, becaufe B C h drawn parallel to the Side 
Wftyit. D E oE the Trianglt ADE,itfc»Il Ur, JasA'Si* 
toBD, Tois AC toCE; ButB D it equal to AC 
Hence, as A B is to" AC, fo is A C to C E. Therew 
Cots, .a third" Pi'»p<wiinat C £ ii fmnd ta tun givm 
Rigk Linti A B^ A C i which was lo be done. 

P R O P'O S I T I O N' KH. 

Three Right Lims luing givai, /« Jini afeurth 
Propmiotfal to thtm. 

I E T A, B, <;,' be three Right lUiles given. It is 

d a fourth Pioporliofibl to them. 

F be two RMft IXaitf making any 

each ether. Now mhiu X> G cquxl 

B, DHc^uiltaG;< and' draw th* 

^3,,,. h EF thro" E, parallel to GH. ■" 

3 H h driwn fxuallel' to E F; tht 

leDEFi itftiall be, as DC is t* 

VtlF. But D Gil' equal to Al, 

i^tt^Kli Conife^utntly, li A is t6 

TaknUiKfthi ^sht-iAkrHYyU 

fnittbPr'apirtiBiiil ■ (a the thrte given- Rigbt Lhut- A, B, 

'Cj "^wtf i w«cH #as to be'&tM. 

' Proposition xim. 

P R B L B M. 

7# Jinira maitProfwtioital betwien Pa». given 
Bjgbt Una. 

■•JET t(ict#b giyeh Ei^t Liries b* A S, B G. It 
-'-' is requiredTto:. find amnfin Proportional between 
them. Piace A B, B C, in a dire<5t Line ; and on 
ihe WHote AC .dercribe-theScmiciicW'ADjC, aBd 
t„ ,. t^draw:B.D'ar^3ght,ADgles ta.Ae ffiooft thC'iPbflM 
* Bj ajtdlee'AD,DC,.be joined. 

■ : TbcHjibocidfe the AogloiADC^ i»a Seoricitde, 

tji.^j' ii^'aRa^UAogioi and^fincftthePerpondicuiatCfB 

is drawB-ttom aiJUebt Angle to^.(he Blbittatfcte 

.--:iT J. r>B 
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D B i& ^ a mean Prbpor tional between the Segments of | Ctt^ g. ^ 
the Bafe A B, B C«. Wherefore, a mean Proportional tbU. 
iiiweenthi two given Lines A B> B C, is found -^ which 
waS' to be done. 

PROPOSIlriON XIV. 

Theorem. 

Equal Parallelograms^ homing.^ one ''Angle of the 
one equal ta one^ Angle of the other y have tie 
Sides ^hul the equal Angles reciprocal ; and 
tbofe Parallelograms that have one Angle of 
lit one eqtiai to one Angle of tie other ^ and thi 
Sides that are about the equal Angles recifro* 
<alf are, equal. 

T E T A B, B C, be equal Parallelograms, having 
"^ the Angles at B equal ; and let the Sid^s D By 
B E, be in one ftrait Line ; then alfo % will the Sides (14, t« 
F B, B G, be in ooe ftrait Line. I fay, the Side& of 
the Parallelograms AB , 6 C, that are about the equal 
Angles, are reciprocal ;. that is,, as A O is to B B, fo 
isGBtoBF. 

For, let the Parallelogram F E be qompleated. 

Then, becaufe the Parallelograms A B is equal to 
tbe-Parallelogram B C, and F £ is fome other Pa-, 
fallelogram ; it fliall be, as A B is to F £, fo is f B C f 7. 5. 
to F E ; but as A B is to F E, fo is t B D to B E; . . ^. 
and is B C is to F E, fo is G B to B F. Therefore + ' '•^'^"* 
as D B is to'.B £♦ fo is G B to B F. Wherefore tlic 
Sides of the Parallelograms A B, 3 C, that are about 
the equal Angles, are reciprocally proportional. 
^ And, if the Sides that * are^labout tne equal Angles 
are reciprocally proportional, viz, if D B be to B £» 
as G B ir to B F i I fay, the Parallelogram A B is 
equal to thp Parallelogram B C. 

For, fince D 3 is %p 3 E, as G B is to B F ; and 
D B to B E, as the Parallelogram A B J to the Pa- 
rallelogram F E ; and G B J to B F, as the ParalFe- 
Jogram B C to thj^ iPacallelogram F E ; it {hall be as 
AE is to F 5, fo is.*3 C t to F E. .Therefore the 
Parallelogram A 3 is equal to the Parallelo^am B C ^ 
And fo, ^qu^. P^rallfivgrgms^ having me Ahgte of the 

• . , M 2?" ' ^ ' ^ ono 
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one equal to one jingle of the other ^ have the Sides eibout 
the equal Angles reciprocal ; and thofe Parallelograms that 
have one Angle of the one equal to one Angle of the other ^ 
and the Sides that are about the equal Angles reciprocal^ 
- are equals which was to be demonftrated. 

PROPOSITION XV. 

T HE O R E M. 

Eqttal Triangles^ having one Angle of the one 
equal to one Angle of the other^ bavejheir 
Sides about the equal Angles reciprocal \ and 
thofe Triangles thai have one Angle of the one 
equal to one Angle of the other ^ and have alfo 
the Sides about the equal Angles reciprocal^ are 
equal. 

T E T the equal Triangles ABC, A D E, have 
■■^ one Angk of the one equal to one Angle of the 
other, viz. the Angle B A C equal to the Angle 
D A £• . I fay, the Sides abput the equal Angles are 
reciprocal ; that rs, as CA is to AD, fo is £A to AB. 
For, place C A and A D In one ftrait Line ; then 

} 74. X. £ A and A B fhall be % ^^^ in one ftrait Line ; and 
let B D be joinrd. Then, becaufe the Triangle ABC 
is equal to the Triangle A D £, and A B D is fonte 

. , other Triangle, the Triangle CAB (hall be t to the 

'''^'^•" Triangle B A D, as the Triangle A D E is to the 
Triangle BAD. But, as the Triangle C A B is to 

t •/^*w. the Triangle BAD, fo is C A J to A D 5 and as the 
Triangle E A D is to the Triangle B A D fo $ is E A 

^ w- $• to A B. • Therefore, as C A is to A D, • fo is E A 10 
A B. Wherefore the Sides of the Triangles ABC, 
A D E, about this equal Angles are reciprocal. 

And, if the Sides about the equal Angles of the 
Triangles ABC, A D E, be reciprocal, viz. if C A • 
be to A D, as E A is to A B ; I fay, the Triangle 
A BC is equal to the Triangle A D £• 

For, again, let B D be joiried. Then, becaufe C A 
is. to A D, as E A is to A B ; and C A to A D {9 as 
the Triangle A B C to the Triai^gle BAD; and £ A 
to A B t, as the Triangle £ A D to the Triangle 
B A D s therefore, as the Triangle ABC is to the 

Triangle 
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Triangle BAD,* fo ftall the Triangle £ A D be to • «• s- 

the Triangle BAD. Whence the Triangles A B C, 
A D E, have the fame Proportion to the Triangle 
BAD; and fo the Triangle A B C is t equal to the i y 5« 
Triangle A D £. Therefore, equal TriangUs, having 
cm Angle of the one equal to one jtngleofthe other ^ have - 
their Sidles about the equal Angles reciprocal \ and thofe 
Triangles that have one Angle of the one equal to one An^ 
gU of the other ^ and have alfo the Sides about the eqsiol 
Angles reciprocals are equal ; which was to be demon- 
ft rated. 

PROPOSITION XVL 

Theorem. 
If four Right Lines b& froportionc^l^ the ReSiangle 
contained under the Extremes is equal to ski 
ReBangk contained under the Means \ and if 
the ReSangk contained under the Extremes be 
« equal to the Re£langle contained under the 
Means^ then are the four Right Lines propor-- 
tionah 

LE T four Right Lines A B, C D, E, F, be pro- 
portional, fo that A B be to C D, as £ is to F. 
I fay, the Redangle contained, under the Right Line 
AB and F, is equal to the ReSangle contained under • 
the Right Lines C D and £. 

For, draw A G and C H, from the Points A and 
C, at Rieht Angles to A B and C D 9 and make A G 
equal to r, and C H equal to £ ; and let the Paralle- 
lograms B G, D H be compleated. 

Then, becaufe A B is to C D, as E is to F ; and 
iince C H is equal to £, and A G to F ; it ihalt be, 
as A B is to C D, fo is C H to A G. Therefore, the 
Sides that are about the equal Angles of the Paralle- 
lograms B G, D H,r are reciprocal j and fince thofe 
Parallelograms are equal *, that have the Sides about • id^tfthU* 
the equal Angles reciprocal ; therefore the Paralle- 
logram B G is equal to the Parallelogram D H. But 
the Parallelogram B G is equal to that contained under 
A B and F i for A G is equal to F, and the Paralle- 
lograpn D H equal to that contained under C P and £, 
iince C H is equal to £« Therefore the Redangle 

M 3 contained 
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^bfftaUed uinder A fi and F, is equal la Aai 
^derC D and £. 

V And if the Redangle contained nnckr A Batidf 

be equal to ithe Ite£tengle concaiiSed «nder CD attd 
'^'; I fay, the fouftlUght Lines are Proportionals, soc 
ms A B is to C&, ib is £ to F. 

For the fame Conftrudtion remaining, »the Re£bri^ 
gle contained under A B and F is equal to that con- 
taiiied under C D and £ ; but the Redangle cdiv* 
fained under A B and F is the RefUagle B G ; ^6:^ 
A G is equal t6 F ; and the RcAan&le contained un* 
der CP and£ is the Heaangte D H^ fer C H h 
equal to £. Therefore the Parallelogram B G ftiall 
be eaual'to the Parallelogram D'H, ?n(l thgr are equl-* 
iingiilar; but the Sides of equal and 'equiangular Pa* 
fallefogramS) which are about the equal Ai^es, are 

9 14 ^/^. # jieeiprocaL Wherefore, as A B is to CDj fo is 
C.HtoAG;butCHiscqualta£, and AGtoF} 
therefore, as A B is tc^ C D, (o is £ to F. Wh««fore,^ 
MfW ^^f^^ Lines ie pr^oriiomly tbi Re^angU cw^ 
tmned unair thi Extremis is equal to the Re^angle con- 
taimd under the Means \ and if the ReSf angle contained 
'Under ihe{E;ctremes 'he eqUal to the '.RilBangh ionltained 
under the Meanij then are the four Right Lines pr&ptnr'^ 
iional ; which was to be demonftifatcd. ' 

PROPOSITION XVII. 

Theorem. 

Jf three Rtgbl Lines be fropsriiinai, the ReStiM" 
gle contained* under the Extremes is equal to 
the Square of the Mean ; and if the ReHangle 
under the Extremes he eqtial to the Square of 
the Mean^ then the three Right Lines are 

. proportional. 

T E T there be three Right Lines; A, B, C, pro- 
-^ portional ; and let A be to By as B is to C« I 
fay, the Redar)gle contained under A ami C, 19 
equal to the Square of B. 
For, make D equal to B. 

Then, becaufe A is to fi as'B is to C ; slnd B is 

• 7. 5. e(\{i7A to D ; it "ihall be ♦, as A is to B^fp is D to'C 

But, if four R^ght Lines be Proportionak, theRedian* 

glc 
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P R O P O S I T I O N XVIH. 
Problem. 
Vjmt a givtn Right Ufii, to defcribe a Rig'ht- 
HnedlFigure,ftmilaT^att4/ittihrtyfttuate^ to a 
Rfght-lineti Figure given. 

L-£ T A.B be the RightUne .giireti, ?nd C£-the 
Right-lined Figure. It is Vequitcd to defcr^e 
tjp<Hi the Right Line A B a Figure fimiUr, and fi^i- 
larly lituate, to the' Rjght-lincd Eig^trc C £. . , 

join D F, and make, * at the Points A and Br7wili>.*iag, jt, 
the Line A B, the Angles GiAB, A.BiG, feirerayy 
equal to .the Antles C. and :Cf)F. Whenoe the., 
other Angle C F D is t ^qml to the other A'?gle 
AG B; and fothe Triangle F CD is equiangular .to 
ihe Triangle G A £ : And, codfequcntly. as F X> is 
M 4 to 



i^rfdis* to G B, fo 18 1 F C to G A ; and fo is C D to A B, 
Again, make the Angles B G H, G B H, at the Points 
B and G, with the Right Line B G> feverally equal 
to the Angles E FD, £ D F ; then the remaining An- 

f CSw.statgie at £ is f equd to the remaining Angle at H* 

'Therefore 'the Triangle F D £ is equiangular to the 

Triangle G B D ;,and confequently, as F D is- to 

l^tftbtt. G B, fo is II F E to GH ; and fo E D to H B- But 
it has been proved^ that F D is toG B, as FC is 

t IS. <• ^o G ^9 ^^ as C D to A B. And therefore, as F C 
istoAG^fois^CDtoAB; and fo F E to G H ; 
and fo ED to H B. And becaufe the Angle C F D is 
* equal to the Angle A G B' ;; and the Angle D F E 
equal to the Angle B G H : the whole Angle C F E 
' fliall be equal to the whole Angle A G H. By the 
fame Reafon, the Angle. C D £ is equal to the Ande 
A B H i and the Angle at C equal to the Angle at A ; 
and the Angle E equal to the Angle H. Therefore 
the Figure A H is equiangular to the Figure C £ ; 
and they have the Sides about the equal Angles pro« 

t^*/"' »tr portion al. Confcquenily, the Right-lined Figure 

'*"• A H will be ♦ fimilar to the Right-lined Figure C E. 

Therefore, ihtri is defcribed utan the given Right Lint 
A B the Right lined Figure A H, fimilar ^ andfimilarly 
fituate^ to the given Right lined Figure C E j which wa9 
to be done, 

. PROPOSITION XIX. 

Theorem. 
Similar Triangles are in the duplicate Prcporiifn 
of their homologous Sides. 

E T A B C, D E F, be fimilar Triangles, having 

the Angle 6 equal to the Angle ^E ; and let A S 

' be to B C, as D E is to £ F, fo that B C b^ the Sfde 

homologous to E F. I fay, the Triangle A B C,j to 

the Triangle D E F, has a duplicate Proportion to 

that of the Side B C to the Side E F. 

• f X yM«r« For, take * B G a third Proportion to B C and EF ; 

that is, let BC be to EF as EF is to BG, and join GA, 

^. Then, becaufe A B is to B C, as D^E is to EF ; it 

'fliall be (by Alternation), as A 6 is to D E, fo is B C 

' to E F 5 but as B C is to E F, fo is E F to B G. There- 

tii.5- forc,asABi8toP£,lQi8t£FtoBG: Confe- 

' . quently, 
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quexitly,, the Sides that are about the equal Angles of 
the Triangles A B G, D E F, are reciprocal : But 
thofe Triangles that have Qn'e Angfe of the one eq«al 
to one An^Ie of the other, and the Sides about the equal 
Angles reciprocal, are J equal. Therefore the Triangle X 15 i/zl^r 
A B G is equal to the Triangle* D E F ; and becaufc 
B C is to E F, as E F is to B G ; a^nd if three Right 
Lines be proportional, the firft has * a duplicate Pro- •Dj^.io,*, 
portion to the third, of what it has to the fecond ; B C 
to B G fliall have a duplicate Proportion of that which 
B C has to E F ; and as B C is to B G, fo is the Tri- 
angle A B C to the Triangle A B G j whence the 
Triangle ABC bears to the Triangle A B G, a dupli- 
cate Proportion to what B C doth to E F ; but the 
Triangle A B C is equal to the Triangle D E F. 
Therefore the Triangle A B C, to the Triangle D E F, 
fhall be m the duplicate Proportion of that which the 
Side B C has to the Side E F. Wherefore, fmilar 
Triangles are in the duplicate Proportion of their homolo' 
gous Sides j which was to be detnonftrated. 

enroll. From hence it is manifeft, if three Right Lines 
be proportional ; then, as the firft is to the third, fo 
is a Triangle made upon the firft, to a fimilar and 
fimilarly defcribed Triangle upon the fecond j bc- 
caufe it has been proved, that as C B is to B gI fo is 
the Triangle ABC to the Triangle ABG f that is, to 
the Triangle D E F j which was to be demonjlrated. 

PROPOSITION XX. 

Theorem., 

Similar Polygons are divided into fimilar Trian^- 
glest equal in Number^ and homologous to the 
fVhples 5 andy Polygon to Polygon^ is in tbedu* 
plicate Proportion of that which one homok^ 
gous Side has to the other. 

T ET ABCDE,FGHKL, be fimilar Poly- 
-■-• sons, and let the Side A B be homologaus to 
the Side F G. I fay, the Polygons A B C D E, 
F G H K L, are diviited into equal Numbers of fimilar 
Triangles, and homologous to the Wholes ; and the 
f olygon A B C p E, to the Pol^rgon FG H K L, is 

'^ ^ in 
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• in . ihe nliipliaite Proportion of <hjit Whicb the Si^e 
., A B htas to the Side F G. 
^ iFor let B E, E C, G L, L H, he joined. , 
TheO) becaufe the Polygon A B C D £ is fim/Iar 
to thePolyeon F G H K L^ the Angle B A E is equd 
' tp the Angle G F L ; and B A is to A E> as G F is 
to F L. Now, fince ABE, FGL,-^ two Tri- 
angles having one Angle of the one. equal to^ooe^An- 
^le of the other^ and the Sides about the equal "Angles 

t6 of tkk. ^propQctiQnal ; t;be Triande ABE will ;be 4: equian- 
gular to 4ihe Tsiangle :F G L, and fAfo flnii'lar t^ .it. 

m Dtf I of ThprelTore the AmaleA B E is equal to the Aligle 

$kit. ' F G L 5 but the wbolp Angle A B C is * equal to i^c 
wlioTe Angle F G H^ becaufe of the Similarity of the 
Polygons; thetefore, the ren^aining At)gle£BC is 
eqyalto the remaining Angle L G H : (jfit^d fince by 
tlie Bimilaiity of the Triangles A B £, ,F:G L), as 
£ 6 is to B A, fo is Ii G to G F -, and fince^ 4^1fo, by 
the Similarity ofjthe Polygons, A B is.,to 6 C ^s F G, 

t **' 5* is to G H; it fhall he f by Equality qf P/oportion, 
as £ B is to B C, fo is L G to G H ; that is, the Sides 
about the equal Angles E B C, L G H, are propor- 
tional. Wherefore the Triangle E BC is equiangular 
to the TrlanglesLGH, and, confequent}y,alfo iimilar 
to it« For the fame Reafon,' the Triangle £ C £> is 
likewife •fimilar to the Triangle L H K ; therefore the 
fimihr Polygons ABC D E, F G H It L, arc diVided 
into equal hfumbers of fimilar Triangles. 

I fa)^, they are alfp banvologous tp the wholes ; that 
is, that the Triangles ate piroporrional, andthe Ante- 
. cedents are A B £^ .EBC, £'C D ; and their Confe- 
queMs F G L, L G H, L H K : And the Polygon 
A B C D E, to the Polygon F G H K L, is in the du- 
plicate Proportion of an homologous Side of the one, 
to an homologous Side of the other ; that is, as A B 
toFG. 

For, becaufe theTriaflgle A B £ i!« fimilar to the 

• 19 tftkis. Ti;iangle F G L,4be Triangle ABE f^all be *. to the 

Triangle F G L, in, the duplicate Proportion of BE' to 

GL: For the fame Reafon, the TriangleB £ C, to 

.the Triangle G L H,* is * in a duplicate Proportion of 

t SI. 5. B E to G L : Therefore the Triaiigle A B E is f to 

the Triangle F G L, as fhe Triangle&Jf; C is- tp tjie 

Triangle GLH, Again, becaufe.the TfiangtcEB C, 

it 



is fiiBihr to4he Tsiangle L G II> the TrUi%le£*B C« 
to the Triangle L G H, fhall be in the auipS(;ate Pro- 
portion of the Ri^htLiQe C £,, to the Right Luie H L ; 
and fo, like wife, the Triangle rErC J> to the ymti^t 
L H'K, than be in the duplicate Proportion of C £ ta 
H L. Therefore the Triangle B E C is to tlje Tri- 
angle I/GH, as4he Tciangle C£ D 4C to the Tri- 
angle LM^K. But It has Ken proved, thaf the Tri- 
angle E B C is to flic Trian^e LQHy as the Tri- 
angle A &E ifi fo the Triangle l^^h. Tiiei^fore, 
as the Triangle A B £ is to the Triangle >F Q L, lo 
is the Triangle BJE C to the Triangle G H L ; find io 
is the Triangle EC D to the Triangle L H k:. But 
*as one of *the Antecedents isio oneof theConiequents, 
^ are t all the Antecedetits to aH the Confequent^* t it, 5, 
Wherefore, as the Triangle A B E is to the Triangle . ' 

F <5 L, fo n the Polygon A B C D E to tihe P^ilygpn 
F G« K L : But the Trfangle A B E, to Ae Tri- 
an^lc^ Gi, ♦ is in the duplicate Proportion of the* «9 «r<**< 
homofogotts Side A B to the homologous SideFG.|L 
for Similar' Trran^es are in the duplicate Proportion of 
the homologous Sides. Wherefore, the Poly^n 
A BC D'E, to the Polygon F G H K L, is in thedu- 
plicate Proportion of the -homologoTis Side A & to the 
'homologous Side^F G, Therefore, fimhr Polygons art 
£vided into jufiiUxr Trianglts^ iptal m Number^ *and ho* 
mohgous to -H^e Wholes ; and^ Polygon-to Foly^y mtw the 
Aepfcatefropmion of that which one homihgous Shiehas 
to the other ; ^^faich was to bedetnonftrated, 

It^ay he demonftrated, after the iame mannerf 
that flmaar quadrilateral Figures are to each other in 
the duplicaie ProportioQ of .iheir homologous Sides ; 
and this- has been already proved in Trian^cs* 

CorolL I. Thwefore, univerCaHy, fimilarly Right-Jined A 
Figures are to one another in the dt^pHc^te Propor- 
tion of their homologous Sides ; and if X be taken 
a third- Proportional to AB and FG, then AB will 
ttave to X a^daplicate Proportion of that^which AB 
has to F G ; and a Polygon -to a Polygon, and a 
quadrilateral Figure .to a quadrilateral Figure, wil] 
^c in' the duplicate Proportion of that which, one *® ^ 
homologous Side has to the others that is, A B to 
f G s but this has been proved in Triaifgles. 
^ • 2. There- 
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^. Therefore, univerrally, it is manifeft, if three Right 
Lines be proportional, as the firft is to the third, fb 
h a Figure defcribed upon the firft, to a fimilar and 
fimilarlV defcribed Figure on the fecond; wbicb 
was t9 Pi demonffrated. 

PROPOSITION XXL 

Theorem.' 

sj^igures that are fimilar to the fame Rigbt-Unei 
Figure^ are alfo fimilar to one another » 

T E T each of the Right-lined Figures A, B, be 
^^ fimilar to the Right-lined Figure G. I fay^ the 
Right*]ined Figure A is alfo fimilar to the Right-lined 
Figure B. 

For, becaufe the Right-lined Figure A is fimilar to 
^Dtf.u o^thc Right-lined Figure C, it fliall be ♦ equiangular 
.^' thereto ; and the Sides about the equal Angles pro- 

portional. Again, becau/e the Right-lined Figure B 
is fimilar to the Right-lined Figure C, .it ihall * be 
equiangular thereto ; and the Sides, about the equal 
Angles will be proportional. Therefore each of the 
Right-lined Figures A, B^ are equiangular to C, and 
they have the Sides about, the equal Angles propor- 
tional. Wherefore tbe Right-lined Figure A is equi* 
angular to the Right-lined Figure B ; and the Sides 
about the equal Angles are proportional. Wherefore^ 
fi is fimilar /« B ; which was to be demonftr ated* 

PROPOSLTION XXIL 

T H £ O R £ M« 

If four Right Lines be proportional the Right-- 
lined Figure^ fimilar and fimilarly defcribed up^ 
Mthem^ fballbe proportional'^ and if fimilar 
Right lined Figures fimilarly defcribed upon 
Lines be proportional^ then the Right Lines 
fball be alfo proportional. 

T E T four Right Lines A B, C D, E.F, G H, be 
^ proportional : and ai A B is to C D, fo let; £ F 
kctoGH. 

' Nowi 
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Now, lei the fimilar Figures K A B, L G D, be fi^ 
mtlarly defchbed |{ upon A B, CD; and the fimilar | it nf^^ 
Figures M F, N H, fimilarly defcribed upon the Right 
Lines £ F, G H. I fay, as the Rijght-Iined Figure 
K A B is to the Right-lined Figure LCD, fo is the 
Ri|bt-lined Figure MF to theRight-liijcd. Figure NH. 

For, take * X a third Proportional to A B, C D ; • ii •fthh* 
and O a third Proportional to £ F, G H. 

Then, becaufe A B is to C D, as £ F is to G H ; 
and as C D is to X, fo IsfG H to O ; it ihall be f, by f ii« 3« 
Equality of Proportion, as A B is to X, fo is £ F to ^ 
O. But A B is to X, as the Right-lined Figure 
K A B is % to the Right-lined Figure LC D ; and as t Cf^* t« 
E F h to O, fo X is the Right-lined Figure M F, to "/ '^•* 
the Right-lined Figure N H. Therefore, as the Right 
lined Figure K A B is to the Right-lined Figure LCD, 
ib is * the Right-lined Figure M F to the Right-lined • "-'s* 
Figure N H. 

Ands if the Right-lined Figure K A B be to the 
Right-lined Figure LCD, as the Right-lined Figure 
M F is to the Right-lined Figure N H ; I fay, as A B 
is to C D, fo is t F to G H. 

For, make f E F to P R, as A B is to C D, and de- 1 i»ef '*«^ 
fcribc upon P R^a Right-lined Figure S R fimilar, and 
alike fituate, to either of the Figures M F, N H. 

Then, becaufe A B is to C D, as E F is to P R ; 
and there are defcribed upon A B, C D, fimilar and 
alike fituate Right lined Figures K A B, L C D ; and 
upon E F, PR, fimilar and alike fituate Figures M F, 
S R ; it Oiall be (by what has been already proved)^ 
as the Right-lined Figure K A B is to the Right-lined 
Figure LCD, fo is the Right- lined Figure M F to 
the Right-lined Figure S R : But (by the Hyp.) as the 
Right-lined Figure K A B is to the Right-lined Figure 
LCD, fo is the Right-ljned Figure M F to the 
Right-lined Figure N H. Therefore, as the Righf- 
lincd Figure M F is to the Right-lined Figure N H, 
fo is the Right-lined Figure M F to the Right-lined » 

Figure S R : And fince the Right-lined Figure M F 
. has the faixie Proportion to N H, as it hath to S R, 
the Right-lined Figure NHfhall be j: equal to the$9*5i 
Right-lined Figure S R : it is alfo fimilar to it, and 
alike afcribed ; therefore G H is equal to P R. And 
becaufe A B is to CD, as EF is to PRi and PR 

is 
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ir equal to G B ; it Aall be as A' B is to C £>, fb is 
E F to G H. Therefore, if four Right Lines hpr§h 
poriional^ tht Righf-liHid Piguns^fimHarandfimilarly 
defarihed upon- tbenhflkil he proportional '^and ifJimUdr 
Right lined Figures^ fimiUtrlj defcribed upon Lines^ be 
proportional^ then the Right Lines Jball alfo be propor* 
tioHali which was to be demonftrated. 

. L E M M A. 

Artfi ibree Right Lines A, B, and C. ieing given f 
tht Ratio of the fir ft A^to the third C, is equal 
to the Ratio compounded of the Ratio of the 
firft A to thefecond B, apd^of the Ratio to the 
fecond B tolfbe third C, 

IC^OR Example^ Let the Number 3 be the Exponent 
•^ or Dinpminotor of the Ratio ofAtoB', that is^ 
Jet A be three Times o, and let the Number 4 be the 
Exponent of the Ratio of B to C ; then the Number 
ity produced by the Multiplication of ^ and 3, is the 
comptiunded Exponent of the Ratio ofAtoCi For fmce 
A contains B thrice^ and B contains Cfour Times, A will 
contain C thrice four Timesy that isy 12 Times. This is 
oHo^true of other Jl€ultiplesy or Submultiples ; but this 

Theorem may be univerfally demonftrated thus : The 

.A 
^antity of the Ratio of A to By is the Number—. ; vii. 

B 

tuhicb multiplying the Confequent^ produced the Antece^ 
dent: Sotikewife the^antity of the Ratio of B to C, is 

R 

— . Jhd thefe tivo ^antitieSy multiplied by each otber^ 

^ AxB 

produce the Number w ' q > which is the Quantity of the 

Ratio that the ReSiangky comprehended under the Right 

i Lines A a7t4 B, has to the Re£f angle comprehended under 

. the Right Lines B andC s andfi the /aid Ratio of the 

ReHangle under A and B, to the Re£f angle under B^ and 

Cy is that yjhichj in the Senfe ofTJeC. 5, of this Booty 

is compounded of the Ratios of A to B, andB to C; but 

Cby I. 6.) the Re^angle contained under A and B, is 

JO the Rediangle contained under B' andCy as A is 

to C i therefore the Ratio of A to C9 is equal to 

tie 



AB 
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tbt S^aiia cempotmded affhi S-oihs e/A ti B, end if 
B.w C. - 

Jf any few Right LijiH hi B, C, and H, be pre- 
fofid, the Ratio sfthefirft A to the fourth D, is- equal 
ft tit Ratio campoandid of the Ratio ef the jirjl A ft 
thefecond B, and ef the Raiiif <fthefecond B to the third 
C, and of the Ratio if the third C to the fourth D. 

For,inthHe Right Lints A, C, atidD,-the Ratio tf 
AtoD ii eifml It the Ratio- coittpounded ^ the Ratios if 
A ft C, and' of C ft I> } and it hOi been already 'demojt- 
firatei, that *fe Ratio of A M'C is equal to the Ratio 
tmtpmmjtlt nf thi Ratios of A. to B-, and of Q to C. 
' Therefore the Ratio tf h ft D k equal tb tie Ratio em- 
prnHdedofitSi-'Ratiofof A to B, o/B to C, and efC to 
D. After the fame manner we demonjlrale, iti any 
'/AibAw of Right Lines, that the Ratio of thif^h the 
iaJt-isepUl to the-Rotio catupaunded rf the Ralk^'ef the 
pfitothtfecond, of the fecond io the third, ef the third* 
ft th/fturth^ and jo on tb the lafl\ -* 

Thesis true of any ether ^antilles heftdes Right 
Lines, ivhlch wilt be manifeft, if the fame Number tf 
Right Lines A, B, C, &c. as there are Magnitudes, be 
affumed in the fame Ratie, viz. fa that thi Right Line 
A is to the Right Line B, as the firjl Magnitudt is ta 
thefecond, and the Right Line B to the Right LineC, 
as the fecond Magnitude is to the third, andfoai. It 
is m'hnifefl {by 7.7.'. 5,}, by Equality ^ Proportion, that 
■ the/r/t Right Line A iV to the lafi Right Lint, as the 
frft Magnitadi is to the lajl ; but the Ratio of the Ri^t 
Line A fa /*( kifl Right Line is equal tt the Ratio com- 
poundtd of the' Ratsis if A to B, B ft> C, andfo en to the 
lafl Rigm 1!Am : Bbe (by the Hyp.) tie Ratio of any 
one-if the Right Linestc that near e/i to it, is ihifattieas 
thfktstio of a Magnitude tf the fame Order to -Aat near eft 
' it'. jM therefore the Ratio ef the firfi Magnitude to 
the hfl, iseqlMlto the Ratio compounded tf the Ratios of 
ibe'fhjl Magnitudt to the fecond, of thefecond to the 
ihitdj aetdfom to ihflaji% wiiicb was to be demoir- 
ftraiea. _ . .' . 
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PROPOSITION XXIII. 

Thborem. 

Equiangular Parallelograms lave the Proportion 
to one another that is eompounded of their Sides. 

T £T A C, C F, be equiangular Parallelograms, 
-^ having the Angle BCD equal to th^ AngU 
£ C G. I fay, the Parallelogram A C to the Paral- 
/ lelogram C F, is in the Proportion compounded of 
fheir Sides, viz. compounded of the Proportion of 
BCtoCG, andotDCtoCE, 

For, let 6 C be placed in the fame Right Line 

with C G. 

• I . !• '^^^^ ^ ^ ^^" be ♦ in a ftrait Line with C E, and 

+ 1 ofthii *^<^™P'^^^ ^^^ Parallelogram D G ; and then fj a» 

* B C is to C G, fo is fome Right Line K to L j and 

as D C is to Q £, fo let L be to M.' 

Then the Proportions of K to L, and of L to M» 
are the fame as the Proportions of the Sides, vi%. of 
B C to C G, and D C to C £ ; but the Proportion 
% Lemum of K to M :^ is Compounded of the Proportion of K 
fr0(4d, to L, and of the Proportion of L to M. Therefore, 
alfo K to M hath a Proportion compounded of the 
Sides* Then, becaufe B C is to C G as t4ie Paralle- 
•jiftbis, logram A C is * to the Parallelogram C H : And fince 
f ir.5. B C is to C G, as K^is to L *, it Ihall be f, as K is to 
L, fa is the Parallelogram A C to the Parallelogram 
C H. Again, becaufe D C is to C £, as the Paralle- 
logram C H is to the Parallelogram C F i and iince as 
DC is to C £, fo is L to M ; tberefote as L is to M^ 
fo j[hali4 the Parallelogram C H be to the Paralle- 
logram C F : And, confequently, fince it has been 
proved that K is to L, as the Parallelogram A C is to 
the Parallelogram CH ; and as L is to M, fo is the 
Parallelogram C H to the Parallelogram C F ; it (hall 
I ^^ . heX by Equality of Proportion, as K is to M, fo is the 
Parallelogram A C to the Parallelogram CFs but 
JC to Ki hath a Proportion compounded of the Sides : 
Therefore, alfo, the Parallelogram AC, to the Pa- 
rallelogram C F, hath a Proportion compounded of 
tbe Sides. Wherefore^ equiangular ParaUelogranu bau§ 
'" " the 
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$k Priporihn to mi another that is compounded of ilteif 
Sides I which was to be demonftrated. 

PROPOSITION XXIV. 

Thborbm. 

In every Parallelogram^ the ParJiUelograms that 
are a^out ibe Diameter^ are fimilar to the 
Wn^ole^ and alfo to one another. 



L 



ET A B C D be a Parallelogram, whofe Di- 
lameter h AC; and EG, HK, be Parallelo- 
grams about the Diameter A'C. I fay, the Parallelo- 
grams E G, H K, are funilar /o the Whole A B C D, 
and alfo to each other. 

For, becaufe £ F is drawn parallel to B C, the Side 
of the Triangle A B C, it fhall be *, as B E is to £ A, • ^ ^fthh^ 
fo 18 C F to r A. Again, becaufe F G is Jrawn pa* 
railel to C D, the Side of the Triangle A CD, it (hall 
beasCFistoFA, fo i3»DG(o GA. ButCF 
is to F A (as has been proved}, as B E is to E A. 
Therefore, as B E ia to E A, fo is + D G to G A ; ^ „, j, 
and by compounding, as B A is to: A £> fo is § D A ^ ig, ^, 
to. A G; and by Alternation, as B A is to A D, fo is 
A E to A 6. Therefore, the Sides of the ParsUlelo- 
grams A B C D, £ G, which are about the commod 
Angle B A D are proportional. And becaufe G F is 
parallel to D C, the Angle A G F is * equal to the • 29. u 
Angfe A D C, and the Angle G F A equal to the An- 
le D C A ; and the Angle D A C is common to the 
Triangles A D C, A G F. Wherefore the Triangle 
A D C will be equiangular to the Triangde AGF. 
For the (ame Reafon, the Triarigle A G bis equian* 

fular to the Triangle A F £• Therefore, the whole 
'arallelogram A B C D is equiangular to the Paralle- 
logram £G ; and fo A D is to D C, as AG is f to t 4 «/'^« 
G F ; P C is to C A, as G F is to F A ; and AC is 
toCB,asAF i$.toF£i and, moreover, C Bis to 
B Af as F E is to £ A. Wherefore, fince it has been 
p/oved, that D C is to C A, as G F is to F A ; and 
A C i« to C B, as A F is to F £; it ball be, by 
Equality of Proportion, as D C is to C B, fo is G F to 
FJE. Therefore' the Sides .tbat are about the equal 

N Angk« 
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/ Angled <)f the Pftralklc^rams A B C Dj £ Ov are 

(M-oportional; and^ accordtngly, che Pafallelograin 
A B C D is fimilar to the Parralielogram £ G. Fdr 
the fame ReaCon,* the Parallelogram A B C D » iimi- 
lar to the Parallelogram K H. Therefore, both the 
Parallelograms EG; H K, ard fimllar to the Paralle* 
Idgram A BCD. But Right-lined Figures th^ 
f SI o/tbis.zre fimilar to the f fame Right*-liiled Figure, are fimi- 
lar to one another. Therefore theParaiielogrant £G 
is fimilar to the Parallelogram H K. And fo, in tverj 
Parallelogram^ the ParalUlogtams that' an about tbt Di^^ 
amettry arejimilar to the ff^boUy andalfQ to one anotier i 
which was to be dembnftrated. 

PROPOSITION XXV. 

Problem. 
, ^0 dtfcribe a Right -lined Figure Jifnilar to a Right - 
lined Figure which (halt be gi^en^ and equal to 
another Rigbt-lined Figure given. 

r E T A B C and D, be two giv^n Right-lined 
-^ Figures ; it is required to defSrrbe another Fi- 
gure, fimilar to A B C and equal to D. 

• 44. 1. On the Side B C of the given Figure ABC*, 

make the Parallelogram B £ equal to the Right-lined 
Figure ABC; and oh the Side C £ m^e •the Pa« 
ralleiogram C M equal to the Right-lined Figure D^ 
. , in the Angle FOE, equal to the Arij^le C B L. 
1 14. 1. Then B C, C F, as alfoL E, E M, will be f in two 
X «3 !r'*"-ftrait Lines. Find J G H a mean Proportional be- 
tween B C and C F ; and on G H let there be de- 

• *ttfthU'for\bt^ * the Right-lined Figure K G H, fimflar, atid 

ahke fittiate, to the Right-lined Figure ABC. 

And then, becaufe B C is to G H> as G H is to 
C F ; and fince, when three Right Lines are propor- 
tional, the firft is to the third, as tht Figure defcribed ' 
tC«r.i«^^ji the firft is t to a fimilar and alike fituate Figur6 
'^"' defcribed on the fecond : itfball be, as B C is to C F, 

^ ^ , fo is the Right-lined Figure A B C to the Right-lined 
J I. •//*/!. p^g^^^g K G H* But as B C is to C F, fo is t the 

Parallelogram B E to the Parallelogram E F. There- 
fore, as the Ri|ht*Uned Figure A fi G is to the Right- 
lined Figure K G-H|*fo is tbeParalletogram "B £ to- 

-4hc 
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the Parallcfogram E P. Wherefore (by Alternation) j 
as the Rr^ht lined Figire ABC is to the. Paralle- 
lograrh'B E, To is the Kighl-lincd Figure KG H to 
the Parallelogram E F. But the Rigbt-lined F»S"re 
A BC is equal to the ParaUelogram B E. Theiefore 
the Right-lined Figure K G H is alfo equal to the Pa- 
rallelogran>E F. Bui t^c Parallclogcani E ¥ h eqpal 
to the Right-lined Figure D. Therefore the Right- 
lin^d. Figure K G H is equal to D. But K Q H is fi- 
milar to A B C. Confequcmty, there is defcribed the 
Rigbi-Hfud Figune l£ G H Jimihr ta the given fiigttre 
A B'Ct. aifdiqu^l to tbi given Figure D i which was to 
b^ dpne. 

PROPOSITION XXV^. 

, THE0a ?M. 
If from a ParallfhgrafB i^e tal^n 01^03 another 
fw^ilar to tH Whok^ ^nd in kke manner fituutt^ 
having al/p an Angle common wiih it ; then is 
that Parallelogram about the fame Diameter 
with the ff^hqle. 

T ; p T <be Parallplogra^ A F 1^. taken awajr froqp 
^ tljp P^r'iiHrlqsrwi A B g O, fyxMlur u> A B C D, 
zt\d ip like m^imp^ uti^aie;, having th^ An^e DAB 
common. I fay/the P|tr2^llelpgr%ti) A U GO is aiiout 
the faa)c Diax^etec With the P^r^liejogram A F* . 

For, if it be not, tet A H C b^ the Diameter of the 
Parailfclpgr^q) B Q, and lee G F b^ produce4 to H ; 
alfo, let H yi be drawn parallel to AX>, or B C. 

Then, bccaufe tjie, ParaI.K:ln^r|im A B G D is 
abpuf th^ (^mt Dianaet^r a9 the Parallf li^cam K G» * 
the Parallelogram A B C D (ball \)^ * fimUar ^o thcfi^^pftbif, 
Pi^rallelo^ra^m KG s and fo, as DA i$ to AB, fo ia 
t Q A io A I^« ' But becaufe of the Similarity of thel^.^'/- '• ^ 
Paralle|9gram$ * ^ B C P, EG; as D A is to A B, « £^^. 
fo is GA to AE. And thpreforp, as G A is J toj 11/5. 
A E, fo b A tQ A ^* And fmce G A has the 
fagife Propoj^iion to A^ aj^ to A E» A E is f equal to t 9* 5* 
A J^. th^ le^ ;q a greater, or the greater to a lefs -, 
wbicli is abfJLird. , 'f'i^fti^fou^ the Parallelogram 
Afi.^P is not abpijt tfae^ f;^m^. Piameter »s the Pa* 
raflelpgirajp AH. ' And therefore it will be about tbfi 

N 2 fame 



1 8o Euctids Elements. Book VI. 

fime Diameter with the Parallelograin A F. There- ^ 
forC) if from a Parallelogram be taken away another fimi* 
lar lo the fybole^ and in liie manner fttuate^ having atfo 
an Angle common with it \ then is that Parallelogram 
about the fame Diameter with the ffT?ole i which wai to 
be demonftrated. 

PROPOSITION XXVII. 

Th E OR I M. 

Of all Parallelograms applied to the fame Right, . 
Line^ and wanting in Figure by Parallelograms 
Jimilar^ and alike Jit uate to that defcribed on the 
half Line^ the great eft is that which is applied to 
the half tine^and it isjimilar to the BefeH. 

T E T A B be a Right Line, bifeded in the Pbint 
^ C ; and let the Parallelogram A D be applied to 
the Right Line A B, wanting in Figure the Paralle- 
logram C £» limilar and alike ficuate to that defcribed 
on . half of the Rieht Line A B. 1 fay, A D is the 
greatdlof all Parallelograms applied to the Right Line 
A B, wanting in Figure by Parallelograms fiimilar and 
alike fituate to C£. For, let the Parallelogram AF be 
applied to the Rieht Line A B, wanting in Figure the 
Parallelogram H K, fimilar and alike fituate to the 
Parallelogram C £• I fay, |he Parallelogram A D is 
greater than the Parallelogram A F. 

For, becaufe the Parallelogram C £ is fimilar to the 

• %^9ftbu. Parallelogram H K, they (land * about the fame Dia- 
meter. Lei D B, their Diameter, be drawn^ and the 
Figure defcribed ; then, fince tht Parallelogram C F is 

1 43. t. t ^u^ ^^ F £, let H K, which is common, be added s 
and the Whole C H is equal to the Whole K £• But 

1 3^« >« Cll\%% e<mal to C G, becaufe the Right Line A C is 
equal toCB; therefore C G is equal toKE; add 
the common Parallelogram C F, arid the Whole A F 
is equal to the Gnomon L N M ; and fo C £^ that ist 
the Parallelogram A D, is greater than the Paralle« 
logram A F. Therefore, of alt the Aftrallelogr^t ap* 
plied to the fame Right Line^ and wanting in Figure by 
ParaUilograms fimilar and aliie fituate f to that defcribed 
on the half Line^ the greatefi is that which is applied to 
the half Line^ and it is fimilar to the Defeat i which waa 
to be demottftratcd» PRO- 
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PROPOSITION XXVIIL 

Problem. 
To a Right Line given to apply a Parallelogram 
equal to a Right-lined Figure giv'en^ deficient by 
a Parallelogram^ which is fimilar to another 
given Parallelogram 5 iui it is neceffary that 
the Right-lined Figure given 9 to which the Pa- 
rallelogram to ' be applied muft be equals be not 
greater than the Parallehgram^aohich is ap^^ 
plied to the half Line^ finci the DefeSs muji be 
Jlmilar^ viz, the Defeff of the Parallelogram 
applied to the half LJne^ and the HefeH of the 
Parallelogram to be applied. 

T ET AB be given Right Line, and let the 
^^ given Right-lined Figure, to which the Paralle- 
logram to be applied to the Right Line A B muft be 
equal, be C, which muft not be greater than the Pa** 
rallelogram.applied to the half Line, the Defeats beings 
iimilar; and let D be the. Parallelogram, to which the 
Defe£l of the Parallelogram to be applied is fimilar. . 
Now it is required to apply a Parallelogram equal to 
the given Right lined Figure C to the given Right Line 
A B, defi(;ient by a Parallelogram finfiilar to D* 

Let A B bcbifefted in E, and on E B defcribe * the • 18 tftha. 
Parallelogram £B F G, fimilar and alike fituate to ' 
P ; and compleat the Parallelogram A G. ^ 

Now, A G is either equal to C, orgreater than it, 
becaufe of the Determination. If A CTbe equal to C, 
what was propofed will be done; for the Parallelo- 
gram A G is applied to the Right Line A B equal to 
the given Right-lined Figure C, deficient by the Pa- 
rallelogram l^Fi fimilar to the Parallelogram D, 
But, if it be not equal, then H £ is greater than C ; 
but £F is equal to HE^ therefore £ F Ihal I alfo be 

greater than C. Now make f the Par allelogramf 15 ^fi»L. 
K L M N fimilar and alike fituate to D^ and equal to * 
the Excefs, by which E F exceeds C. But D is fimi- 
lar to E F ; wherefore K M (hall alfo be fimilar to 
£ F. Therefore let the Right Line K L be hi>mo* 
logous to G £, and L M to G F : Then becaufe £ F 

>I 3 is 
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is equal to C and KM together, E F will be greater 
thartK M; and follielirght'Li^je^ E is:;gre«er'than 
K L, and G F than L ivf. Make GX equal to K L,. 
and G O equal to L M, and *co*m pleat jhc Paralle- 
logram X G O P. Thertforc X O is ^o^ki and fim^. 
iar to K M J but KM \i ^finiTlar to E FV; tftwf^forc 
• ». ofniu XO is * fimilar to E F>; and fo X O is t about the 
t a6^/i&,i/atiie Diamcfer with F E : Let G P B be their Dia- 
oieter, and the Figure be defcribed* 

Then, fince EF is equal to C and K M together, 
and X O is equal to K M, the GnbmohT*-? re- 
ftl^inlng is equal to the remaining Figure C ; an'd be- 
caufe O R is eqiia! to X S, let S R, uhich is common, 
'be'added ; then the Whole O'B is Neqiral to the Whole 
X B ; but X B is iqual to T E 5 fince the 'Sitte A E is 
equal to the Side E B. VVherefote 'V E is equal to 
O B. Add X S, which is common, and then the 
Whole T S is equal to the Whole Gnomon T ® "i^ ; 
but the Gnomon T $ *? has been pi'oyed equal to C \ 
and T S (hall be equal to C j and fo, the Tdrallelografn 
T S I J applied io ihi Right 'Line A B,' equal to the givin 
Right lined Figure C, and deficient by a Rarallelogram 
S K, fimilar to the Parallelogram D, becaufe S R is fimi- 
lar /^ F £ J which was to be done. 

PROPOSITION XXIX. 

Problem. 

* y> a Right Line given to apply a Parallelogram 
equal to a Right-lined Figure gfven^ exceeding 
by a Parallelogram^ which ft>ail 'be fimilar to 
another gi'den Purailelagram. * 

q[ E T A B.be a given Right Line, and let C be the 
•^ given Right-lined Figure, to v^hich that to be ap- 
plied to A B muft be equal ; Like wife, let D be the 
Parallelogram, to which the exceeding Parallelogram 
18 to be fimilar ; it is required to apply a Paralleiogram 
to the Right Line A B, equal to the given Right-Jmpd 
Figure C, exceeding by a Parallelogram Timilar toD. 
BifeftA B in E, and let the Parallelogram E L be 

T >S y ' I gjuaig tp D i and let t the Parallelogram G H be equal 

to ±- JU and C togctt^cf, but luiiilar to^U, and alike 

fiCuafe j 
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fitu?te ; therefore G H is* fimilar to E L. Let K H 
be a Side homologous to F L, and K G to F £ ; then 
beca^fe (he Parallelogram Q H is greater than the Pa- 
rallelogram £ L, the ^igh; I^ine ^ If j^ill be gre^t^r 
tbap F L, and K G greater thaa F £. Let F'JL* F E, 
be procjluccd, and let T L *M be eguil to K H, F E N 
equal to I^ 6, and compleat the rarallelogram M N ; 
therefore M N is equal a^d fimilar, to G H ; but G H 
is fkntlar to £ L, and fo M N (hall be ^ fimilar loX^^tfthh^ 
£ L ; and acco^flin^ly, E L is ^ ^bqut the fame «Di-«s6 9/iii«« 
ameter with M N. Let F X be ;heir Pl^pf^e^er, and 
defcribe the Figufe. 

Then, fince G H is equal .to £ L .^nd C together, 
as lil^^wife to M N ; therefore Nd N Oi^ll be eq^u^l to 
£ L aod p together. Let £ L, y^hich is CQiunpon, 
be taken away ; then the Gnomon 9T "¥ re;n^ini(^vs / 

equal to C ; and fince A £ 19 «qHal to £ 6, ^he Pa- 
rallelogram AN will be alfo equal to the Paralle- 
logram £ P, that is, to LO; and if B X, which \» 
common, be added, then the whole Parallelogram 
A X is equal to.theQn£)n^n <>Tfi but the Gnomon 
$T^ is equal to C ; therefore A X (hall alfo be equal 
to C. W hcrefore, tife i^araUiiogram A X is applied t§ 
tt>€ given Rdght Line A 6, equal ta the given Ri^hlin^d 
Figure C, and exceeding by the Parallelogram P Ofjimi" 
far to the Parallelogram, D ; which was to be done. 

PROPOSITION XXX. 

Problem. 

^0 cut a given terminate Right Line according tp 
extreme and mean Ratio. 

* ' 

LET A B he a given terminate Line; it is r^-* 
quired to cut the fame according to extreme and 

-mean Ratio. 

Defcribe • C B, the Square of A B ; and apply the • ^6 t. 



Parallelogram C D to AC, equal to the Square B C, 
excccdmg f by the Figure A D fimilar to:B C ; but.BC ^ 
is a Square; therefore AD (hall alfobeaSqiiATC 

Now, bccaufe B C is equal to C P, take ^way. C i;, 
which is common 3 .then R. F rcmwiiQgfliall be tqv^l 

N 4 , t<^ 



19 tftbk% 



l84 Budidi Elements. Book VI. 

to A D remaining ; but B F is equiangular to A D ; 

therefore the Sides that are about the equal Angles are 

t i4^/^M. t reciprocally proportional ; and fo as F £ is to £ D, 

• 34. 1. 10 is A £ to £ B s but F £ is * equal to A C, that is, 

to A B ; and £ D to A £ : Wherefore as A B is tQ 

A £» fo is A E to £ B s but A B is greater than A £ ; 
t >4' 5* therefore A £ is f greater than £ B \ and fo the Right 

Line A B is cut« according to extreme and mean Ka- 

tic, in the Point £ ; and A E is the greater SegmcQt 

thereof; which was to hi dom. 

Otherwise thus : Let A B be the Right Line given; 

it is required to cut the fame into extreme and mean 

Ratio. 
t <r« a. Divide } A B fo in C, that the Redangle contained 

under A B, B C, be equal to the Square of A C. 
Then, becaufe the ReSangle under A B> B C* U 

• 17 rftkts, equal to the Square of A Cj it (hall be *, as A B is to 

A C, fo is A C to (3 B ; and fo, the Right Line A B h 
cut into the mean and extreme Ratio ^ which was to be 
done. 

PROPOSITION XXXI. 

Theorem^' 

' jfny Figure defer iM upon the Side of a Right- 
angled Triangle^ fubtending the Right Angte^ is 
equal to the two Figures dejcribed upon the Sides 
eontaining the Right Angle^ being Jimilar and 
alike Jltuate to the former Figure. 

• 

L£ T A 3 C be a re^ngular Triangle, bavioe 
the Right Angle B A C. I fay, the Figure de- 
fcribed on B C is equal to the two Figures defcribed 
on BA, ACt together, which are fimilar and alike 
fituate to the Figure defcribed on B C. 

For, draw the Perpendicular AD. 

Then, becaufe the Right Line A p is drawn in thp 
Right-angled Triangle A C B, from the Right Angle 
A, perpendicular to the Bafe B C s the Triangles 
A B D, ADC, which are about the Perpendicular 

• S c/M. A D; will be ♦fimilar to the whole Triangle ABC, 

X and alfo to each other. Then, becaufe the Triangle 
A fi C is fimilar to the Triangle A B D, it (hall be «, 

' • a) 
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as C B is to B A, fo it B A to B D : And fince, when 
three Ri^t Lines are proportional, the firft (hall be f t ^* so. 
to the third, as a Figure defcribed on the firft, to a fi- ^'*''* 
milar and alike fituate Figure defcribed on the fecond ; 
jtherefore, ^s C B is to BI>» fo is a Figure defcribed on 
C B, to a fimilar and alike fituate Figure defcribed on 
B A. For the fame Reafon, as 6 C is to C D, fo is a 
Fieure defcribed on B C, to one defcribed on C A. 
Wherefore^ alfo, Vs B C is to B D and D C together, 
fo is X the Figure defcribed, on B C to thofc two toge- 1 S4. 5 
ther, that are defcribed ^milar and alike fifuate on 
B A and A C ; butB C is equal to B D and D C to- 
gether : Therefore the Figure defcribed on B C is 
equal to thofe together, which are defcribed -<hi B A 
and AC, fimilar and alike fituate to that on BC« 
Wherefore, any Figure defcribed upon the Side ef a Rights * 
angled Triangiey fuhtending the Right JngU^ is equal to 
the Figures defcribed upon the Sides containing the Right 
Jnglij being fimilar and alike fituate to the former Fi^ 
pure i which was to be demonftrated/ 

PROPOSITION XXXII, 

Theorem. 
If two I'riangles, having two Sides proportional to 
twp Sides ^ befo compounded^ orfet together^ at 
cne Angle^ that their homologous Sides be pa- 
raliel ; then the other Sides of thefe triangles 
xpill be in ^ne fir ait Lin^. 

T ETthcrebctwoTfianales ABC, DCE, hay- 
^ mg two Sides B A, A C, of the one, proportional 
to two Sides CD, D E, o(^ the other, viz. let B A be 
to A C, as C D is to D E ; alfo, let A B be parallel 

toDq,andACtoDE. I fay, B C. C E, ire both 
in one itrait Lme. 

For, bccaufe A B is parallel to D C, and the Right 
Line A C falls on them, the alternate Angles B A C, 
A CD, will be* equal to each other. And by'the«-« . 
fame Reafon, the Angle C D E is equal to the Angle 
AC Oi wherefore the Angle B AC is eq^ual to the 
Angle CD £• Then, becaufe A B C, D C E, are two 
Tnan^les, having one Angle A equal to one An^le 

.0, 
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Q» jiq4 tie Sid^s about ths ccifii^l Angles propor- 
iiofi9l» vk. B A to A C> as G D CO D'K ; Ac Tri- 
• e^tkh. ^^j^ ^ gG ivUl be f cijuianguUr to the TriangJc 
.PC£s iw^herefore the Aode A B C is equal to the 
Angl^ D C £ i tut tbe Angle ACtD bis ^^en proved 
to :^ e<]Ma[i to the Angle B A C ; theieioire the whole 
Angle A(^£ is equaKto ^tke two Aiigies A B C, 
6 A C i aad «if A C B, wliSeh is commoa, be adde^, 
ibep thie Angles AC £» A €'£9 arji equal «o ^e A li- 

gles^AC, ACB, CBA; but the AsglesBAC, 

t 3»' I* A Q£, C B A ^9 are equal to tsiro Right Angles. 

Therefore the Argl^sA C E, A C B,. ^'U alfo be ^uai 

to tviAp Right Angles ; Andffoat the Point .C, in the 

ilighjt Jiine A C^ two Right Lines B C, C £ tending 

.contrary ^Ways, make (he adjacent Anglos A C £^ 

ACB^ equ^lto two Right Angles; ti\erefore BC 

t »4« »• (hall be + in the fame Right Line witb C E. Whcre- 

JorC) iytwo Triangles baling two Sides proper tiimal to two 

,St^eSi be Jo compounded or fet together at o^e JtigUy thai 

their homologous .Sides be parallel ; fbm ihe other S^des tf 

ibefe Triangles will be in oriey/lrait Line \ which was to 

be demo^^ated* 

PROPOSITION XXXIIK 

Problem. 
In equal CireUs the Angles have the f^me Propor- 
tion with the Circumferences on which they 
ftand^ whether the /ingles be at the Centres^ or 
at the Circumferences ; and fa ukewije are the 
SeiiorSj^ as being at the Centres. 

T E T A B C, D E Fv be equal Circles 5 and \^t 
•'^ the Angles B G C, EHF, be at their Centres 
G, H ; and the Angles B A C, E D.F> at their Cir- 
' cumferences. I fay, as the Circumference B C is. to 
the Circumference E F, fo is the Angle B G.C-tp.the 
Angle EHF; and fo is the Angle B A C to the An-, 
gle E D F ; and fo is the Sedor B G C to the Scdor 
EHF. 

For, a/Tume any Number of continuous Circumfe- 
rences C K, K L, each equal to B C ; and alfd any 
Number F M» M.N». each equal tQ E F j and join 

GK> GL, HxM, HN. 

Then, 



Tbm b^cteuffsiheCiitaiflreftiKesiBt^^ ^ ^> K 1^9 
areequnLioadioDher; the?A<^o$ SGC^ CQJC, 
KG Lj/inrttl be^-rffo ^qtiftl'td ©ne andtbeci and io^ 27. 3. 
the Ciik:ttibfbrefiae' BL istiic (j»fitf^ Multiple of tb^ 1 
Clfcuttifbrence BC,«8S tbe-ArigJe B^L4s>oribe An- 

flefiCxC Forthe£imeRea(bh,«beCirtlimf<^eiiQc 
} E is the Ikme.Muktplfc'of die Cif ouin^r«hce £ F» 
as the Ai)gle£*H'N is of tfae Atigle £H F ; but if 
the Circ6fl^erenoe fi L be e^al to (he Ch'buWferenoe 
£ N, thenihe Angfe fi G L^iball be«qual to the An- 
gle £ H N ; and ff dbe Circmnferertce JJ L be greartfr 
than the Circumference £ N» iche {Ai>gle B G L will 
be greiftdr (ban iht Angle £ H N^; iand if tefs, lefs. 
Thereforey here ^are four Magi}itud<», vIk. the two 
Circumferences B C» £ F, asifd ^he t^o Angles S G C, 
F H F; and fince there are Jaket) Equintultiples of 
the Circumfeten^ B'C, and the An^le B G C, to 
wir, the GircumfereRGc B L, and the <Angle'BG L.; 
as alfo Eq^imtrkipies of the C»rc)^0ifer(^nce £ F, and 
the Angle E H F, viz, the Cirtiimference £ N, and 
the Angle EHN j and becaufeUt is proved, if the 
Circuaiference S L exceeda'the Circumference £ N, 
the Angle BGL vvill likewtie' exceed the Angle 
£HN ; and if^equal, equal ; if Jefs^. lefs.; it fliall 
:be as the Oiroumferehce BC is to the Circumference 
]§:F, fo is t the Afigle B.GC to the Angle E H F ; t^'/5-5« 
but as the Angle BCj C is to the Angle £ H F, fo is 
X the Angle B'A C to the Angle E fi F-, for the for- 1 15.5^ 
mer are f* double to ilie latcer : Thcrdfore^ as the Cir- » j^p 
cumference B C is to the •GirCtinifereAce E F, fo is 
the Angle BGCto the Angle EHF ; and io the 
Angle B A Cto^the Angle E^D F> 

Wherefore, ^m eifualCircteSs the Angles have the fame 
Proporikn ■ as tie Cinumfirencei ihe^Jland ©«, whether 
ibey be at the Centres^ or ttt the'Cif^dmferences* 

i fay,'moreo<i!er« that:as ibeGifCurtifcren^e B C is 
to the CirciimFerence £ F, ' & isthe Senior G B C to 
the Seftor H F E. 

For, join B C, C K, and aflume the Points X/O, 
in the Circumferences B C, C K j and join 6 X, 

X c\ e G, O K. 

Then, becaufe the two Sides B G, G C, are equal 
fo the two Sides CG} GfCy and they contain /equal 

.Angica, , 
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1 4- >• Angles, the Safe' B C fhall be f equal to the Safe 
/ G K uas likewife the Triangle G B C to the Tri- 
angle G C.K,« And, becatiTe the Circumifecence B C 
is eqaal to thepircumference C K, and the Circum- 
ference remaining, which mako^ up the whole Cir- 
cle A B C, is equal to the remaining Circumference,- 
Which makes' up dbe fame Cirde A'B C, the Angle 
B X C is equal to the Angle CQ K ; and To the Seg- 

Sent BXU'is ftiAilar to the Segment! CO IC; and 
ey ire upon^equal Right Lines B C, C K ; but (Imi- 
. lar Segitients of Cirqles, that ftand upon equal Right 
# 94, 3. Lines, are;^ equal to each other : Therefore the jSeg- 
ment B X C iaeqi^l to the Segment CO IC. But 
the T^ri^ngle QGC fs alfo equi^'to the Triangle 
C (> K, and fo the whole Sf dor B G C will be equal 
to the whole Sedor C G K. By the &me Reafon, 
the Seaor G K L will be equal to the Sedor G B C, 
or G C « ; ..therefore, thfe three Scdors B G C, 
C G K, K G L, are equal to one another; fo I ike wife 
. , acethcScaohHEF, HFM,HMM. Wherefore 
, the Circumff fence L B is the fame Multiple of the 
Circumference C, as th^ $c€tbr G B L is of the Sec- 
tor G B C. For thf fame Reafoa, the Circumference 
>J E is the fame Multiple of the Cirtumferende £ F, 
^ as the Seaor H E N is of the Se^r H E F; but if 
ii the CirCun\fei^nce B L be equal to the Circumference 

£ N, then the SpBbr B G L will be ^ual to the Sec- 
tor lE H N ; and tf tbp Circumference B L exceeds tht 
Circumference E N, then the Scdor' B G L will alfo 
exceed the Sefior E H N ; and if lefs, lefs. There- 
fore, fince there are four Magnitudes', to wit, rhe two 
Circumferences B C, E F, and the twoSeaors G B C, 
£ H F ; and there are taken the Circumference B L, 
and the Sedor G B L, Equimultiples of the Circum- 
ference C B, ^nd the Sedor G B C ; as alfo the Cir<r 
cumferei^ce E N, and the Sedor H^£N Equimultiples 
of the Circumference. E F, and the Sedor H E F ; 
* and becaufe it is.p|:oved, ^hat if xbe Circumference 
BL exceeds the Circumference * E N, the Seaor 
B Q L will f\(o exceed the Seaor E H N ; and, if 
t ^^/* 5* 5 ^^^^'^ equal; if lefsy lefs ; therefore, f ^Si the Circum* 
1 \ferifu:e B C is to the Cireumf&tnce EF^ fo is the SeHcr 
G B C ro thi\S,e£iir H £ F ; which was to be demon* 
iflrated. *' '■ • / • 
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Cor oil. I . A n Angle at the Centre of a Circle is to 
four Right Angles, as an Arc on which it ftands is 
to the whole Ckcumference'^; Yor as the Angle 
B A.C is taa Ri^t Angle, fo'^s* the Ate B C to a ^ 
Quadrant of the Circle : Wherefore, if the Confe* 
quents be quadrupled, the Angle B A C (hall be 
to four .Right Angles as die ^rc B C is to tbe^ 
who le Circuinfcrcnce. ^ . " . 

2. The Arcs I L, B C, of uif^qflal Circles, which' 
fubtend equal Angles, whether at their Centres, 
^r Circumferences, are fimtlar \ for I L, is -to tfacr ' ^ 

' whole Circumference I L £« as thp Angle I A L is 
to four Right Angles ; but as 1 A' L, o# B A C, is 
to four Right Angles, fo is the Arc B C to the 
whole Circumference B C F. Therefore, as I L 
is to the whole Circumference I L £, fo is B C to 
the whole Cii;cumfer«nce~B C F |r an^ fo-^e Arcs 
1 L', B C, arefimilar. 

^. Two Semidiameters, A B, AC, cut off fimilar 
Arcs I L, B-C, from concentric Circumfercinqes, 
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l.y^SoUd is that whRB has Length, 'Breadth^ 
-^ and Tbicknefs* 

II. The Term of a Solid is a Superficies. 

III. A Right Line is perpendicular to a Plane^ 
when it makes Right Angles with all the 
lines that touch it^ and are drawn in the f aid 
Plane. 

IV. A Plane is perpendicular to a Plane, when 
all the JSght LinSfin o fie Plans, drawn at 
Right Angles to the common SeBion of the two 
'Planes^ are at Right Angles to the other Plane. 

V. The Inclination of a Right Line to a PlanOy is 
the acute Angle contained under that Une^ and 
another Right one drawn in the Plane from 
that End of the inclining Line which is in the 
Plane t to the Point where a Right Line falls 
from the other End of the inclining Uneperpen^- 
pendicular to the Plane. 

VI. The Inclination of a Plane to a Plane y is the 
L4£HfC'd^t. contained under the Right Lines 

drawn in both the Planes to the fame Point of 

their 



tbitr c6mmm ImifrfiSti^ and making^ Right 
Af^hs with it. ' . 

VII. Planes srefaid to bh i^cUmd jSmitarly^ tjuben 
the faid* Angles of Inclination Ore equal, 

VI II. Parallel Planes are/ueh^ ^bich ieingprb- 
ducedy never medt. . . v 

IX. Similar ftlid Figures arejucb^ as artrc^Htaiikd 
under e^ual Numbers <ffimlar Planets 

X. Equal and fmilai' [olid Figures ate ibofe^. that 

aree^t^tiedu'ndei^^\i^lhMbersoffin»lQraiid 
equal Planes. 

XI. A fblid Angle ktht tMnationof fnm than 
twa Right Unes^ tbat'iaucb ^ne afwther^ and 
ar£ iiH in the fmb- Skpetficies : Or^ a /olid 
j^i^& is that which is contained under more than 
f wo plant Angles^ iohich are not in the fame Su- 
peffuies; bat being all atarie Point. 

XII* A Pyramid is a fiM Pi gun tontprehended 
under divers Planes fet upo^ one Ptane^ atul.pk: 
together at one Pdfnt. 

XIH. A Pfifm is a ftfHd Fiptre toM^ned under 
Planes, whereof the two oppojite are tqual^fi^kr^ 
and parallel and tbejotber Parallelogram, 

XIV. A Sphere is a foUd Figure^ iHade when the 
Diameter of a Semicircle remaining at Reft^ the 
Semicircle is turned about till it returns to the 

rne Place from whence it began to move. 

XV. ^he Axis of a Sphere is that fiind Lint^ 
about which the Semicircle is turned. 

XVI. The Centre of^ a Sphere is the fame with 
that of the Semicircle^ 

XVir. The EHamet&ofa Sphere is a Right Line 
drawn^ through the Centre^ and terminated on 
eiti/er Side by the Superficies of a Sphere. 

XVHK A Ome is a Figure defcribed when me of 
the Sides of a Rigbt^angltd Triangk^ containing 
the Right Angle^ remaining fixed^ the Triangle 
i]S tfirmd about until it returns to the Place from 

whence 
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tt^bignet it firfi h^anU move. And tfthefixtd 
Right Lanes be equal to each other^ that contain 
the. Right Affgle^ then the Cone is a reHanguldr 
Cone % but^ ^ it be lefs^ it is an obtufe-angkd 
Conei ifgreaier^ an acute-angled Cone, 

XIX. The Axis of a Cone' is that jixtd Right 
Line, abput which the Triangle is moved. 

XX. The Safe of a\Cone is the Circle defcribe4 by 
the R^ht JLine moved about. 

XXI. A Cylinder is a Figure defcribed by the Mo^ 
Hon of a Right-angled Parallelogram^ one of the 
Sides containing the Right Angle^ renn^iningfix^ 
ed while the Paralklogramis turned about to the 
fame Place from oohence it began to ^ 'moved* 

' XXII. The Axis of aQflinder is that' fixed Right 
tine^ about /fwhich the Parallelogram is turned. 

XXIII. And the ]Bafes of a Cylinder are the Circles 
that: are defcribed by the Motion of the two 
oppqfit^e Sides of the Parallelogram. 

XXIV. Similar Cones and Cylinders are fuch^ 
vphofe Amcs and. Diameters af their Bafes are 
proportional. 

XXV. A Cube is a folid Figure contained under Jx 
equal Squares. 

.XX VL A Tetrahedron is a folid Figure contained 
under four equilateral Triangles. 

XXVII. JnOaahedron is a folid Figure con* 
Sained under eight equal equilateral Triangles. 

XXVIII. A Dodecahedron is a folid Figure con- 
' Sained under twelve equal equilateral and equian^ 
gular Pentagons. 

XXIX. ^n Icojahedron is a folid Figure contained 
under twenty equal equilateral Triangles. 

XXX. A Parallefopipedon is a Figure contained 
under fix quadrilateral Figures^ whereof thofe 
which are oppqfite are farallel^L 

FRO- 



PROPOSITION L ' 

Theorem. 

tne Part of Right Line cannot he in a plane 
superficies^ dm aHotker Part above it. 






FO R, if poflible, let the PartA B of the Right 
-Lihc A BC Be irt a plane Stipferfkies, and thd . 
Part B G' abo«e the fajne. ... 
There will be fome Right Line in the aforefaid 
Planti which, with A B, will be hut one ftrait Linci' 
Let this lyine be p B. . 

Then the two given Right Lines A B Cj A B D^. 
have one common Segment A B, which is impoffible ; 
for one Right Line wdl not meet another in more 
Points than one. . Wherefore, one Part of a Right 
Line canriiDt he in a plttne Superficies^ and another Part 
ah9V0 it ; which was io be demonfirated* 

PRQPOSITIONII. 

Theorem. 

ff two Right Lines cut each other^ they are both 
in one Plane "^ and every triangle is in oni 
Plane, 

T E T two lljght lines A B^ C D, cut each other irt 
•*^ the Point E. I fay, they are both in one Plane 3 
and every Triangle is one Plane. 

For, taice any Points F and G, in the Right Lines 
A B, C D; and join C B, F G ; and let there be 
drawn F H, G K. In the firft Placej I fay^ the Tri- 
angle £ B C is iti one Plane* / 

For, if one Part.F H C, or G B K^ of the Triangle 
E B C, be in one Plahe, and the other Part in another 
Plane; then one Part ^f each of the Lines E C, E B, 
ihzW be in one Plane, and the other Part in another 
Plane ; which we have proved * to be abllard. There- a ^ . . 
for^ the TriangleEB C is one Plahe; but both the '^ * 
R^t Lines EC, E'B-, are iii the fame Plane as. the ^ 
* " " O Triangle 



\ 



Triangle B C E is j and A B, CD, arc both in the 
fame Planp as £ C> E B> arc. Wherefore^ the Right 
Lines A B, C'D, tire both in one Plane ^ tmd every Tri- 
angle is in one Plane ', which was to be demonftrated. 

PR 6 ^ O S I T I OK III. 

... ., 

Theorem. 



• < 



If tw Planes i:uf aack afber^ tb^ir commm Sec^ 
tion wiU be a Rights Linil 

Y XT two Planes A 6, B C^ cut each other, wfaofc 
*^ common Sedion is the Line D B j I fay, D B is 

a Right Line. 

For, if it be not, draw the Right Line D £ B in the 
Plane A B, from the Point D to the Point B, and the 
RightLine D F B in thePlantfBC. . 

Then two Right Lines DEB, D F B, have the 
* ^. to* fame Terms, and include a S(Jace, which ift * abiird. 
Therefore D E B, D F B, are not Right Lines. In 
the fame manner we demonftrate^ that no other Line 
drawn from the Point D to the Point B, is a Tlight 
Line, befides D B, the common Sedion of the Planes 
A B, B C. J/y thercfor<j, two. Planes cut eatb^ otber^ 
their common SeSlion will be a Right Line ; whlcji wa^^ 
to be demonil^rated. 



PROPOSITION IV. 

Theorem. 

If to two^ Right Lines ^ cutting one another^ a third 
Jtandf at Right Angles in the common SeSion^- 
it fhdll be atfo at Right Angks to ibe Plane 
drawn through the f aid Lines. 

T E T the Right Line E F Hand at Right Angles to 
-*-^^ the two Right Lines A B, CD, in the commoa 
S::£ition E. I fay, £ F is alfo at Right Angles to the 
Plane drawn through A B> CO. 

For, 
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Fxit^ take (he equal K.igkt Lines £ A, E B, C £, 
DEj and, 'through £ any how draw the Right Line 
G EH, and ;^in A D, C B j and from the PointT, let 
there he draWn FA. F G, F D» F C, F H, F B : 
Then, Wcaufe two'Right Lines A £, ED, are equal 
to two Right Lines C £, £ B, and they contain ^ the ^ '5* *' 
equal Angles A E D, C £ B ; the Bafe A D (hall be f 1 4« ^* 
equal to .'the Biafap £, an j the Triangle A E D equal 
to the Triangle C £B ; and To, likewife, is the Angle 
Dae equal to the Angle £ B C ; but the Angle 
AEG is * equal to this Angle B £ H ; therefore 
A G £, B £ H, are two Triangles, having two Angles 
6f the oncequkDio two Angles of the other, each to 
each, and one ^dte '^ £ equal to one Side £ B; visu 
tkofe^hitt arei^t ihe equal Angles ; and fo the other 
Sides of the one will be % equal to the other Sides of { ^6. l« 
the other. Therefore G E is equal to £ H, and AG 
to B H ; an4trincc A£ is equal to £ B, and F £ is 
common alnd at Right Angles, the Bafe A F fliall he . ^^ 
t equdlio^he Bafc.F B : For the fartie Reafon, like- 
Wife, IhillC F be equal to F D. Ag^in, bccaufe A D 
isNeqi^al to C B, a^d A.F to F B, the two Sides FA, 
Kt)y will Be.equalto the two Sides F B, B C, each 
to each j 'bii't the B^/D F has be^ proved equal \o 
the Bafe Fp, Tji^rcfore the Angle FA D is • equal *•• «• 
tQ the Angle K 3^C : Moreover, A G has been proved 
equal to 5 H"; ,l)ut F B alfo, is equal to A F, there- 
fore the twoj^ides F A, A G, are equal to the two 
Sides F B, B EJ ; and the Angle F A G is equal to 
Ijxe Angle FBH, as has bee» demonftrated j Where- 
fore the Bafe G F is f equal to the Bafe F H. . Again^ 
becaiife G £ has been proved equal to £ H, and E F 
is common^ the two Sides G £, £ F, are equal to the 
two Sides ITE, £ F ; butthe Bafe H F is^equal to the 
Bafe F G j therefore the Angle Q E F is * equal to 
the Angle H E F j . and fo both the Angles G E F, 
H E F, are Right Angles : Therefore, F E makes 
Right Angles with G H, which is any how drawn 
thro' E. After thefame mapft^r, we deoKonftrate, that 
£ F is at Right t Angles to ^IKRight Lines. that are 
drawn in a rlane to it ; hut a Right Line is ^ at • /^f/: j. </ 
Kight Angles to a Plane, when it is at Right Angles'**'* 
to all Right Lines drawn to it in the Plane. There- 
fore F £ is at Right Angles t6 a Planedrawn thro* 4:hc 
- O 2 Right 
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Right Line A B, C D. Wherefore, if'rt> tivS Right 

Lines cutting one another y a third Jianas ^t Right Anglis 

'in the common Se^ion^ it Jhall be alfo at Right^Angkito 

ihe Plane drawn through the faid Lines \ which was to 

be demanftrated, ' ....:_:• *:- , 



PROPOSITIONV. ^ 






1 H E O R E M, . \ > A 

If to three Right Lines tifiicbit^ : fine amtl^er^ 4 
. Jourthiftands at Right. Jb^les in their comm9H 
• Sexton, . tho/e three Rigbs Lines Jhatl it in ^m 
and the fame Plane, .- . ' ^' ■ ' 

T E T the Right,Lm<*.A B ftaniat Right Angles*, 
-'^ in the Pofnt of Conta<& B, to the" three Right 
Lines BC, B D,.BE: , Ifay,B C^B D, KE, art 
ill one and the Tame Plane. / 

^ For^ it they are not, let D B, B E, be in one Plane, 
and B C above ft ; and let the. Plane pafling thro* A B, 
♦ 3 tfthU. B C, be produced^ and' it will * make the common 
Sediion, with the'othei. Plan^, a ftnait Line, which 
let be B F ; then three, Right Lines A B, B C, ,B F, 
■ere in one P^ane drawn through A Bj BC : Andfince 
A B ftands at Right .'A;igies to B D and BE, it (hall 
+4 9ftbh* be t at Right Angles to a Plane drawn through BE, 
X Dff. ^. D B i and fo A 6" ttiall riiake t Rig^t Angles with all 
Right Lines touching it that are in 'the (ame Plane: 
But B F, being in the faid Plane, toi|ches it j where- 
fore tbe Angle A B F i? a Right Angle : But the An- 
gle A B C {^jr the Hyp.) is alfo a Right Angle ; there- 
fore the Angle A B F is equal to the Angle ABC, 
and they are both in the fame Plane, which cannot 
be ; and fo the Right Line B C, is not above the Plane 
palling through E Band B D. Wherefore the three 
flight Lines BC, B D, BE, are in one ancl the fam« 
. - .Plane. Therefore, if to three Right Linesy touching 
cne another y fi fourth jiands at Right Angles in their com- 
mon SeSfiony thofe three Right Lines Jhall be in one and 
the fame Plane ; which was to be demonftrated. 

PRO- 



V 



\ 



i 



y K O P O Si IT 1,0 N VI. 

If two Right. Lines be.perpendicular to one an4 the 
fame Pldncy thofe Right Lines are parallel to one 
• another. 

. T E T two Right Lines A B, C E^,\fee.perpen<J3tular 
•*^ to one and the fame Plane. I fay, A B is parallel 

^ Fofo let them fnept tlae J^laac ja the Pcthits B, D ; 
and join ,^ck 5^gKt Line.B D,.tP;Vhich Jet D E be 
drawn in the fame Plane,- at Right Angles', m^ke D £ 
f qua! ca A S \ and joj^ 6 E^* A* £> A D. 

. . .Th«n bef;;;^uf6 A B is at Right Angles to the afore- 

' fi^d P}}ine,. it (hall be •,«! Right Angles to all Right « d/. 3. f 
Lines» touching it, drawn in the Plane j but AS'*'** 
touches B D, BE, which are in the faid Plane ; there- 

.fore each of the Apgles A B D, A B E, is a Right 
Angle. So, for the laipe Reafon, likewife,. is each of* 

-the Angles C D B, C D E, a Right Angle. Then, 

becaufe A B is equal to D £, and B D is common ; 

the two Sides A B, B D, (hall l^e equal ^to th« two 

*» Sid^s ED, DB; but they ,c(?ntain Right Angles: 

■ Therefore the Bafe A D is tiCgvM.^P^ ^he Bafe B p.t 4- >• 
Agam, becaiife A B is equ^l to D E, and A D to B E ; 

. the two Sides A B, BE, are equal to the two Sides 
E D, D A ; but A E, their Bafe, is common ; where- 
fore the Angle A B Eis % is equal to the Angle E D A. j g, i. 
But AB t is a Right Angle ; therefore E D A is alio 
a Right Angle ; and fo E D is perpendicular to D A : 
Uik»jt^is %\iQ perpendicular to B D and DC j there- 
fore E^P is at Right /Angles, in the Point of Contadl, 
to ihrep Right t'ines g D, D A,^ D C : Wherefore 
thefe three laft Right Lines arc * in one Plane. But* Ar^^,;,^ 

^B D, D A> are ip the f^nie Plane as A B is : for every 
Triangle is f in the fame Plane 5 therefore it is necef- . ^ gffUs-^ 
fary, that A B, B D, D C, be In dne Plane. B^t 
-both the Angles A B D, B D C,' are Right Angles ; 
wherefore AB is it parallel to G D. Therefore, //'JaS. i. 

' two ■ Right Lines be perpendicular to one and the fame 
Plane^ thofe Right Lines are parallel to ctne another j 
>vhich was to be deraonftratcd. 

' * .03 PRO- 
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PR OP 6 S I T I O N %«. 

U E Cil EM. 

. Jf there fe two parallel Lines ^ and aftjf Toint^ ts 
taken in both of tbem^ the Right Line Joining 
thofe Points Jhall be in the fame Plane as the 
ParaMs are. ' *.., \ :. ^ 

T E T A B, C P, be gw> parallel Right Lmc«. iti 
•^-^ ifvhich^rc tiafccn anyPblms, E, F. rfay, % Kighc 
Line joining the Poihis £» F, W\n the (Sime'PUne'is 

the Parallels are.. 

For, if it be not, let it be elevated abtrve tfl^ Tait^^, 

-K poffiWe, as E GF, through wbieh let fo>nfe;Pl^iie be 

* drawn, whofe SeSion, ii^ith *the Plane fn which tHe 

♦ J tfilU, Parallels are, let * be the Right Line £ 1^ ; then the 

two R^ght Lines E G F, E F, will include a'SpsKie, 

^^.joiti, which is t ^bfurd: Therefore, a Right Line, drawn 

from the Point E to the Point F, is not elevated above 

the 'Plane; and, confequetitjy, it muft be in thslt 

paiBhgthmughtheParrilels^AB, CD. Wherefore, 

if there be two parallel Linesy arui any Points be taken in 

both ef tbemy the' Right Line joining Hhbfe Points J^all be 

in the fame Pkneas the Parallels are ; which was to hei 

demonftrattd. 



P R O P O S I T I o N vin. 

The or E\f4. , 

If there be two parallel Right Lines^ one of which 
is perpendicular to fame Plane \ then fiall the 
other be perpendicular to the f(tthe Platte. 

5t«/. yl I E T A B, C D, be two paralFe) Right Lines, one 
/ /'T* • 1-j of which, as A B, is perpendicular to foprje Plane^ 
'I fay, the other, C D, is alfo perpendicular to the fame 
plane. 

For, fef A B, CD, meet the Plane in the Points B, 

D ; and let B D be joined ;' then A B,C D>B'D,arc 

^T«f(hiu ** in one flane. Let DE be drawn in fhc other 

Fl^ne, 



Plane, at Right Angles to B D, and make DE equal 

to A-B'; aJfcl j6ai B^ AE, AU: OThfehj^nce A B 

is perpendicular to the Plape^.jt will * be perpendicu- *^{A )• 

lar to all j^ight Lines touching It, that are drawn in 

iiie fame Plane ] therefore, ^ach of thi Anglei A 8 fi, 

"A B£; is a Right Ahgle. ArWI fincc theJlightXinc 
BD falls on the Right i/inesWJS,^ CO i {be Ai^gles 
A B D, C D B, fhall be t equal to two Right Angles : t »^* »• 

'Therefore, the Af^lt, C D B i& ^\(o a Rig^ Apg]^ ; 
and fo C D is/pertxctuliculaF to D ,6. And iii^ce A^ 
Is equal t0;D'£, iaoid B D is QQippipn j^the t.wo.3uips ^ 

'A B,3 D, areeqpil (o thie:tw<>Sjd^,^ D, D B. But 
tfae'Angle'ArBiD is equal. to tbe^Apgle £ D B 5 for 
each of them ik a Right Angle ^ therefore the Bsfc 
A D is t equal to thelHaTe.B £. ' Again, fince A.B is ^ ^' '* 

i^qiial to D £, and B £ to A D ; the two Sides A^, 
- :B £, (hall be equal to the two Sjdes £ D, D A, each 

"to' each : wBut the Bafe A £ is common; wherefore « 
the Angle A B£ * is equal to tbe^Angle £ DA : But • 8. t. 
the A^le A- B £ is a Right Angle ; therefore £D A 
is alfoa Right Angle, and £ D ;is pei'pendicular to 

•DA:' But It is likewife perpendicular, to D B ; there- 
fore £D (hall alfo be t perpendicular to the Plane f 4 ^^^y^. 
paffing through B D, D A, and, likewife, fhall.be X ^^'tOt/, t. 

•Right Angles to all Right Lines, drawn in the faid ' ^* . 

.Plahe that touch it. .But D C is in the Plane paffing 

•through B D, D A, becaufe A B, B D, are ♦ in that * » */'*'* 

^Piane^ and D C is f in the fame Plane that A B and f ; o/tbu, 
B D are in ; wherefore £ O is at Right Angles to 
D C, and fo C D is at Right Angles to D £, as alfo 

- to D B. Therefore, C D Jlands at Right JngUs^ in 
• the common SeSiionYiy to two Right Lines D £, D B, ' 

mutually cutting one another i andj accordingly^ is at 
Right jingles to the Plane pajfmg through D £, D B i 
which was to be demonftrated. 
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P R p P O S I T I O N IX. 

Theorem. 

SJgbi tines that are paralkl to the fame Right 
JJne^ not being in the fame Plane mtb itj axe 
iUJo farallel to each other ^ 



' T ETboth the Right Lines A B, C D, be parallel 

"^ to the Right Line E F, not being in the fame 

' plane with it. I fay A B is parallel to C D. 

•• For^ afliime any Point O in £ F, from which Point 

G. let G H be drawn at Right Angles to £ F, in>the 

, Plane paffing thro' E F, A B : Alfo, let G K be drawn 

' ' at Right Angles to E F iti the Plane paffing thrb* E F, 

CD: Then, bccaufe E F is perpendicular to GH 

f 4 ffthh* ^"^ ^ ^^ ^^^ ^^^^ ^ ^ ^^'' *'^^ be • at Right Angles 

^ * to a Plane paffing through both GH 'and GK: But 

^6oftb!i, £F is parallel to AB; therefore AB is f alfo at 

Right Angles to the Plane paffing thro' H G K. For 

' the fame Reafon, C D alfo is at Right Angles to the 

Plane paffing thro' H G K ; and therefore A B, ar^d 

C D, will be b9th at Right Angles to the Plane paf- 

1 ,. fmg through H G K. Bur if two Right Lines be ^t 

ff*f$hu» Right Angles to the fame Plane, they fliail be^ pa-> 

xallel to each other ; therefore A R is parallel to C D. 

And fo. Right Lines tbot are paraUtl to the fame Righ^ 

Lififj not biing in ihefame Plane with ity are alfo par^M 

to each other ; which was tpbe demonftrated* 

JPIiOpOSITION X, 
' Theorem. 

""If two Right Lines ^ touching one another^ he pa-- 
rallel to two other Right Lines^ touching one 
another J but not in the fame Plane^ thofe Righf 
lanes cgnt^tin e^ual Angles^ 

L£ T two Right Lines A B, B C, touching one ano^ 
t^er, be paraUel tp tiyo Right Lines D E, £F» 
pouching one another, "^but not in the fame Plane. I 
fay, the Angle A ^ C is equal to the Angle D £ F. 



For,t take B A^ B C, J^ D, £ F, equal to ofte and* 
iher, apd join A D, C F, B E, A C, D F: Then, 
becaiife B A is equal and parallel. to ED,. theJlight 
^ine A D fliall alfo be ^ equal and parallel to B £• ^ 31« ^ 
. For. the fame S^eafon, C F will be equal and parallel 
to B £ s therefore A D, C F, are both equal and pa- 
ralled to BE. But I^ight Lines that are parallel to 
thp fame Right Line, not being in the fame rlane.with 
it, will be t paralkl to each other. Therefore A D 1 9 0*^» 
is parallel and equal to C F ; but A C, P F, join 
them ; wherefore A C is4 equal and parallel to vF. t 33* '• 
And becaufe the two Right Lines A B, B C, are equal 
toihe two Right Lines t)E, £ F, and the Bafe A C 
equ^l to the Bare D F;. therefore the Angle ABC 
will be ♦ equal to the Angle D E F. ^ Whcnc??».j/'/t<w • ^- «• 
Rigbt Lines touching one tinother^ be parallel to two other 
fiight Lines touching one another^ but not in the fame 
Plane ^ thp/e Right Una c^ntpin jqiial 4^gle5 y ,vf\ncl^ 
was to be denronftrated; 

F R d P O SI T I O N XL 

P R O B L l^^M. . 

From a Point given above a Plane^ to draw a 
Right Line perpendicular to that Plane. 

T E T A be the- Point given, above the given Plane 
^ B H. It is required to dfaw a feight Line from 
the Point A, perpend icgl^&r to the Plane B H, 

Let ^ Right Line BC be any hQW|drawn in the rlane 
BH; »nd let AP be ^rawn * from the Point A,*|a. i» , 
perpendicular to B C ^ (hen if A D be perpendicular 
to the Plane B H, the Thing required is already done ; 
^ut, if not, let O J^- be drawn in the Plane frojn the* , 
Point D, at Right Angles to B C ; and let A F be 
drawn * from the Point A, perpendicular to PE; 
Laftly, through F draw G H, parallel to B C. 

Thpn, becaufe B C is perpendicular to bpth P A 
and D E, B C will alfo be t perpendicular to a Pia?ie^ ^«//^,;. 
paffing thro' E P, D A. But G H is parallel to B C j 
and if there are two Right Lines parallel, one of ^ 

which is at Right Angles to fome Plane, then fhall 
the other be % at Right Angles to the fame Plane A ^V'*A'- 
Wherefore G t^ is *t Rijht Angles to the Plane paf- 
' . fing 



•^'/. 3' fiag Ifbr6* E D, D A, and fo is • pcrpcnJicuUr to all 
.th« Rifht' LinM, in the fame P/anc that touch ft. 
But A F, which is in the. Plane pajfing thro* C D arid 
D A doth touch it. Therefore, G H is peipendicular 
to A F J and fo A F is perpendicular to ^ H*; blit 
A F likewife is perpendicular to D £ ; therefore A F 
is perpendicular to both H G, D £. But if a Right 
Line ftands at Right Angles to two Right Lines, in 

-f^tffhtt* ^^cir common SeSion, that Line will b« f at Right 
Angles to the Planes pai&iig through theCe Lines. 
Therefore A F is perpendicular to the Plane drawn 
thcough £ D, (jrH% that is, to the given Plane B tl. 
Theieforc, A F is drawn fhm tht given Point A, aiovi 
tht pven Point B H, perpendicular io the faid Plane % 
. which was to b^ done. 



? R O P O S I t I O N XIL 

, PrPPLPM. I 

To ereSi a Right Line perpendicular ta agiv^n 
plane J from a Point given therein. 

T E T A be a given Point in a given Plane M N. 

•■^ It is required to draw'a Right Line from the Poiiit 

A, at Right Angles to the Plane M N, 
Let fome Point B be fuppofed above the given 
• 11 tfthit, ffane, from which let B C be drawn ♦ perpendicular 
t 31. X. to the faid Plane ; and let A D be drawn f fronT A» 

parallel to B C. 

Tfc«n> becaufe AD, C B, are two parallel Rigift 

Lines, ope of which, viz, BC is perpendicular to th« 
+ «•//*/*. PJane M N ; .the other AD, (hall be J alfo perpen^ 

dicular to the fame Plane. Therefore, a Right Line 

is ere^ed perpendicular to a given Plane^ from a Point 

given therein \ which was to te done.' 



PRO<. 



PRO P b<SI T i ON XHI. 

T k to it Hi, 

. / ■ » • .... 

<S^.wa Right %me3 cannot h ^reSi$d afJRSgit A»- 
ffcj $0 a. gkjiH flaite^ frifm a Pfinf tb^tiH 

given. •'.-•' 

P <y^^ if ttiis.:poipblf, lct^j\^ Kgl^ Kin<?i A B. 
*. A C, be ereded perpendicularrto a given Plane on 
the feme Side, at a given 'Poim A, in the given Plane. 
TRipn ^ct 9 Pia9« i>c «4fkwii tl)r.o' B. A,' A ,C, cuttiQg 
tjje given P4a^ i^ro' A in tlje Right lii(tc» Q A.E j •j,/^^/^ 
'hut the Une P A E being jn thtRgivcn PJ(^;\^,.lMttfches 
St i therefore the Height Mnes A B, A C, DA E, arc 
in ^ owe Wane : AndF btcaUfe^C A is perpendicular to 
the given Plane, it fliall alfo be f perpendicular to all t^'/* S» 
Right Lines drawn in that Plape, ^nd tOuc))iAg it. 
Therefore the Angle C A E is a Right Angle. ' JF^r 
'the fame Reafon, BA E is alfo a Right Ar^gle : 
•wherefore ihe Angle C A E is equal to j3 A E, a^d 
»they are both in one Plane^ which is abf^rd. There* 
fore, two Right Lines tanmt be er^ptdi^^ight Jnths^ 
to a given Plane, frpm a Point therein giyeh 5 which w^s 
to he demonftfatedy ' 

PRO POSIT 10 N XtV. ' 

» • ' . i . ' '. " . « , 

j^'boje Plamsy i^ttbicb fbe fame Right Line k 
perfendlcular^ are faraiklto eacb,atber\ 

\ E T the P.ight Inne, A B be perpendicular to ea(^ 

^ of the Plfiies D C, £ F. 4 Ay, thefc^PJanes aie 

, parallel. ; . .. . 

For, ifth«ybenot, letthiwihe |Koduced^iUl|hey 
meet each other, and let thc-Right Line G H be the 
.coQimon Sefiion, in wfeich t^keiany Point K,> and 
join A S, 3 K. Then, be^^ufe A JB is perpendicular 
-to the Pla(pe EtF» it IhaHr alft) be perpendicuJar to the 
'Right Line B,K,.being in, the Plane E F produced ; 
.wherefore thePiane AB K is a Right Aj^le. And, 
.ii?f ij^c faojp ,R,c*fon,j 6' A Is- is Wo a. Right Angle. 

Aad 
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And fo the two Angles A B K, B A K, of Ac Tri- 
angld^KK, :ii6 kqinl to kw6 Eight Aiigl^, which 

♦ 17. u is * impoffiblc : T^^rjfqxc.tbc, Planes CD, E F, be- 

ing produced, wilt riot meet each other ; and fo are 
j^e^t/^p^caH^; .Therefore, .ibtfi Plahei to tohiib 
the.fyme^Rif^t ^ng-fs ferpindictilar^ Jiff parallel to each 
$ther I w)iicn vms to be demonftrated, 

V -^ • 
M / P RI O B 0»S^ i T 10 N XV. 

If iwa Right UneSy tmcbing one another ^ he pa-- 

• . . . ; ' ralkl to tW0 Right Lines y touching one another ^ 

. . andnot being: in' the ptme Plane whb them \ the 

Planes dfawH through thofe Rig^i .Lfnes ojcf pa-- 

*. ^ - ; '•* ral{eltoeach4^her*^ , , ,. ,; . v-l 

' ' , t I .' .•••• .' : 

T £ T tvjQp Rig^ Linei A B, BC». fipuching one anp- 
"*^ ther, $e paraBei to two Right Lines D E, E F, 
touching one anoth,^,; bqt.not in the faoie 'Plane with 
theixr.j^ £ /ay, the IfUneApai^ogihroughi A<B, B C, and 
P E, rl J?, being prr9du<j:?d, will ijot rneet each other. 

*;ii ejtbisj For,,j€t B Gf be drawn * froni the Point B, perpen- 
dicular to tHe Plane pailing through P.£> E F, meeting 
the fame in the Point G k ,and through .G let G H be 

J 31. 1, drawn>jT>arallel to E 0, >nd^ IJ^<t pars^lle) to EF ; 
then> becaufe B G is perpendicular to the Plane paf* 

• Df/.3. fing through D E< EF, ft fliali alfo miAke * Right An- 

Lglcs with ^1 Right Lir^es thdt tou^h it, and are in tl^ 
lame Plane. But G H .%nd Q^K^ which are both in 

the fiime Plane, touch it j therefore each of the An- 
gles BGH, BGK, i9 a Right Angle.' And fince 

B A is parallel to G H, ihe Angles Gti A. BGH, 

* 19. i« are * equal to two Right Angles : But BGH is a 

Righ^ Angle; wherefdre Q^ fi A (h^fi, aHb'be a Right 
Angle ; and (o B G is^erpendicular to ;B A. For the 
fame Reafpn, .G B is afHb perpetidicul^r ,to BC ; 
therefore firfce a Right Line B G'fttnds at Right An- 
^ ^les to ^wo Right Lines B A, B C, inutually cutting 
J 4 e/thiu each whcri B G fltali alf^. be J at- R%ht Angles to 
Ihe Plane dijawn thro'B A,' d G. ^Bntltls perpendi- 
cular to the Plane drawn through D Bj-^^EF > ^therefore 
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B G is perpendicular to both the Planes drawn thro* 

A BJHC, and:D £; E F. Bui: thdfe Planes to ijhich 

the fame Right Line is perpendi^yjar, are * parallel; X H^f^hit. 

therefore the Pl^ne'drsewnthro^ A^B, B C, is parallel 

IP tKcPraffciwwathfo'DE^>E.F* Whcrefeid,\jf 

two Rjfhi'JLin^W tombing onranotbir^'be paralblto two 

Right Lines huchtng one another^ and not being in the * 

'/ami Pidrie^Hifiih tlwn'\ the- Phifet drawn through tbok 

jiigbt Lines airekarallil to tach ^he^ \ 'Which was to* be 

flcflionfli^atW;— ^ - • ' ' w. . . • '-^ 

. . * , f • • *-* 

• P li'O: E^O S I T I O N XVI. ' 

'» • ,\ ....*►... I, . ... - - .,-.... 

*■ ." . :/••• .'-'T-H'EORiir; . ' ■' . 

'ffj iw6'^araUit^^l<anes are cut iy another PJanel 
),. : ; tb»r immw SeSipns i^iU hei;p(ir0lld^ 

■T / E T two j)aral|el Plan^ A B, QJP, be cut by any . 
ft^. ^tofi 5 %^M, X ?nd. let ih^ir: common Seftiooi 
be EF, .GH.T 1 fay, E Pj>|>airaHel to<3H., 
o. For, if itif l)Otfarallelj E Fi:OH> being produced^ 
will meet each pther either oil $be. Side f) H, or £ Q. 
f irfty let iheop^be produced, o^t^e.^itje F.H, and n»tt 
ill K ; then, .becaufe £ F Kis in^the PUne A B, all 
Points taken in'E F K will be in jbe fame Plane. But 
K i« one of the Points that is in E F K j therefore K 
b in the f»rie ^^qie.AB. For^ the fame Reafon, K 
is alfo in the Plane C D ; wherefore the Planes A B, 
C D, will meet eaeh ocbel^. vi But they do not iseet, 
fince they are. (uppofed parallel ; therefore thclllgfat 
Lines E F^ G.H, will not meet^on. the Side , P H. 
After theTame manner it is proved, that they will not 
meet, if prothi'ccd^on the SiBe 'EG. ' But Right 
Lines, that will neither way meet each other» are 
bafallel ; -th«tf5» E F is parkfiel to G H. •//; 
Viettfotti i%i fe^dilel Plants artcui by any other Plane^ 
their coinm^ SkAMt wU b$ fkraHHy which was tp be 

^n.i, \J'J 'HJ15IS '. - ..* •*:.- 
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^ ^«w Ri^ Links 4»t cut ky> fobaUgl Pianu^ 

C, F, D. . I fay, as the Ri&;ht Line A £ iarxp .the^yif 
Line E B, fo is C F to F D. 

For, let A C, B D, A D, be joined ; let A D meet 



the PktneK L in, 3h^ Poin^X;; ^claoi(i> EjX, X F. 
Then, l)ecaure two parailel Planes ^ L, M >f, are 
cut by the Plane; E)£,D ^^ thew^ common Sedions 
• jS »/tbi8» £ X, fi D, are * pafalleT. For tne fame Reafon, be- 
caufe two {parallel Planes G H, KrLsare cut by, th^ 

areparakeh ah(» betsftft E X i^WM»h^iilIel to 
the Side B D of the Triangle A B D, it (hall be, as, 
X 4. 5, A^E-ti to E^j'fc^s V A X'WX Ii>'-A|aril, Waufc 
X F it 'itwfti 'P^aliel'to the '«We /^6>oT A^Tirikngfe 
A D C, it'A'a!li|A>, w A'>tf isr'tb^JC Dl,ift>>i8-(!;*%4 
F i>. But it ha^ bc^a '|>rdv^, a^li^^^ i^^tb XcD, fo 



t "• $• 



i»AEct> E6. I'Htihf^vc^ as A Efls fe«»,'lb isl 
Off t^ F D. '• 1V'lie«fj6¥^, • ififvo'RtgBrEines ^ate eA 
ifyparaiiil Pknes; ibiy ]/hail 4feiutin't6e/fime Prtferj 
/w»i Whkrh wasto'bfr'demoriftMftcd. '^ "' [ 
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j5^ '^ 'Right Line he p€tf)!niicular io Vbrne Pkme^ 
thek all Planes Ipa^Uig tbtoi^lt^f^tJJHi i»m 
be tperpendicukir /p the fame Iflaifff^ » . , ^ 
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T E T the Right%inc A B be pw^pfrular to thj 
^ that C L. . ^ Lfay,, all Han.f!h%^OT«» *»<^ 
AjB,. arc likewi^ jwBjf^iicular tq tM»«^C U . 
t: " For, let a Plane U £ pafs thro' the Kigl^t J^ A V^ 

j . whofe common Sedton with the Plane G Lt it the 

? Jl Right Line C £ ; and take fome Point F in C £; ffom 

wUchJei F G be drawn in the Plane D £» ptrpcndi^ 
-^ cdaf 






Book XL Et^cUSs Element*. 2Xyf 

cular tothe.R^t Line C £ : Then, becaufe A B is 
perpendicular to the Plane C L, it (hall alfo be * P^r- v/w; .. 
pendicular to all the Rieht Lines which. teach it, and 
are in the fame Plane : Wherefore, it is perpendicalar 
to C£ ; and, .confcouently, the Atigle A B F is a 
Right Angle : But G r B is likewife a Right Angle ; 
therefore A B is paralljcl to F G. .But A B is at Right 
Angled to the Pl^tieC L ; therefore F G will be f at f g 9fM\ 
Right A/igles to that fadie Plane. But one Plane is 
^perpendicular to another, when the Right Lines drawn 
in one of. the Planes, perpendicular to the common 
Se^ion'ofthe Plane?; are % perpendicular ta the other j j^^r . ^- 
Plane. But F G is drawn in one Plane D £, per- thU. * 
pendicular to the common Section C £ of the Planes, 
and it.baJT.beeri {^foVed to; be perpendicular to the 
PlaneC L: In like manner any other Line in the 
Plane D £, drawn perpenditlitar to C £, is proved to 
b?. lierpemiicular to the Plane C L. Therefore the 
Plane p E is at Right Angles t<J the Plane C L. Af- 
ter the fame manner we denK>nftratej that all Planes 
paiSng thro' the Right Line A B, are perpendicular to 
the Plane CL. Therefosre, if a Right Line he per^ 
fendt cular t9 fime Plani^ then all Planes pajfing through 
that Line^ vmlhe perpeniiicutar to the fame Plane \ which 
was to be d^nibnftrated. 

PROPOSITION XIX; 

Theorem. » 

If two Planes^ culling each other ^ be perpendicu* 
lor fo fome Plane^ then their common SeSion 
will be perpendicular to thdt fame Plane, 

t E T two Planes A B, B C, cutting each other, 
-■^ be perpendicular to fome third Plane, and let their 
common Sedion be ^ O. I fay, B D i8.perpendiculaf 
to the faid third Plan^,l wh/ch let be A D C. 

For» ifpoffible, let. B D not be perpendicular to 
the third Plane ; and'frpm the Point D, let D £ be 
drawn iri the Plane A B, perpendicular to A D $ ancjl 
let DF be drawn in the Plane BC, perpendicular to 
C P' : Yhen, becaufe tlie Plane A B is perpendicular to 
1^ third Plane, and D E is drawn in the Plane A 6, * 
pWpendkulac^ to their common S^ftion A O i D £ 
^'^ fball 
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• D/. 4» fliail be * perpendicular to: the third Plane ADC. In 
]ike manner we prove, that DF alfo is perpendicular 
to the faid Plane ; wherefore two Right Lines ftand at 
Right Angles to this third Plane, on the fame Side, at 

+ i3ef'i««. the fame Point D; which is t abfurd : Therefore,, to 
this' third Plane cannot be ere£l:ed any Right Lines 
perpendicular at O, and on the fame Side, except B D, 
the common Se^ion of the Planes A B, B C 2 Where* 
fore D B is perpendicular to the third Plane. If there- 
fore, tW9-' Planes cutting each ctber^ be perpendicular 
iofome Plane^ then their "cemmon Se^ien will he per* 
pendicular. to that fame Plane i which was to be de- 
monflrated; 

PROPOSITION XX. 

Theorem. 

If a folid /Ingle be contained under three plane 
Anglesy atrf two of tbem^ bowfoever taken, are 
greater than the thirds 

LET the folid Angle A be contained under thrie 
plane Angles B A C, C A D, D A B. I fay, any 
two of the Angles B A C, C A D, D A B, are greater . 
. than the third, howfoever taken. 

For, if the Angles B A C, C A D, D A B, be equal, 
it is evident, that any two, howfoever taken, are greater 
than the third ; but, if not, let B A C be the greater, 
and make ♦ the Angte B A E at the Point A, with 
• *3- 1, the Right Line A B, in a Plane paffing ihro' B A, A C, 
equal to the Angle DAB; make A E equal to A D s 
thro' E draw B E C, cutting the Right Line? A B, 
AC, in the Points B, C; and join D B, DC J 
Then, becaufe D A is equal to A E, and A B is com- 
mon, the two Sides DA, AB, are equal to the two 
Sides A E, A B ; but the Angle D A B, is equal to the 
+ 41 Angle B A E ; therefore the Bafe D B is f equal to 
the Bafe B E : And fince the two Sides B, D C, are 
gireater than BC, and DB has been proved equal to BE ;' 
therefore the remaining Side D C fhail be greater than 
the remaining Side £ C j and, fince D A is equal to 
A £) and AC is common, and the Bafe D C greatter' 
1 25. r. than the Baffc EC j the Angle D A C iialt be J* greater 

*^ than 



than the Ang)e £ A C. But from the Conftrudion, th6 
Angle D A B^ i$ cqusJ to the Angle B A £ ; wfaere^ 
fore the Angles DAB, D A C, ikre greater than the 
Angle B AC. After this manner we demonftratet if 
any two other Angles be takenj that they are greater 
than the third. Therefore, if afolti Angle he contained 
knder three plane Angles^ any two of thefn^ h&wjoever 
iaien^ are greater than the third i which Was to oe dib- 
IbQhftrated. 

PROPositidN XXI. 

THEOREM. 

&oery folid Angle is tontained under plane Af^lei^ 
ta^elb&^ lejs than four Right ones. 

LET A bea felidAneld, contained uiidet plani^ 
AnglesBAC, CAD, D AB. I fayj the An* 
ghs B A C9 C A D, D A B, are left than four Right 
Angles. 

For^ take^y Points, B, C^ D, in eath of the Linei 
A B, A C, A D ; and join B C, G D^ D B : TheAj. 
betaufe the (olid Angle at B is contained under three 
I^Uiie Angles C B At A B D, C B D ; any two of theft 
are * greater than the third : Therefore the Angles • io ^Mi 
CBA, ABD; are greater than the Angle CBD. 
F6r the fame Reafon^ the Anglts B C A, A G D, are 
greater than the Angle B C D ; and the Angles C D A» 
A D B, greater than the. Angle C D B. Wherefore 
the fix Angles C B A, A B D, B C A, A C Di CD A, 
A D B^ are greater than the three Angles CBD, 
BCD, C D B. But the three Angles C B D^ 
B C D, C D B, are t equal to two Right Angles 5 i. - j, j^ 
Wherefore the Ox Angles C B A, ABD, B C A; 
A'D C, D C A, A D B> are greater than two Right 
Angles. And fince thb three Angles of each of the 
Triangles ABC, A C B, A D B^ are equal to two 
Right Angles, the nine Angles of th^fe Triangles 
CBA,BCA,BAC,ACD,CAD,ADC,ADBi 
A B D, D A B, are equal to fix Right Angles ; fix of 
Which AttglesC B A, B C A, A C D^ A D C, A D B, 
ABD, are grirater than two Right Angles. There* 
fore the three other Angles B A C, G A D> D A B» 

P which 
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vfW\ch contain the fbli<l Angle, will' be lefs than four 
Right Angles. Wherefore, every foiid Angle is eon » 
tained under plane Angles j together , Je/s than four Right 
9nes \ which was p be demonftrated. 

PROPOSITIO N XXIL 

Theorem. 

If there be three plane Angles ^ whereof two, an^^ 
how taken^ are greater than the third, and the 
Right Lines ihai contain them be equal ; then 
it is fofftble to make a Triangle of the Right 
JLines joining the equal Right Lines which form 
the Angles. 

. T E T A B C, D E F, G H K, be given plane An- 
^ glef , any two whereof are greater thaii the third j 
and lot the equal Right Lines A B, B C^ D £» E*F« 
G H, Fi K) <;ontaii| them ; and lei A C, D F, G K, 
be joined. I fav, it is poffible to make a TrUngle of 
A C, D F, G; K -, thsk is, any two of thein» howfo- 
ever taken, are gi;eater than the third* 

For, if rhe Angles at B, E, H, are equal ; then A Cy 

* 4* x« D F, G K, will, be * equal, and any two of them 
greater than the third ; but, if not, let the Angles at 
B,£, H, be unequal ; and let the Angle B be greater 
than either of the others at E, or H : Then the Richt 

^ *♦• '• Line A C will be f greater than either D F, or G K * 

aod it is manifeli, that A C, together with either D F, 

• or G K is greater tban the other. I fay, likewife, that 

J *3- '• 3 D F, G K, together, are greater than AC. For make J, 
at the Point B, with the Right Line AB, the Angle 
A B L equal to the Angle G H K: and make B L equal 
to cither A B, B C, iSt, E F, G H, H K ^ and join 
A L, C L. Then, becaufe the two Sides A B, B L, 
are equal to the two Sides G R, H K, each to each ; 
4nd they contain equal Angles ; the Bafe A L (hall be 
equal to the Bafe G K. And Ance the Ande £ and 
H are greater than the Angle ABC, the Angle G H K 
is equal to the Angle A B L, and therefq^e the other 
Angle at £ (hall be greater than the 'Angle LB & 
^nd iince the tWo Sides L B, B C, are equal ta the 
two Sides, D £» £ F, each to each i and the Angle 

D£F 



D£ F is greater than the Angle L B C, the Bafe.D F 
Ihall be ♦ greater than. the Bafe L C. But G K has * »*♦• «• 
been proved equal tb A L ; therefore D F, G K^ are 
greater than A L^ L C : But A L*. L C, are greater 
than A C ; wherefore H F, G K, (hall be much 

freater thah A C Therefore^ any two of the Right . 
lines A G, DF^ G K, bqwibever taken, are greater 
than the third : And fo, a TriangU may h made of A, C^ 
D F, G K ; which . was to be demonftrated; 






PROPOSITION XXIIL 

P H O B L E M« 

td mah a filid Angk of three plani JngUs, 
whereof any twOy hcwfoever taken^ are greater 
than the third, ; hut thefe three Angles mujf he 
lefs' than four Right Angles. 

LET ABC, D E FjG it K, be. three plane Ail. 
gles given, whereof any tvro^ howfoever taken, are 
greater than the thir4 : and let ' the faid three Angles 
be lefs than four Right Angles ; it tk t*equired to make 
a fglid Angle pf three plane Angles equal to A B C» 
li E F G H K 

; Let the Right Lines A B, B C, D E, E F, GH, H K j 
be cut off equal ; and join A C, D F, G K ; then it is 
jpoffibie to make * a Triangle of thre<k R%ht Lines ^iie^'i(/r. 
equal to A C, D F, G K : And fo flct the Triangle f n. i, 
E M N be made, fo that A C be equal to L M^ and 
p F to M N, and G K to t N ; and let the Circle 
L M N be dcfcribed % about the Triangle, whofeCen- 1 5* 4* 
trc let be X, which will be either within the Trianglip 
L M N, •r on one Side thereof, or withput the fame. 

Fiift, let it be within, and join l. X, M X, N X: 
I fay, A B is greater than L X. For, if this be not fo, 
A B (hall be either equal to L X, or lefsi Firfl:, let it 
be equal ; then becaufeAB is equal to LX, ^nd alfo 
to B C, L X (hall be equal to B C : But L X is equal 
to X M; therefore the two $ides A B, B,C, are equal 
to the two Sides L X, X M, each to each ; but the 
Safe A C is put equal to the Bafe h M \ wherefore the 
Angle ABC fhail be ♦equal to the Angle L X M. • 8, j. 

Pi Eor 
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; 

, For the fame Reafon^ the Angle D E F is cqui! to the. 
Angle M X N, and the Ahgfc G H K to the Angle 
N X L ; therefore the three Angles A B C, D E F, 
G H K j arc equal to the three Angles L X M, M X N, 
NXL, But the tbmr Angles LXM, MXN.NXL 

• Cor. 15.1. * are eqgal to four Right Angles ; and fo the tl^ree Ari- 

gles ABC, D E F, O H K, fhafl be equal to four 
Right Angles : But they arc put Icfs than foUr Right 
Angles, which is abfurd ; therefore,- A B is not equal 
to L X. I fay alfo, it is neither lefs than L X ; for, 
if ihi3 be poITible^ mU XO:eqiial,to*B As andXP 
to B C, and join O P : Then, becaufe A B is equal 
to B C, Xp (ball be equkl to X P ; and the remain- 
ing- Part O L, eaual_tothe rcmaininffPart P M j-an^ ' 

+ ». 6. (0 X M is f parallel to O Pv, and the Triangle L M X 
is equiangular to the Triangle O P X : Wherefore 

1 4. 6, X L is t to L M, as X O is to O P ; aqd (by Alter- 
nation) as X L is to X O, fo is LM to O P. But L X 
is greater than X O ; therefore LM fl>all alfo be great- 
er tbah O P. But L M is put equal to A C ; where* 
fore A C (hall be greater than O P : And fo, beeaufe 
the two Right Line^ A B, B C, are equal to the two 
Right Lines OX, X P, and theBaib^A G greater than 

• *«• *' the Bafe O P ; the Angle ABC Vrill be ♦ greater than 

the Angle O X P. In like manner wfe demonftrate, 
that the Angle DEP is greater tbah the Abgle MXK, 
and the Angle G H K than the Angle 1*1 X L j tbtetei^' 
Tore the three Angles A B C, D E F,*G H K, attf Jrrgiit- 
' cr thah the tbree^ A ngles L X N, M X N, N X L : 
But the Angles A B C, D E F, G H K^ are put Icfs 
than four Right Angles- j therefore the Angles L X M» 
M X N, N X L, (haU be lefs by much than four Ri|ht 

i>(Sr. 15- fr Angks, and. alfo eqoal f to four Right Angles : Whidi 
is abfurd : Wherefore A B is not Idfs than L X. fc 
has alfo been proved not to be t^U to it } -th^fcfdre 

i ^* */'*"• it muft neceflarily be greater. On the Pomt X raifc % 
X R, perpendiciilar to the Plane of the Circle L M N, 
who'e Length let be fuch, that the Square thereof be 
*jiqual to the Excefs by ^hich th^ Square of A B ex* 
ceeds the Square of L X ; and let R L, R M, R N, 
be joined : Becaufe RX is perpendittilar to the Plane 

• l>i/» 3* of the Circle L M N, it (hall alfo be * perpendicular 

to L X. M X« N X: And becaufe L X is equal to 



XMy and XRis common^ and. at Right Angles M 
theiQ, the Safe L R {hall be * equal to the Bafe R M^ * 4«i. 
For the fame Reafon, R N is equal to R L, or R M ; 
therefore three Right Lines R L, R M, R N, are equal 
IP each other. And becaufe the Square of X R is equal 
to the Excefs by which the Square of A B exceeds the 
Square of L X, the Square pf A fi will be equal to the 
Squares of i^X, X R, together : But the Square of R L 
13 1 equal to the 'Squares of L X, X R|^ for L X R is a f ♦7» »• 
Right Angle;; therefore the Square of A B wiU be 
equal tb the Square of R L ; and fo A B is equal to R L. 
But B C, D E, E F, G H, H K, are every one bf them 
equal to A B; and R N or R M, equal to R L ; 
wherefore A B, B C, D E^ E F, G H, H K, are each 
equal to R L, R M, or R N : Ar>d iince the two Sides 
R L, RM, are equal to the two Sides A B, B C ^ and 
. the Bafe )Lr M is put equal to the Bafe AC; the An- 
gle LR Mfhall be t equal to the Angle ABC. Forjt. f, 
f he fame Reafon th^ A^g'^ M R N is eqiial ^o the 
Angle P E Fyand the AogJc L JR. N equal to the An- 
gle G H K : Therefore, afqlid Angle is made at B-of 
three -plane Angles L R M, M'R'N, L R N, equal to 
three plane Angles given A B C, D E F, G H Ki 

Npw, let the Centre of the Circle X be in one Side * 
of the Triangle, viz. in the Side M N j and join X L. 
1 fay, 9igain, that A B is greater than LX. For, if it 
be not fo, A B will be either equal, or lefs th^n L X. 
Firft, let it be equal ; then the two Sides A B, B C, are 
equal to the two Sides MX, L X, that is, they are 
equal to M N : But M N is put equal to D F ; there- 
fore Q E, £ F, are equal to D F, which is ^ impoffible ; • 20. 1 
therefore A B is not equal tuL X. In like manner we 
prove, that it is neither lefler ; for the Abfurdity will 
much nior^jevidently folio w<. Therefore A B is greater 
than LX^ And if the Square of R X be made equal 
to the Excefs by which the Square of A B exceeds the 
Square of Ij X, and k X be raifed at Right Angles to 
the Plane ^of the C^rcje^ the Problem may be done in like 
manner as l^efore. 

Lailly, Let the Centre X of the Circle be without 
the Triangle L M N, and j^in L X, M X, NX : 
J fay, A Bis greater than LX. For, if it be nut, it: 
lijiuft either be equal, 01 lefs. Firft, let it be e<)u^' .; 

P 3 it^^ti 
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tfieo tlie two Sides A B, B C, ^M equal to the two 

* Sides M X, X L, each to each ; and the BaTe AC is 

equal to the Bafc M L; therefore the Angle A BC is 

t S. I. f equal to the Angle M X L« For ^e fame Reafen, 
the Ang^e O H K isequal to the Angle h^ N; and (i 
fhe whole Angle M X N is equal to the two' Angles 
A B C, G H K : But the An|l« A RC, Q_H K, afe 
|reaterthan the Angle PEF^ therefore-tbe'AB^ 
M X N is greater than DBF; Bnt becaufe the twq 
Sides D £, £ P, are equal to the twp Sfde6 M X, X N, 
9nd the Bafe D F is equal to the BaHp M N : the Af^le 
M N X (hall be f equal to the An^e^ E F : But it 
his been proved greater, which is abfurd ; therefore AB 
is not equal. to L X- Moreover, we will prove, that 
tt rs n<>t lefs ; whtrefore it flial) be neceflfarilj greater. 
And if, again, X R be raifed at Right Angles to the 
Plane of the Cirde, and made equal to the Side of 
•' •" that Square by which the Square of A B exceeds the 
Square of L X; the ProMem. ^U be detenifined, 
Jnow, I fay,' A B is not left than 'L X : For, if it is. 
poffible that it can be lefs, make X O equal to AB, 
and X P equal to B C, and join O P ; then becaufo A B 
is equal to B C, X O fhall be equal to X P, and the 
f emaihing Part OL equal to the remaining Part P M ; 

• a. €• therefore L M is • parallel to P O, and the Triangle 
L M X equiangular to the Tf 'angle P X O : Where* 

1 4- ^f fore, as f X L is to LM, fo is X O to O P ; and (by 

Alternation) as L X is to X O, fc is L M to O P: But 

X^ X is greater than X O ; therefore L M is greater Aaii 

D P ; but L M is equal to A C 5 wherefore A Cftall be 

* greater than O P : Andfo, beeaulb the two Sides A B, 

* C, are equal 'to the two §idcs O X, X P, each to 

each ; and the ^afe A C is greater than the 9afe O P 4 

the Angle ABC (haft be % greater than the Angk 

p X P. So, likcwife, if X R be talen e^al to X O, 

or X P, and O R be joined, we prove, that the Angle 

. G H K is grcatei than the Angle O X R. At the Point 

X v^'ith the 'Right Lrine L X, make the Angle L X i^ 

equal to the Angle A B C« and the Angle LX T equal 

to th^ I^gle GflK, and XS, XT, each equal to XO, 

and 'joiiO S, D T, S T ; then, becaufe the two Sides 

A B, B C, are equal to the two Sides OX, X S, an<^ 

the Angle ABC is equal to the Angle O X S, the Bafe 
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A C, that M^ L M fhall be equal to the Bafe 0'$. 
Fo¥ the fame Reafon, L N is al(b equial to O T; Anii 
flnce the two Sides* ML, L N, are equal to the twp 
Sides O S, O T J and the Angle M L N, or P O R, 
is evidently greater than the Ai)gle SOT; the Ba^e 
MN Qiall be ^eater than the Bafe S T. But M N 
is equal to DF; thieretbre D F fliall be greater thah 
ST. Wherefore, becaufe the two Sides E F^ D tf, 
are equal to the two Sides S X, XT; and the Bafe 
DP is greater, than the Bafe ST; the Angle E ^ - 
Ihall begreater than the Angle S A T. But the An- 
gle SXTis equal to the Angles ABC, GHK ; therc- 
ffare the Angle DEF is greater than the Angles ABC^ 
GHK: But it is alfo lefs (by Hyp.) which is abfurd"; 
aad confequently, A B is not lefs than L X. And (o^ 
djolid Angle may be made of three plane jingles that have 
the nectjfary Limitations ; which was to be done. 

PROPOSITION XXIV. 

Th E O RE M, 

If a Solid he contained under fix parallel Planes^ 
the oppofite Planes thereof are equal Parallelo- 
gr^nls, 

LE T, the Solid C D G.H be contained under paral - 
lei Planes A C, G F, B G, C E, F B, A E. . ffay, 
the oppofite Planes thereof are equ^l Parallelograms, 

For, becaufe xhfi parallel Planes B G^ C Ej.are cut . 
by the Plane A Cj their common Sedions arc * paral- * '^ oftth, 
lei ; wherefore A B is parallel to C D. Again, becaufe 
the two parallel Planes B. F, A E, are cut by the Plane 
AC, their common Seftions are parallel; therefore 
A D is parallel to B C, Biit A B has been proved to ^ 
he paralie""! to C D; wherefore A C ihall be a Parallelo- 
gram. After the fame manner we demonftrate, that 
V£, F G, G B, B F, and A E, are Parallelograms. 

Let A H, D F, be joined : Then^ becatife A B is. pa- 
rallel to D C, and'B H to C F; theLmes A B\ B H,. 
touching each other, (hall be parallel to the Line.s 
DC, C F, touching each other, and not being in ihe 
fam^ Plane.; wherefore they (hall f contain equal An- ^ jocf,bis. 
pje« : And fo the Angle A B H is equal to the Angle 

P 4 D C F, 
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} 34. u D C F. And iinee the two Sides A B, B H, are t equ^^ 
to the two Sides DC, CF, and the Angle ABH equa' 

• 4- »• to the Angle D C F ; the Bafe AH Ihall be ♦ equal to 
the Bafe I) F, and the Triangle ABH equal to the 
Triangle D F C : And fince the parallelogram BG is 

1 41, 1^ t double to the Triangle ABH, and the Parajlelo- 

'' gram C E to the Triangle D C F ; the Parallelograqi 

B G (hall be equal to the Parallelogram C E^ Iti like 
manner we demonftrate, that the Parallelogram A C \s 
equal to the Parallelograip G F, and the Parallelogram 
A E equal to the Parallejografn B f, J/y therefore, a 
Solid be contained under fix parallel Planet^ the oppofii^ 
Planes thereof are Parallelograms j whiph v^as to be de-? 
fnonilrated* 

^oroli It follows, from what has been nbw demon- 
ftrated, that, if a Solid be contained under (ix pai^I* 
)el Planes, the pppofite Planes thereof are fimilar and 
equal, becaufe cacn of the Angles arc equal, and the 
Sides about the equal Angles are prpportiorial. 

P R O P P S I T I Q N XXV. 

Theorem. 

• . « ■ 

If a foiid Parallelopipedon be cut by a Plane 
parallel tQ ofpoftte Planes^ then^ as Bafe is /^ ^ 

Bafey fo is Solid to Solid. 

LE T the folid Parallelopipedon A B CD be cut by 
a Plane YE, parallel to the ©ppofite Plane R A, 
D H. 1 fay, as the Bafe E F O A is to the Bafe 
EHCF, fo is the Solid ABFY to the Solid EGCD. 

For, let A H be both ways produced, and make 

H M, M N, i^c. equal to E H, and A K, K L, feff. 

equal to A E j and let the Parallelograms L O, K 0, 

H X, M S, as likewife the Solids LP, K R, H Xl, 

M T, hp compleated : Then becaufe the Right Lmes 

L K, K A, A E, are equal ; the Parallelograms L O, 

f 56. |, I JC ^, A F, fhall * alfo be equal; as likewife the Pa- 

•|-i4o/ii&wJrallelogranis K ^, K B, AG: And moreover, f the 

Parailelograms L.Y, K P, AR,forthey are oppofiteto 

one another. For the fame Reafons, the Parallelogram? 

J EC, HX, MS, alfo, are equal to each other j as alfo the 
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Parallelograms HG, HI, IN ; and fo aretheParallt' 
lograms D H, M XI, N T : Therefore three Planes of 
the Solid L P are equal to three Planes of the Solid 
K R, or A Y, each to each $ and the Planes oppofite 
to thefe are equal to them : Therefore the three Solids 
3LP, KR, RY, will be ♦ equal to each other. For the * ^^' '^ 
fame Reafon, the three Solids ED, ti £1, M T, are 
equal to each other i therefore the Bafe L F is of the 
Multiple of the Bafe A F, as the Solid L Y is of the 
Solid A Y. For the fame Reafon, the Bafe N F is 
the fame Multiple of the Bafe H F, as the folid N Y is^ 
of the Solid £ D ; and if the Bafe L F be equal to the 
Bafe N F, the Solid L Y (hail be eqiial to the Solid 
ff Y ; and if the Bafe L F excee<Js the Bafe N F, the 
8plid |y y fliall exceed the Solid NY; and if it be 
lefs, lefs ; Wherefore, becaufe there are four Magni- 
tudes, VIZ. the two Bafes A F, F H, and the two So- 
lids AY, ED, whofe Equimultiples are taken^to wit^ 
the Bafe h F, and the Solid 1/ Y ; and thp Bafe N f^ 
and the Solid N Y : And fmce it is proved, if the Bafe 
L F exceeds the Bafe N F, then the Solid L Y will 
exceed the Solid N Y ; if equal, f qua! ; and if lefs, 
lefs : Therefore as the Bafe A F is to the Bafe F H,^ 
ib is ♦ the Solid A Y to the Solid E D. Wherefore, • Ptf* 5.51 
jf a foitd Parallelopipedon be cut by a Plane^ parallel U 
oppofite Planes ; then^ as Bafi is to Bafe^ fo Jhall Solid bf 
}o Solid '^ which w^s to be dcmon|lrate(|. 

PROPOSITION XXVI. 

Prob l e m. 

^/ a Right Line given, and at a Point given in 
it, to makf a folid Angle etiual to a folid Angk 
given. 

T ET AB be a Right Line given, A ^ givac Point m 
^^ it, and Da given folid Angle contained under the 
plane Angles E D C, E D F, F D C>; it is required to 
make a folid Angle at the given Point A, in the given 
^ight Line A B, equal to the given folid Angle D. 

Aflume any Point F in the Right Line D f ; from 
|jrhi?h let f G be drawn ♦ perpendicular to the PJan^ t ,, ^^.^^^^ 
>t psi£og 
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rtiMrtg thro* E D, DC, meeting the faSd Plane m the 

t is. u Pofnt G, and join D G ; nrake f Ac Angles B A L, 
B A K, at' the given Point A, with the Right Lin^ 
A' B, equal to the Angles E D C, E D G. 

Laftly, make A K equal to D G, and at the Point 

^i^tfihit, K erefl: ♦ H K, at Right Angles to the Plane paifing 
thfrf BAG; and make K H equal to G F j and join 
HA. I fay, the folid Angle at A, which is contained 
under the three plane Angles B A L, B A H*, H A L, is 
equal to the folid An^JtatD, which is contained under 
the plane Angles E D C; E D F, F D C : For let the 
equal Right Lines A B, D E, be taken ; and join H B^ 
K B, F E, G E : Then, becaufe F G is perpendiculaer 

J Def, 3. of to ^^' Plan^ paifing t;hro' E D j D C, it (hall be % per^ 

t^u p^ndicular to all the Right Lines touching* it, that at^ 

in the faid Plane : Wherefore both the Angles FGIH 
F G E, are Right Angles. For the fame Keafon, botH - 
the Angles H K A, ft K B, are Right Angles j and be^- 
^ caufe the two Sides R A, A B, are efqual to the two 
Sides G D, D E, each to each, and contain equal An- 

1 4- 1. gles, the Bafe B K fhall be f equal to the Bafe E G : 
But K Hf is alfo equal to G F ; and they contain Right 
Angles 5 therefore, H B' fliall be t equal to F E. Again, 
becaufe the two Sides A K, K H, are equal 10 the two 
Sides D G, G F, ariH ihcy concain Right Angles 5 the 
Bafe A H fliall be equal to the Bafc D F : But A B ii 
equal to D E j therefore the two S des HA, A B, are 
equal to the two Sides F D, D E. But the Bafe H B is 
equal to the Bafe F E 5 and fo the Angle BAH will be 

^%,Xf t equal to the Angle E D F : For the fame Reafon, 
the Angle H A L is equal td the A-ngle F D C : For, 
llnce, if A L be taken equal to D C ; and K L, H L, 
G C, F C, be joined ; the whole Angle B A L is equal 
to the whole Angle E D C ; and the Angle B A K, a 
Part of the one, is put equal to the Angle E D G* a 
Part of the other ; the Angle K A L, remaining, will 
be equal to the Angle GDC remaining. And becaufe 
the two Sides K A, A L, areequal to the* two Sides 
G D, D C, and they contain equal Angles ; the Bafe 
K'L will -be equal to the Bafe G C : But K H is equal 
to G F ; wherefore the two Sides L K, KH,' are equal 
to the two Sides C G, G F : Bat they contain Right 

I Ahgles 5 therefore the Bafe H'L 'will be ^qual to the 

9a* 
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Pafe F C. Again, becaufe the two Sides HA, A I|, 
are*«^ai to the Uo Sides "B O, D C $ ami tlii Hafe 
H L is equal to the ^(i? F P ^ the AngleJH A L will 
be equal to the Angle F D C : But the ^jalc R A I^ 
W4S tfmde eqval to the J^ngte £ D C : Tneitifone ^, 

was to be dfMje, ^ 

PR p P O SI T I O N XXVfJi 

T H l R B M. 

f^^ew «i Right Line givm', to deferi^ d Paralkt&r 
^pipedon^ fmilar^ .and v} likf mamerjffifdu^ to 
a/plid Par^ll^pipeJon. • " .' , 

LET A B be a Right Line, and C D a ^w^ Mid 
Papalleiopipedoli i k is tmc^fijiKiA t» dcfcrite a fdid 
Faralleloplpedon upon the^iven Right Line A B; fioai* 
Ur^ and atilce iituatc,^4o t^r^iMen folid Paralidopipe^ 
don CD. • ' ' 

' Make a fdid Angle ^t the given Pcmt A, in the 
Right Line A B, ^ conuinad uoder the Angle B A H^ * >$ tftki^, 
H A Ky K A B $ fo that the Angle B A H ma^be equal 
IP the Angle EC F, ihe Angle B A iC to the Aingfie 
£06, andtheAfigieKAiCitoitheiAagl^i^CFf 
and make, as E C is to C Q, fo B A f to A K ; and f u, $^ 
^s Q C to C F, fo K A to A H : Then (by Equality 
of.P-roportion) as EC is to jDF« & flbaU BASk to 
A H : Compjeat the PfLrallelogram B H, and the Solid 
A L ; then, becaufe it is, as £ C is to QC, fo is A B 
to A K ; vi%> llhff Sidles abAut the eq^al Ao^ie^ '^E^CQc 
BAK, proportional ; the I^arfriielografn K B ibiUI be 
^miUr to th^ Rar<AUelogram G Ev AJfo, for. the fame 
Biafdn the Paralielqgranf^ ^J^ JJ (IvH be finiilar to tbe 
Parallelogram GF, apd t*he ParMlelogram HB to th$ 
Parallelogcani JF £ : Therefore three Parallelograms 
of the Solid A L, are fimifar to three Parallelograms 
of the Solid C D. But thcfe three Parallologf^ms are 
t. equal and (Tmilar to their three pppafijte on^s ; there- ^ ^^ ^ 
fope the whptc Solid A L will be fimilar to the whole o/tbU, 
Solid CD; and fd, ^fijiii -ParalUIopipedan A L is dt- 
fcribed upon ike given Right Une A R, fimilar and alike 
Rtmie^ to the given fiUd Parailehpipedon CD;* which 
was to be ^one. 
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PROPOSITI ON XXVUL 

Thb.ohem. 

-^ if /x//// ParalUlcpipedon be cut by a Plane paf^ 
fifig tbro* the DiagontUs of two appqfiu Plams^x 
ibat Solid will be bife£led by the Plane. 

T £ T the folld Parallelopipedon A B be cut by the 
^^ Plane C D E F paffing thro' the Diagonals C F, 
O £9 of two oppoQte Planes. I (ay, the Solid /I B ii 
^ifeded by. the Plane CDEF. f 
^ . For, beCaufe the Triangle' C G F is* equal to the J 

^^ '• Triangle CBF, and the Triangle ADE to the Triangle J 
. ^., D EH* and the Parallelogram C A to ftJ^Parallelo* \i 
t H^tKi. g^^^ 3 g^ ^^^ j^ .^ eppofite to it : and the Paralleled | ^ 

gram G £ to the Parallelogpam C H ; tl^. Prifm con- 
tained by the two Triangles CG F, AD E» ^inI the 
three Parallelograms G £, A C, C E, is equal to the 
Prifm contained under the two Triai^es CFB, D£H, 

t^if. io« «^^^ ^^ ^^^ ParaHebgrams CH, BE, CE $ifor % th«7 
$kn* * * are contained under Planes equal in Nun^ber and Mas* I 
nitude. Therefore, the uAok SqU^AB is bi/i£fedlf {/ 
the PUtiii C D £ F } which was to be demonftrated. 



PROPOSITION XXIX, 

T*t E OR EM. 

&/Ji PafalUlo^edm^^nng conftituted upbn tbe 
fame Bafe^ and having pbe fame Altitude^ and 
whofe infifient Lines are in the fame , Right 

. Lifies^ are e^ual to one anctber^ \ ] 

LE T the folid ,paralJclppip^dQn8 C M, B F, be 
confiituted upon the fame Bafe A B> with the 
ftme Altitude, whofe inTiftent Lines A F, A G, L M, 
L N,, C D, C E, P H, B K, ;^re in thp fame Right 
tines F N,. D K. 1%^ .the Solid C M is equal to 
ibeSoUdBF., . 

, -for, .hccaufe C H> C K, arp both^ ParaUclograms, 
f 3^u CBfiiallBctc^ual;toDH|.o^EK5 whcrfforcDH 
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is tqu^l t4» £ m. L^tE H, which is ocmmpn, be taken 

away> -tlMk the Rjetnainder D E will be equal to the 

Remainder H Jt, and fy the Triangle D £ C is f ^q"^ *** ^* '* 

t« the Triangle H K B, and, the Paralklogram D G 

equal td the Parallebgrim H N ; for the fame Re^fdln 

the Triangle A F G is equal to the Triangle L M N. 

libw the Pafalfelegram U F $ is ^qual to the PiiraHe- + tiVrWr,' 

Idgram B M^ zhd £e Parallelogram C G^ to tht Paid'- 

]d|ram BN, for tbcy are'oppofiW*. Tbereforie. the 

Fn(m c6ntaioed uncter the two Triangles A F 6» 

D £ C| and the threeParallelo^ms C F, D G, G G, 

is ^ ^Ual to the Prifm conriM^ed utidtir the two Tri* •^*/. 30.^ 

angles L M N, JI B K# aJid the tibrce ParalleliJgrams ^^''* 

B MrJi N, B N. Let the comnfton So}id, whofe Safe 

is ;ihe Pafallelc^f am A% oppofile to the Pac^lelo«- 

gram G £ H M, be ad^ed, then the whole folid.Paral* 

lelopipedqn C M is equal to the whole folid Parallelo- 

pipe^bri SlF# Thof^foJ-e, foKd Pan^Ukphndm^ ifing 

conjiituted upon the fame Bafe^ and having we fame Ahi* 

tudey andwhofi infi/ient Lines tire iH the fame Right Ltms^ 

are ^quai U ane another i which was^to be demoi^rs^ted* 

• 

p R o p o s I If i o i^ XXX. 

Theorem^ 

Solid Paralletopipedmsy being co>(fiituted upon the 
fame A?/f, md lavit^tbtfame Altitude ^ wbofe 
infiftent Lines are not placed in the fame JRigki 
Unee; lure e^l to one dnetbit. 

T £ T; ttet« Be folid Pa^allelojrfpedons C M, C N, 
*^ having e^ukt Altitudes, anti fttrtdiog on the fame 
Ba fe A », aHd #hofe infiftent Lines A F, A G, L M, 
LN, CD, G«:, fl'H, B K, are not in the fame Right 
Lines. I b/jft (he Solid C M is equal to the Solid 
GN. 

Fbr,lerNlC,!>H,lKS produced, and GE,FM, be 
drawit.itiie^Mr each odter in the Pbintj R, X : Let 
:flfo F My » l^%e produced *o the tV>itots O, P, and 
join AX, LO, CP, feft. The Solid CIM, whole Bafe 
is the'PafralWogftmA GB «,» ht{ng oppo^te to tfie 
f Aralldi9giaMl# WIH^ i>. » equal Kt'lht Solid C O,-* *9rf'^i 

Vhofe 



\ 



vhofe Bafe is the Parallelogram A^C BjL; being.pp- 
pofite CO X P R O, for they ftand upon the fame Bafe 
A C B L ; and the infifieRt Lines A F, A X» L M, 
LO^ CD« CP« BH, BR, arie \fi the fame Right Lines 
F 0» D R : But the Solid C O, whofe Bafe is the Pa- 
rallelogram A C B L, being oppofite to X P R 0» is 

• t$»fthi9. * equal to the Solid C N, whofe Bafe b the Paralle- 

Jogram A C BL, being oppofite to G £ K N } for they 
ftand upon the fame Bafe A C B L, and. their iofifient 
LinesAG, AX,CE,CP, LN, LO, BK, BR^ 
are in the fame Right Lines G P, N R t Wherefore 
the Solid C M (hall be equal to the Solid C N. There- 
fore, y^Zfi Parallitopipid$ns^ being conJlitutedup$iitbi fame 
Bajif and having ibe fam^ Altitudi^ wbafe injifiinl Limi 
are not placed in the fame Right Lines^ are efual is §ni 

another V which Was to be demonftrated* 

• ' • • 

* • . ■ 

PROPOSITION XXXt 

. ' * ■ 

T H £ O R E M, 

Solid Paralklopipedons^ being conftitleted upcff 
equal Safes ^ and having the fame Jititude^ ari 
efudl fo one anoib&. ' 

T E T A Ej C F, be folid Parallelopipcdons,,confti- 
■*-' tUtcd upon the equal Bafes A B, (^D^ and having 
the fame Altitude^ 1 fay, the Solid A E is equal to the 
Solid C F. • \ * 

Firft, Let H K^ B E, A G* L M, O P. D F,C H. 
R S, be at Right Angles to the Bafes A B, CD; let 
the Angle ALd not Ik: equal to the Angle CRD, and 
produce C R to T, fo that R T be equ^ to A L j thert 
make the A*igle T R Y, at the Point R,- in the Right 

• iij, ^ Line R T, equal, * to the Angle A L B a. make R Y 

equal to L B ; draw X Y thro* the Point Y, ♦ parallel 

• -, ,. toRTj, and compleatjihe Parallelogram R Xj and 

the Solid ^ Y. Therefore, .becaufe t^^s^tyo Sides TR, 
R Y, are equal to the twp Side? A L/Xjl^ and they 
contain equal Angles ; ti^Paral]elogr$ip[fl &^X (hall be 
equal and fimilar to the; Parallelognun . H L. A,nA 
ags^in, befaufe A L is equal to R T, aacl]^ M to RS, 
and they contain equaf Angles, t^f j^^^f^^uft R Y 

fcajl 
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fliall be equal and fimilar to the Parnllelogrim A M. 
For th^ iame Reafon the Parallelogram L E is equal 
and fimilar to the Parallelogram S Y ; therefore three 
Parallelograms of the Solid A £ are equal and fimilar 
to three Parallelograms of the Solid ^ Y ; andfi> the . 
three oppofite ones of one Solid are + aifo equal and ' **^ 
fimilar to the three oppofite ones of the other : There- 
fore the whole folid Parallelopipedon AE is equal i6 the 
whole folid Parallelopipedon if Y. Let D R, X Y, be 
produced, and meet each otherlA the Point A, and let 
T Q^be drawn through T * parallel to D Ci\ and pro- • si. \* 
duce T C^, O D, till they meet in V^ and compleat the 
Solids AH", R I : Then the^olid "FXl, whofe Bafeisthe 
Parallelogram B Y, and Q.T is that oppofite to it, is :|: t^9 ef '^> 
equal to the Solid ^ Y, whofe Bafe is the Parallelogram ^ 
R ^, atld Y ^, is that oppofite to it, for . they: fland 
upon the fame Bafe RY., have the fame Altitude, 
and their infiftent Lines R XI, R Y, T Q, T X, 
S Z, S N, "F F, i" «, are in the ^me Right Lines 
A X, Z« ; but the Solid "F Y is equal to the Solid 
A £ ; and fo A £ is equal. to Jhe Solid Y XL Again, 
becaufe the Parallelogram R YXT is equail to the 
Patalklogram n T, for it iknds on the fame Bafe 
RT, and betv9i(en the fame Parallels R T, ft X ; and; 
the Parallelogram R Y XT is equal to the Parallelo* 

Earn C D, becaufe it is alfo equal to A B ; the Paral- 
logram XI T is equal to the rarallelc^ram C D, and 
D T is fome other Parallelogram : Therefore, as the 
BafeCDistotheBalcDTjfoisftTtoTD. And 
becaiife the folid Parajlelppipedon C I is cut by the 
Plane RF, being parallel to two oppofite Planes; it 
iball be *, 95 the Bafe CD is to the Bafe D T, ib is • a5#/i4(f« 
the Solid CF to the Solid R L For the fame Rea-_ 
fojRy htcaufe the folid Parallelopipedon XZ I is cut by" 
the Plane R ty parallel to two oppofite Planes ; ^as 
the Bafe XI T is to the Bafe D T, fo fliall * the Solid 
XI "i" be to the Solid R L But as the Bafe C D is to the 
Bafe D T, fo is the Bafe XI T to T D : Therefore, as 
the Solid C F is to the Solid R I, fo is the Solid XI Y 
to the Solid' R L And fince each of the Solids C F, 
XI i^, has the fame Proportion to the Solid' R I, the 
Solid C F i^ equal to the Solid ft "F : But the Splid 
SjL't iM^h^ jfjgofpi equal (0 the Solid A£ \ there* 

fore 
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1 9* 5* fore tl)e Solid A £ ihaJ> be f «q°«> ^o tike Solid C Fi 
But, how let the infiAent Lines' A G> H K, BEi 
L M, C Nr- O P,. D F; R S, not be at Right Artglcs 
ro the Bafesi A Bs C D. « I &jr»- tfgain^ that the Solid 
A £ is equal to the Solid C F. Let there be drawn 
from the. Points IC, £, G, M^ P, F, N, S^ ta the Plane 
wherein ane the Bafes A fi, C D> the Peipendioulari^ 
KH,:ET, GYj M^jBI^Fi^, NXi, PX, roctetifi^ 
the ffaiui.iil thePoirtts.ST, Y, *, I, ^, ft, Xj 
and joia3F,Y«»,S.Y,T*.Xi^,Xa,n 1,^1; 
V r then ttfae! i>6lid K ^ is ^qual \o the Solid P 1, for tKe^ 
fiaiid:x)iiici|iial fifties KM,PS^ have the fame Altitude, 
andtheidiftrrrt Litiea are at Right Angles, xo ihH 
" ' ' ' Safes: ^ £at the Sdisd 'K ^ is equal to the Solid A £^ 
t tfoftth, and tbi^Soiid' P I to $ fheiSoUd C F, fince they fbad 
upoti thfrfameiB^, bavefthefame Altitade^ and titir 
inMcot Lines are i!n the:fdnYe'Right Line : Therefore 
^ Solidf AX ihalLfae es^uil toiiie Solid CF. ^ Where^ 

Bifa^ Akd hdvir^ tbe'^di^e Mittuhi art tptal U oM 
tfffMiftiifc; «fthichi/rastdi}C;dtfiionftfated* 

. ri ix.i j , '. I /: '- -i 

1> R ;0 P O SIT ; O N XXXIL 

r • •. . . : - ' 

Pti O B L E M.' 

SffMd PataUdopipidbns^ ibat have the fame Alfi* 
4ude^ ^rt io ta^b 0tbir as their Safes^ 

T E T A B, C D, fte-lolid Paralldoplpedpns, "fbri 
■*-* fi^VB the fanwe Altitude. I fay, they aiie to 6n< 
an6l!hci* ai their Bafts j tlhat is, as*thfcfefe AE it ter 
the SaftC F, fo is the feoHd A B to the Solid C D. 

Fpr, apply a Parsillelogram F H to the Right Line 
F G, eqtul to the PafaHel6gram A E ; and compleat 
the folid Patalldopipedoh G fe upon the Safe F Hj 
havmg the ftme Altitude A CD his : Then the 

'31 tjthii. Solid A B is * equal to the&lid G K, for theyftand 
lipon equal B^fes A E, ^ H, and h^ie^the feme AW- 
hide^ and fo, becaufethe'fblidi ParallelopipedOn C E 
is cut by the Plane" D G^ f^^sdld tb two oppofiie 

t a5 9fthii. t>l^ii5s, it Ihall be f ,' ai t«e?6ai! W? i^ to thfc Safe 
F G, fd is the Solid H D Itr&b SiitiSD'C >^^ Bvt^Ke 

Baft 
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Bafe'F H is equal to the Bafe A E, and the Solid A B 
, to the Solid G K'. Therefore, as the Bafd A £ is to 
the Bafe C F, fo is the Solid A B to the Solid C D. 
Wherefore, fo,lid'Paralletopipedon$^ that have nhe fame 
Altitude^ are to each Met as their Bafes \ which was to 
. be dcmonftratcrf. ^ 

P R 0,P O S I T I O N XXXIII. 

, Th E 6 R B M. 

Similar foUd Parallekpipedons are to one another 
in the triplicate Proportion of their homologous 
: Sides. ' 

LET A fiv G b, be fimilar fplid Parallelopipedons^ 
and let the. Side A £ be homoloeous to the. Side 
P FI I fay, the Solid A B, to the Solid C D, hath a 
Proportion^. tri|)tlfcate of that, which the Side A £ has 
I© the SideGF. - 

For, pri>dttce A E, G £, HE, to E K, £ L, £ M 3 
md make ,£ K equal to jCE, and £ L to F N, and- 
£M CO F R r «nil let the Parallelogram K L, and like* 
wife the Solid KO, be compleated : Then^ becaufe the 
two Sides K £, EL, are equal to the two Sides ,C F^ 
FN ; and the Angle K £ L equal Jo the Angle C F N 
(fince rile Angle AEG is equal to the Angle UFN, be- 
caufe of tbe.Snntlarity of the Solids. A B, C D) the Pa- 
i^Ielogram K.L (hall be fimilar and equal to the Pa* 
lallelogram C N. For the iaiiie Reafon, the Paralle- 
lograoiJ^ M is equal and fimtlar to the Parallelogram 
C. R,i and the PdrAUdogram O £ to D F ; therefore 
three Parallelograms of the. Solid .K O are equal and 
fimilar to three Parallelograms of the Solid C D : But 
thofe three Parallelograms are ^ equal and fimilar to the • i^ •fttjt^ 
three oppofite Parallelograms ; therefore the whole So- 
lid K O is equal and fimilar to the whole Solid C D. 
Let the Parallelogram G K be compleated, as alfo the 
Solids £X, LP, upon the Bafes GK, KL, having the 
fame Altitude as A B: And fince, becaufe of the Simi- 
larity of the Solids AB and CD, it is, as A£ is to CF, 
(jl'js SG to FN ; and fo EH to FR ; and FC is equal 
i. .t» £K, ^d FN to EL, and FR to £M 3 it (hall be, as . 

Q^ AE 
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} 4. 6. A E is to £ K. fo IS f the Paraltelogram A G to the 
Par;ine)oguai G K ; but as G £ is to £ L, fo is G ^ 
to K L ; and as H £ is f to £ M, fo is P £ to K M ^ 
.Thcrefoie, as the Parallelogram A G is to the Paral- 
lelpgram G K, fo is G K to K L, an<jl P E to K M. 

) 3t §/tbis. But as A G is to G K, fo is % the Solid A B to the So- 
lid E X ; and as G K is to K L, fo is the Solid £ X to 
theSolMPI^; aod asPEisio K M, .fo is the Salid 
P L to We Solid K O : Therefore, as "the Solid A B 

• II. 5. is to the Solid £ X, fo is * E X to PL, and P L to 
KO : But ii four Magoitudes. be coi>tinua)ly propor*- 

f D#/;ii.5. t^onaU ^^^ ^^^ ^^ *^ fourth hath f ^ triplicate Pro- 
portion of that which it has to the feconA There- 
fore, alfo, the Solid A B to the Solid K O, bttth a 
triplicate Proportion of that which A B has to EX : 
Bert as A B ^ to £ X^ fo is the Parilldogram A 6 t| 
the Paralleloaram. G K; and fo is the &ight Line 
A E to the Right Line £ K : Wbeitsfore the Sdlid 
A B tO'ihe Solid K O, h^th a Proportion tripJidate di 
that which A £ has to £ K. But the ISdUl K O is 
equal' to the Solid CD, andc the Riebt Line: E^K 
equal to the Right Line CFc Therdbre, tbt Siid 
ASi tv thiSoHdGByharaTr^peyilmtripSicaie ^ihd 
nbichthi hom9hghui SidiAIL has toibe bsmibg$us Sidf 
CF^ which was to be depoonftrated. ^ . i 

* . • • • 

Gvrolfi From hence it h manifeft, if four Right Lined 
be COAtinualiy proponionaJ, at the firft is to the 
'fourth, fo IS a folid ParalJelop pedoR dcfci^d upoa 
the lirft, to a finiilar Mid Parallelopipedon^ alikr 
4yuate, described opohrthe fecotid $ becaiife the firft 
to the fourth, has a Proportioa triplicate of tbat" 
whick It has to the fecood. 



PftC^ 
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PROPOSITION XXXlVi 

Theorem. 

^be Bafes and AUUudes cf equal folid ParaUehpt* 
pedons are reciprocally pruportional ; and thoft 
Jhlid Paralklopipedons^ ijohofe Bafes and Aliif 

• iudesare reaprccally proportional^ are equaU 



« .> • • . • 

T E T A B, C D, ^e equal folid Parallelopiperfdnj. 
— Ifzy^ tbM B^s-i^nd Altitudes are reciprocaUy 
firop^cciou^ %j\h^ i»,. as ih^ fiafe £ H is tp the Bisie 
NiP, ^ is tj^ AltHUfie of tb€ Solid CD: to tlie Ala* 
tt^jte^of ibe^ S(?lid,4L Bl. • . 

^xkQ^ ief thg i^iftpnt Lints AG, E P, LB, HK, 
(5iM;,>I X, P Dj' P R, be, at Right Angles to their 
"^jjei : I fay, as the Ba/is E H is to- the Bails N P, fo is 

Nf to A G. For, U the Bafe E H be equal to the 
^le^ N P, and th^ SoIm| A @ if equal to.the Sali^ji C D $ 

1^ AUi(ude>iCM:Oifi$.^^<^ be equd to tht Aitltud^ 
A0 : For ifj i^tifcr) the Bafes EH, NP, sfi^ equal, thQ 
Altitudes A'G) C M> are not fo ; then the Solid A B 
vUl not be equaVto the folid C D, but it is put equU 
to it: Tbefetofc the Altitude CM is not unequal to ' 
the Altitude A Gy and (o they are necefiarily equal ta 
ono ainotber ; and, xonfequen(ly« as (he Bafe £ H is to 
^e Bafe N P, fo (hall C M be to A G. . But now Jet 
the Bafp £,H .be unequal to the Bafe N P, and let E H- 
^e the greater ; then, fince the Solid A B is equal to 
tbe Solid C D, C M is greater than A G ; for other-* 
wife« it would follow. Chat the Solids A B, C D, ar« 
not equal, which are put fuch : Therefore, make C T 
qqual CO A G, and compdeac the folid Parallelopipedoa 
yC upon the Bafe N P, having the AUitude C T: 
. Then, becaufe the So!i<l A B is equal to the Solid C D, 
and V C is fome other- Solid \ and fince equal Magni- 
tudes have * the fame Proportion to the. fame Magui-^* ^^ ^, 
tildes *^it {hall be, as the Solid A B is to the Solid C V, 
io is the Solid C D to the Solid C V : But as the Sojid. 
AB is to the Solid C V, fo is f tbe Bafe E H to the + 3i*/aw| 
Bafe N P ; for A B^ C V, are<Soli4s h^ing equal Al- 
titudes : And as the Solid C D is to the Solid C V, fo 

Q;2 h 
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t »S o/ihii.U t the Bafe MP to the Bafc PT, and fo is MC to CT: 
Therefore, as tbc Bafe EH is to the Bafe NP, fo is MC 
to C T. But C T is equal to A G ; wherefore, as the 
Bafe EH is to the Bafc NP, fo is MC to. AG : Tht re- 
fore the Bafes and j^iiiudts of the tqual folid Parallels- 
pipednni A B, CD, an reciprocally proportional. 

Now, let the Bafes and Altitudes of the folid Pa- 
fallelopipedons AB, CD, be reciprocally proportional ; 
that is, let the Bafe £ H be to the Bafe N P, as the An- 
titude of the Solid C D is to the Altitude of the Solid 
A B. I fay, the Solid A. B is equal to the Solid CD. 

For/ let again the tnfiftent Lines be at Right Anglet^ 
t» the Bafes y then, if the Bafe £ H be equal to the 
fiafe N P, and E H Is tA N P as the Altitude of tho 
Solird C D is to the AkiHide ^f the Solid A B ; the 
Altitude of the Solid C D fhallbe equal to the Alti- 
tude of the Solid A B. But Sblid Parallelopipedontt 
that ft^nd upon equal Bafes, and have the fame Altt^* 

• ij 9ftbU* lude * are equal to each other > therefore the Soli^ 
' ' A B is equal to the Solid C D. - 

. Bt>t now let the Bafe £ H not be equal to the Bafe 
K P, and let EH be the greater \ then the Altitiide of 
the Solid C D is greater than the Altittide of the Solid 
A B ; that is, C M fs greater than A G : Again, put 
C T equal to A G, and compleat the Solid C V, as be- 
fore ; and then, becaufe the Bafe £ H is to the Bale 
N P, as M C is to A G, and A G is equal to C T j it 
ftiall be as the Bafe E H is to the Bafe N P, fo is M C 
to C T : But as the Bafe E H is to the Bafe N P, fo it 
the Solid AB to the Solid CV ; for^the Solids AB, CV, 
have equal Altitudes ; and as M C is to C T, fo is the 
Bafe M P td tJie Bafe PT, and fo the Solid C D to the 
Solid C V : Therefore as the Solid A B is to the Solid 
C V, fo is the Solid C D to the Solid C V r But fincc 
iacb of the Solids A B, C D, has the fame Proportion 
to CV; the Solid AB (hall be equal to the Solid 
Ct) I whence, the twofoUd Parailelopipedons AB, CD» 
whafe Bafes and Mtitudei an nclprocaHy proportional^ ari 
iqual\ whirh was to be denionftrated. 

Now, let the ir.fii^ent Lines F E, B L, G A, K H, 
X-N> D O, M C, R P, not bts at Right Angles to the 
Bafes ; and from the Points F, G» B, K, X, M, D, 
R) let there be dri^wn Perpendiculars io the Pianea 

of 
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of the Bafes EH, N P, meeting the fame ia the 
Points S, T, Y, V, Q,' Z^ n, <D, and eompleat the 
Solids F V. X a. Then, I fay, if the Solids A B; .... 
CD, be equal, their Bafes and Altitudes arc recipro- > 
cally proportional : v!z, as the Bafe £ H is to the Bafe 
N P, fo IS the Altitude of the Sblid CD to the Aid- ' ' 

tudeof the Solid A B. ^ . \ 

For, betaufe the Solid AB is equ^t to the Solid CD^ 
and the Solid AB is *'cqual to the Solid BT; for they %^otftbU» 
ftand upon the fame Bafe FK, and have the fame Al- 
titude ; and the Solid DC is * equal to.t^e Solid DZ^ 
fince they fland upon the fame Bafe^XR, arid have the 
fame Altitude ; there/qrethe Solid BT fhall be equnl to 
the Solid DZ. ' But'thb Bafes and Altirudeji of thofe 
equal Solids, whofe Altitudes are at Right Angles to 
their Bafes, are f reciprocally proportional; therefore ^s ^ jr^om 
tlie Bafe F K is to the Bafe X R, fo is the Altitude of what bat 
the Solid D Z to the Altitude of the Solid B T. But ^''- ^>^ 
the Bafe FK is equal to the Bafe E H, and the Bafe^ 
XR^ to the Bafe N P ; wherefore, as the Bafe £ H is to 
ti^e Jiafe N P, fb is the Altitude of the Solid D Z to 
ih^ Altitude of the Solid B T, But the Solids D Z, 
P C, have the fame Altitude, and fo have the Sojids 
B T, B A ; therefore the Bafe E H is to the Bale N P, - 
asr the Altitude of the Solid DC is to the Aliiuxie of 
the Solid A B ; and fo, the Bafes and /Altitudes of equal 
folidParalielopipedcns are reciprocally frcpcrtional, . , 

Again, let the Bafes and Altitudes of the foi.d Pa- 
rallelopipedons AB, C D, be recipfocally proportional ; 
*ui%. as t^ie Bafe E H is to the Bafe N P, fo let the .Al- 
titude of the Solid C D be to the Altitude of the Solid 
A B : I fay, the Solid A B is equal to the Solid C D> ■ 

For, the fame Conftru^ion remarning, becaufe the 
Bafe E,H is to the Bafe N f, as the Altitude of the 
Solid CD is to the Altitude of the SoJidAB ; and fince, 
the BaieEH is equal to the Bafe FK and ^P to XR j 
it fhail be as the Bafe FK is to the Bafe XR, fo is thp^ 
Altitude of the Solid CD to the Altitude of the Solid 
A B. But the Altitudes of the folids AB, BT, Jjire thjy 
fame; as alfo of the Solids CD, liZ; iherefoie the 
Bafe f K is to the Bafe X R, as the Altitude of the 
Solid DZ i& to the Altitude of the Solid B T ; where- 
fore the Bafes and Altitudes of the fglid l^arallelopipe- 
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dons B T, Zi are reciprocally proportional ; but 

thofe folid Parallelopipedons, whofe Altitudes are at 

Right Angles to their Bafes, and the Bafes and Alti- 

+ ^^ tudcs are reciprocally proportional, are equal to f «ach 

h^'b^hl, other. But the Solid B T is equal to the Solid B A, 

frovMd, for ihey ftand upon the fame Bafe F K, and have the ' 

fame Altitude; and the Solid D Z is alfo equal to the 

Solid D b, fince they ftand upon the fame Bafe X R* 

and have the fanae Altitude ; Therefore the Solid A B 

is ccpjal to the Solid CD; whence folid ParalUhpipi- 

dons, tuiofe Ba/o and Jltkudes an reciprocally propor^ 

tionalj, are equals which was to be demonftrated. 

PROPOSITION XXXV- 

' T HEO R JE M. 

If there he two plane Angles equah and from the 
Vertices of thofe Angles two Right Lines be ele* 
^ vated above the Planes^ in which the Angles 

, cre^ containing equal Angles with the Lines firft 
giveny each to its correjpcndent me \ and if in 
thofe elevated Lines any Points be taken^ frdm 
which Lines be drawn perpendicular to the 
Planes in zvhich the Angles firft given are^ and 
Right Lines be drawn to the Angles firfi given 
from the Points made by the Perpendiculars in 
the Planes \ thoje Right Lines will contain 
equal Angles to the elevated Lines. ; " 

LET BAC, EDF, be two equal Right-lined pUnc 
^ Angles, and from A and D, the Vertices of thofe 

Angles, let two Rrght Lines, A G and P M be ele- 
vated above the Planes of the faid Angles, making 
equal Angles with the Lines firfi given, each to its cor- 
j^fpondent one f viz. the Angle M P E equal to the 
Angle GAB, and the Angle 'M D F to the Angle 
G AC: and take any Points Q and M in the Right 
J.ine6 AG, DM} from which let G L and M N be 
drawn perpendicular to the Plikies pslfiing thro* BAC, 
EDF, meeting the fame in the Points L and N ^ and 
join LA and N D. I fay, the Angle G A L is equal 
IQ the Angle M P-* N, 

Make 



"■^i^ake A'H eguat'to DM.andftrougB HletijICb^ 

3ti^ paraHel'toG^ ; butGLrs perpendkulariq 

ftie Pjanc paffing^bVo' BAC; therefore KH.ftall be f f a tf.iu, 

ilfo i«rpendicular to the Plane paiBng ttiroueh &A C 1 

Draw from the" Poiws' K aad fJj to ihe RiRhtiijiM 

, ^ iliel^erpcndiculars KB, KC- 

,C'BiMF>FE:Theii,b5> . 
I is '^ equal to ihe Squares*M't47. i. 

uares of K C and C A aie f 
A J the Square of H A fhajl 
fHK, KC.andCA: But 
al 10 the Squares of HK and 
le of H A will be equal to the . 
and foih^ Angle HCA.is tt4"-** 
a'Kteht Angfc. F« the fame Rcafon, the Angle DFM 
is alfo a Eight Angle ; therefore the Atigk A C H is 
equal toDFM; Butthe AhgleH ACis alfo equal to 
the Angle M D F ; thtrefare the ,two Triajiglni 
MDF, HAC, have two, AngFesQfihdone equalio 
two Angles of the other, eaphtoe^ch, and one bide of 
iheoneeljual tdoneSitle of tlie^theri itm. tb?t whicft 
rsfubtenifed fey one of the equal A-ngjes: that is, the 
SEiIe H A c^uaI.)o' D'lyi i ■ and (o the other SWes of tljF 
ODc Dlail'. lie*' equal to the ithct Sides of the other, •*6. i. 
each' to each: Wherefore A C is equal.io D F.' In 
Kke manner 'we demonftFate, that A B is eqOal to 
DE: For, let A B, ME, bejolnett ; then, becaufe 
the .Square of A H is' equal' to ifie S<njares of A K • 
and KH; 'ivA the Squares of A Band BK are, 
equal Co the Square of A K i thq^isqaaieS of A B, 
B K, and K H, witl be equal to the Square of A H. 
But the Square of B His equal to the Squares of BK, 
K H ; for the Angle H K B is a Right Angle, becaufe ' 
H K is perpendicular to the Plane paffinf; thro' B A C; 
therefore the Square of A H is equal to the Squares of 
A B and B H : Wherefore the Angle A B H is f a t 4J. i. 
Right Angle. For the fame Reafon the Angle DEM 
is alfo a Right Angle ^ and the Angle BAH is equal 
to the Angle E D M, for fo it is put ; jind A H is 
equal (o D M ; therefore A B is • alfo equal to D E : • 4. i. 
Arid fo; fince A C is equal to D F, and A B to D E ; 
the two Sides C A, A B, (hall be equal to the two 
Sides F D, D E : But the Angle B A C is equal 10 the 
Angle F D E i therefore the Bafc B C is * equal ro 
Q4 the 
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tl^e.B^c ^ F> ^^^ '^f isng'^ ^o the Triaagle, and the 
ithcr Angles t» the other Angles : Wherefore the An* 
gle A C B is eqfuai to the Angle D F £. But the Right 
Angle A C K is equal to the Right Angle D F N j 
and therefore the remaining Angle BQK i$ equal to 
the remaining Angle £FN. For the fame Reafon, 

, the Angle C B K is equal to the Angle F EN j and 
fo, becaufe B C K and E F N arc t wa Triangles, hay* 
ing two Angles equal to two Angles, eac^ to each. 
and one Side equal to one Sid^, which is attl^eequj^ 
♦ %6» X. Angles ; viz. B C equal to E F i therefore. * they ihaU 
have the other Sides equal^o th^ othe,r Sides : There- 
fore C K is equal to FN. But AC is equal to D F i 
therefore the two Sides AC, C K> are equal to the 
two Sides D F, FN; and they contain Right An- 
gles ; confcqucntly, ♦ the Bafe A K is' equal to the 
Bafe DN. And fmce AH is equaJ to DM, the 
Square of A H fhall he equal to the Square of D M ; 
. But the Squares of A K and K H are equal to the 
Square of A H | for the Angle A K H is a Right An- 
gle I and the Squares of D N and N M ; of which the 
pquare of A K is equal to the Square of D N: Wherc- 

* fore the Square of K H remaining is equal to the re- 
maining Sauare of N^M ; and fo the Right Line H K 

* is equal to M N, And fihce th^ two Sides H A, A K, 
i^re equal to the two Sides M D, D N, egch to each, 
3^nd the Bafe K H has been proved equal to the Bafe 

1 1. 1 ^ ^» ^^^ ^^^^^ H A K, or G A L, (hall be f equal 
* ' (o the Angle M © N ; which was t$ h detnonJtraUd. 

CprolL From hence it is manifcft, that if there be two 
Right-lined plane Angles equal, from whofe Points 
equal Right Lines be elevated on the Planes of the 
/Angles, containing equal Angles with the J^in.es firft 
given, each to each ; Perpendiculars drawn from the 
extreme Points of thofe elevated Lines to the Planc^ 
pf the Angles firft given, are equal to one another. 
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PROPOSITION XXltVi, 

T H E O R S M. 

J/thrte Right Lines ie prtiporHenaJy tbefoHi Pa-i 

ratUhpipedott made of ibim, is equal to tbefoli4 

Perallelepipedon made of tbe middle Urn, if if 

^he ane^lateral one, and equiangular to tbt 

■- afarefaid Parallelopifedon. 

T E T three Right Lmes A, B, C, be proportional i 

^A^'^^i^^ ^ J° ^' 'f ^ '* ** ^' I '■»y. the Solii 
madepf A, B, C, is equal to the equilateral Solid made 
of B, equiangular to that made on A, "B, C. 

Let E be a folid Angle contained under the three 
plane Andes. D E G, Q E F, F E D j and make D E» 

.11 *■' ^"'^ ^1"^ to 5, arid compleatthe folid Pat 
rallelopipedon E K : Again, put L M equal to A, and 
at the Pomt L, at the Right Line L M, make • a folid • *6»f,k,, 
Anele contamed under the plane Angles NLX, XLM ' 

M L N, equal to the folid Angle Ej and make L N" 
•qual to B, and L X equal to C : Then, becaufe A is 

TxT l\r^^A° ^ i-^rC*^ ^ " ^"i"*' to L M ; and B to 

LM 18 to EF, fo IS GE to LX : And fo theSides about 
tbe equa Angles M L X, G E F, are reciprocally pro- 
portional. Wherefore the Parallelogram MX + ist»4'<» 
equal to the P?ral Wogram G F. And f.nce th<i Two 
plane Andes GEF, XLM, arc equal, and the Right 
l/wies L N, ED, being equal, are ereded at the angu- 
Jar Points containing equal Angles with the Lines ftft 
given each to each ; the Perpendiculars drawn % from ic^. 35../ 
the Points N and D, to the Planes drawn thro' XLM «*"• 
Pr; ' VW^ °"^ *? =>"0ther : Therefore the Solids 
Ij H, tK, have the fame Altitude. But folid Paralle- 
lopipedons that have equal Bafes, and the fame Alti- 
tude, are ♦ equal to each other; therefore the Solid •„rfrfi, 
H h, IS equal to the Solid E K. But the Solid H L is ^ 

'tv^v^ °^u^^ '^T ^'ght Lines A, B, C ; and the 
Solid EK, that made of the Right Line B : Therefore. 
1/ tbru Hi^bt Lines ie prapertional^ the folid Paralte- 
l^tptdon made »f them is equal to the filtd Parallelepipe- 
d»n made cf tbe middle Line, if it be an equilateral Jne, 

anit 
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ifas to "be demonflraicd. 

PROP OS I T I ON XX3Cvft. 
Theorem. , , . 

'Jj foii^ Right Une^ bn^$rQp»rti9Mlt ibe-JtUdSa- 
ralUlopiptdens ftmit^r, and in tiik. matiair de- 
fcrihedfrom them, Jball he proportional. And 
. ' ifihifaid Paf^Uilafipedtni, MngfimioTy otM 
'i caHke d^eribedy^e pr{for1imat„ lp:n'ibe iUgw 
•Lines th^ irt 'defcfibed fromt Jhdli bt prefer- 
iitnal. 

T E T the I Li^fi.AB. qtj,EF, C$i, be 

■**■ proportio; et A B ^e xaH^ti, as E F i» w 

0'H ; and let r and alike i::ua^3 Parallelopir 

' ' pedon^ K A, £, N G, \x detciib«d from 

riicm. I fay, pJ-CasM Eis to.NQ. 

For,'beCau ^ ^^ial)elopipc^[W.K.A it fiou- 

• rtk- '*^ tp ,L C, tt , A to L C ftal! be, • a Propor- 

famr feeaff-H, y„ M E to N G will h^ve a tfjpi 

Kcate Pioportiori of thai which K F has i« G H. But 
A B is tn C D, ai E F li tL. G H i diEKf.«c A K is t« 

•' '' ■ t C, as M E is to.N G. And if tti« Sotri.A K he to 

thcSdlidLC, asfhcSolid-MEiswthcSd.dNGil 

foy, as the Right L tie A B is to i he Right Lme C D, 

foisthe Right Line EF to theRjghctiuei^ H: For, 

ijjs/fi;,, becaufe A K toL C has t a Piopmuon tnpiicaie of 

'^that wbich A B has to C D ; and JVI £ lo G N has a 

■ 'proportion triplicate of thdi wlucli E K liai ;o G H ; 

and fince AK is to LC, as ME is to NG^ ■■ h Ikall bc» 

as AB is to CD.To is EF to GH". Therefore, j/Zflwi 

Sjgbt Lines be prtportionaU thi faiid Paroikkptpedwis 

■ ' Jimilar, and in Hh manner defiriltd frcm thttn^ jh-all it 

prBpartinnai. And if tht fetid ParaiMspiptdtm, bting 

fimtlar ond alike defcrihtd, bt prapfrtiaiuil, tktn tht Right 

Lines they art defcribed. from, fi>all bt freportieiul i 

which was to be demonflrated. 

PKQ- 
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Thb an EM, 

» • • • I 

Jf a Plane be prpinMtular tn a Pkrn^ Uni a 
Une be drawn frmn a Pinnt m ^ne tf the 
UlaMs. prpendicuUr tn^ the ether Plane ; that 
Perpendicular Jbail fall in the commm SeSion 
of the Planes. 

T E T the Plane C D be per|;>eiid!cttlar to the Plane 
^ A B, let their comnKm -Sieflion be A D, and \tX 
ibme Point £ be taken in the Plane CD, I fay, t 
Perpend tctifar drawn from the Point £ to- the Plane 
AB,falUon AD. ;* '^' 

•FoiS' \l k does not, let It fall without the fafne-, as « 
E F, meeting the Plane A B in the Pomt F ; atnd from 
the Point F let FG be drawn from the Plhne AB; per- 
pen<)j€ulal' to A D $ thisihall be ♦ perpendHbiriar to »he* i>^.4» •! 
Plane CD^; and join EG : Then, bccaufe iP'G is per-'*"" 
pcnditul^r^tA the Plane CD, and the Right Line EG,' 
in the PlaWe C D, touches it ; the Atig^ F <j E (hall; 
W t a Right Angle. But E F is alforat Right Afigles't^'/3.»/ 
to the Plane AB 5 therefore the Angle EFG is a''*"* 
Right Angle : And fo, two Angles of the Triangle; 
E F G are equal to two Ri^ht Angles 5 w^ich is^ ab-'J ^7»^^' 
furd. Wherefore, a Right Line drawn >from the Point 
E perpendicular to the Plane A B,^docd not fall with- 
out the Right Line A D ; and f6 it rriilft neceflarily 
fall on it. Therefore, // a Plant htpsrpei/idkuDar to e^ ' ' ' 
Planey and a Line be drtiwn from a Point in one^of the 
Planes perpendicular to the other Plane ; that Perpendicu"" 
lar fhall fall in the common Be£tion of the Planes \ whtob 
was to be demoiUftrated^ % 



4 • • 



• ' •* 



PRO- 



P: R O P O S I T I d, ^ XXiXfX. 

Th e or 1 m. 

J^ibi Sides ofli^ (^pqfiu Planes ofafolidParaU 
lelopipdm be divided iniq two equal Par ts^ and 
PUnes be drawifJbrb\tbeir Se^iois •, tie com^ 

. nio^n Si^ien of tbofe Phnes^ and tbe Diameter 
of tbe folid ParalUlopiptdon^ fhall divide each 

• . 0iher into iwo equal Part^f. . ; ^ 

T E T the Sides of C F, A H, the 'oppofitc Planes of 
:"• the folid'ParaIldo(^ip^don; A F, be tunVHalf in 
the .Pioints K, L, M, J>i^ X, Q, P, R j a©d let the 
Planeis JFt N, X R^ be dt^wn ^rougi) thq ^e^ioos: 
Alfo» let{*Y 3.^e.the^cfMnni<^o Se^iv!^ of the Planes, 
and DG the' Diameter of the folicl Paralleiopipe* 
don., 1 fay, Y S< DGi bifcift eaci^ ptheri that is, 
Y T, is equi^l ta T S, and D T to T Gr 
For, join D Y, Y E, 8 3, S G. Tfaeli, becaufe D X 
- is parallel |o OE, the. AJterii^tiC AngUs DXY, YOE, 

* ft9. 4. are * equal to ode another. • Alid beCaafe DX. is equal 

to 0£, and YX to YO, and they contain equal An- 

t V '• S'^^> ^^^ ^^^ ^^ ^^" ^^ t ^9^^^ ^^ thebaic YE, and 
the Triangle D X Y to th^ Triangle YOE; and the 
other Angles ^equal to the other Angles : Therefore 
the Angle XY D is eqw^l to the AngleO Y E 3 and (o 

1 14* I* D Y E is t » Right Line. For the fame Reaibn B S .G 
is alfo a Right Cine, and 6 S^ i$ equal to S G ; then be- 
caufe C A is equal and parallel tQ O B, as alfo to E G, 
D B ftall be equal and parallel to £ G ;. and the Right 

• 33» !• Lines DE, GB>.join them : Therefore D^ is * paral- 

kl to B G, and D, Y, Q, S, are Pojnts taken in each 

of them ; and D G> Y S, are joined : Therefore D G, 

fjoftbis, y S> are t >» one Plane. . And fmce D E is parallel to 

• *9. 1. B G, the Angle E D T (hall ^e* eqiral to the Angfe 

BGT, for they are alternate: But the Angle DTx is 
J '5' f. t equal to the Angle GTS : Therefore DiY, GT§, 
ane two Triangles, having two Angles of the one equal 
to two Angles of the other, as Kkewife one Side of the 
one equal to one Side of the other ; viz,tht Side D Y« 
equal to the Side GS; for they are Halves of DE, BG; 

♦ *^» !• thercfore*they Oiallhavc the other Sides of tbe one equal 
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to the other Sides of the other ; and fo D T is equal to 
T G, and Y T to T S. -therefore, ifibe StSnofthi 
fippojue Planes 9f a folid Parallekpipedofiy h divideiints 
two equal Farts j and Planes h drawn through their Sec^ » 
iions'y the common Sexton ofthofe Planes^ and the Diame* 
ter of tbejolid Paratlelopipedon^Jball divide each other into 
two equal Parts | which was to be demonftrated. 

PROPOSITI ON XL. 
Theorem.' 

Of two irtlnguJar Prifms^ one /landing on a Safe 
which is a Parallelf^fam^ and the other on a 
Tria^gUy if their yfftitudes from the Safes are 

* equals ^nd the PantUehgram d^ble to the Tri-' 
angley then tbofe Prifms are equal to eacff other. 

T ETABCDi;F,GHKLMN,betwQPrifms 
-^ of equarAltitude, the Bafe of one of which is the 
Parallelogrun A F, and that of the other the Triangle 
G H K ; and let the Parallelogram A F be double to 
the Triangle G H K. I fay,thePrifm ABCDEF 
is e<itt'al to the Pr ifm G H K L M N. 
' FoC) compleat the Solids A X, G O. Then, becaufe 
the Parallelogram A F is double to the Triangle 
G H K; and lince the Parallelogram HK is * double *4X*x« 
to the Triangle G HK ; the Parallelogram A F (hall 
be e<)ual to the Parallelo^am H K. But folid Paral* 
lelopipedons, that ftan.d upon equal Safes, and have 
the fame Altitude, are f equal lo one another ; there- 1 31 rftUt^ 
fore the Solid A X is equal to the Solid G O. But the 
Prifm A B C D £ F is t half the Solid AX; and the t ^S '/^({^ 
Prifm G H K L M N is half the Solid G O ; there- 
fore the Prifm A B C D £ F is equal to the Prifm 
G H K L M N. Wherefortf, if there be two triangular 
Prifms having equal Altitudes ^ tk^ Bafe of one of which 
is a Paralhlogrflm^ and that of thf other a Triangle ; and 
if the Parallelogram te double to the Trianglo^ the /aid 
Prifms Jhall he equal to each otbet \ which was to be de- 
monftrated. 

I 

the £n9 lyf the EcrtrjtNTH Boox:» 
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P R O P C3£«!^'r iO 1^ ' 1. " 

. . ' - . • 

T M IT K ? Ki. ' . ^ 

\ , , , . • .. . - • . . * . 

Stmihr Pofygons, i^fctiie4 in Cihlei^i^irf ti^fini 
another as tin Squarfji of the Diamtitu ^ the 

CircUs. . / i 






iT A BCDE,PG«'KL, be Circles, ^hereifi 
are infcribed the ftinilir Polyg6as A^€ Dt^ 
tfiG HKL 5 ,and 1« B M, G N, be Diame- 
tcra of the Circles. I fay, jlf (he Square ofrftM is to* 
tlie SqtBire^ «( G N, lb is the PolygoD A fi C D £ to 
t W Poif g©o F G H K L. 

for, jpui fl E, A M^ G Lv F N. Then, becaufe 
the PoifgoD. A BCD E~ is fimiUr to the Pdygon 
F G H &L, the Angle B A £ is cquaf to the- Angle 
G F L ; and B A i^ Co A E, as G F is to F L r 
Therefore the two Triangles B A E, G F L, have 
one Angle of the Ofte* equal to one Angle/ of the 
■ other; OTZ-.^c Angk -B A E equal. to the Angle 
G F L, and the Sides about the equal Angles pro- 
• fi 6 portional. Wherefore tbe. Triangle A B,^ is * cqui- 
angulariBo rift Trm^^siSSL^Mffokbe Angle A£B 
is equal to the Angle F L G : But the Angle A £ B is 

t »i.3. t <^4i^i.^ii^^>^^'^ Angle A M B> for they Sand on cbc 

fiune 



fimw Cird mnfei c tt cc ; andtiic Angle 1** L G f^*^ edu^t t >> • s* 
to<die Atogm F N G :: Therofone ihe.Angte A M B » 
equal to the Angle F N G. But the Right Anglfe 
B A M is t tq^iW to* the Ai^llfAngle G F N ^ where- { 31. j. 
fore the dthifer Angle (hAll be €(^uzito the oth^f An^ 
gle: And fo the Triangle 'A^.B is equiangulai- to 
the Triangle Q^R N 5 «j& ooofcijuently, as ♦ B M is to • 4. «j 
GN, fo is B A'JtosG'F* But the Proportion of the 
Square of S Mitt^the Sqabrc^of 6 N, is duplicate of 
the*Prop9r£o»«>f:BlM toiGNj ahd the Proportion of 
the Palytoffc A JBC 1) E t6 the Potygon F Q H « L^ 
is t du(iircat0 of the Pxof^rtfdnof BA to FG : Where- t so* ^* 
(Are, a? i[htf 34iiale of B Ml is. 'to the Square of G N, 
ib' is tfaie ;PQl]t£Qn ABGI>E' Co the Pjrtfgon 
FGHKL. -nAerof^tt^^mH^r^Pdli^m, M^ , 

Grcits^ ofe ta ano'tbtr mjhe S^utr^.of the Diamttefs of 
^Ckdes^ wbti2i,ij^a^to>befhaaiQBftra<6d^ / 
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/A? ^reaiir.M lakiu a. sP^n A 
^ greaar • /AdW V/i Half -, . i;!^ jj- 
if frcm ^ifhremains there 
be 4gain*.tdken a Pari 
greater tb'an^ ,i>alf this JRjs-^ H 4. 
mainder ; and again^ /r^ . 
this loft Remainder a Pari 
gretifff tbft^ iu HmI/i 'snd\ 
if this be done continually \ 
there will remain at faft a 
^iagniimkihai-JhaUie hfs . 
than the lejfer of.tbei\frM^ 
fofed Magnitudes. ' 
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LET A^Bi atyd<€ be.iMror uhtqusl Magnitudes" 
wfaeittof^aii'J is the gMatsr t ITay» if frofti A'B| 
be taken a greater Part than- If aM^ liid /rooKthe Part^ 
rimaLning there be again takca a Part greater than its 

Half 
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^ Balf, and this be done continually^ there wfll remaifl 
a Magnitude at laft^ that fliaN be Ms than the Mag^ 
-nitude C. • /" 

* For C being fome Nftmber of Times multiplied^ 
mil become greater than the Magnitude A B. Let it 
be muhipliod, and let D £ be a Multiple of C greater 

. than A B ; divide D E into Parts D F, F G, G E^ 
each equal to C, and taice B H, a Pin greater than 
half of A B, from A B, and again from -An, she Par€ 
H K greater than half A H, and from A K a Part 
greater than half A K^ and (b on, untti the Divifione 
that are in A B, are equal in Number to the Divifions 
in D £ .: therefore let the Divifions A K, K H, H B, 
be equal in N umber ito^the Divifions D F, F G, G Et 
Then becaufe I>£'is«greater than A B, and the Part 
£ G taken from £ D is lefs than half thereof, and the 
Part B H^ greater than half of A B, is uken from it| 
the Part remaining, D G, (hall be greater than the 
Part remaining H A. Again, becaofe G D is greater 
than H A ; and G F beinglialf of G O, is taken from 
the fame; and H K, being greater than half HA, it 
taken from this likewife ; the Part ren^aining^ F D^ 
fhall be greater than' the Part remaining, A K. But 
FD is, equal to C ; 'therefore C is greater than A K ; 
and (a the Magnitude A K U lefler than C : There- 
fore/, <A/ Magnitude A K, • being the Purt remaimng 0/ 
iht Afagnitude A B, is Ufs than the lejfi^propffid Mag- 
Tntudi.C\ which was to be demonftrated. If the 
Halves of the Magnitudes fliould have been taken, we 
d^monftrate this after the fame manner. ' This is the 

firjt Ptofojition of the ienth Book. 

* ■ ■ " . . « ' • \ 

• P R Q P O S I T 1 O N II. 

T H £ o R :e M. 

Cifcla are to each other as the Squares of tbpf 

Diameters, > 

TETABD, EFGH, be Circles, whofe Di»- 
-*^ meters are 8 D,i F I*. I (ijr, .aa, the. Square of 
B P is to the Square p( F H, fo tht QifAo A B C D 
it to tile Circle Ju F f^M• 
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For, if tt be not (o« the Square of B D fliall be to 
the Square of F H, as the Circle A B C D is to fome 
Space either lefs or greater than the Circle E F G,H« 
Firft, let it be to a Space S, lefs than the Circle EFGH; 
and let the' Square E F G H be defcribed in the Circle. 

This Square EFGH will be greater than half the 
Circle EFGH; becaufe, if we draw Tangents to the 
Circle thro' the Points E, F, G, H, the Square EFGH 
will be half that defcribed about the Circle : But th4 
Circle is lefs than the Square defcribed about it ; there- 
fore the Square E F G H is greater than half the Circle 
EFGH. Let the Circumferences E F, F G, G H^ 
H E, be bifeded in the Points, K L M N ; and jein 
EK,KF,FL,LG,GM,MH,HN,NE: Then 
each of the Triangles E K F, F L G, G M H, H N E, 
will be * greater than ope half of the Segement of the •41* ii 
Circle ititands in ; becaufe, if Tangents at the Circle 
be drawn ihro' the Points K, L, M, N, and the Paral- 
lelograms that are on the Righr Lines E F, F G, G H, 
H E, be compleated, each of the Triangles E K F, 
F L G, G M H, H N E, is half of each of the cor- 
refponding Parallelograms : But the Segment is lefi! 
than the Parallelogram ; wherefore, each of the Tri- 
angles E K F, F L G, G M H, H N E, is greater 
than one half of the Segn^cnt of the Circle in which 
it ftands : Therefore, if thefe Circumferences be agairi 
bifeded, and Right Lines be drawn joining the Points 
of Bife£tion, and you do thus continually, there will 
at laft remain Segments of the Circle that (hall he 
lefs than the Excefs, by which the Circle EFGH 
exceeds the Space S. For it rs dcmonftrated, in the 
foregoing Lemma^ that, .if there be two unequal Mag- 
nitudes propofed, and if from the greater a Part greater 
than half be taken, and again from the Part remain- 
ing a Part greater than haU be taken, and you do thus 
continually, there will at lafl* remain a Magnitudi 
that will be lefs than the lefler propofed Magnitude. ' 
Let the Segments of the Circle E F G H on the Right 
Lme8EK,KF,FL,LG,GM, M H, HN,NE 
be thofe whkh are lefs than the Excefs, whereby thd 
Circle E F'G H exceed* the Space S ;' and then the 
remaining Polygon E K F L G M H N (hall begreaier 
Ihan the Space S. Alfo,' dAcribe the I^lygon 

R AX 
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AXBOCPDRintbeCircleABCD, fimilar to 

. the Polygon E K F L G M H N. Wherefore, as the 

Square of B D is to the Square of F H, (o is 

• 1 rftth, the Polygon A X B O C P D R to the • Polygon 

£ K F L G M H N. But as the Square of B D is to 

the Square of F H, fo is the Circle A B C D to the 

XFrmHyp. gp^^^ g ^ . Whercforevas the Orde A B C D is.to 

t".5- Spaces, foisfthcPolvgon AXBOCPDR to the 
Polygon E K F L G M H N. But the Crrcle A B C D 
is greater than the Polygon in it; wherefore the 

• 14.. 5. Space S (hall be * alfo greater than the Polygon 
) From ffyf. £ K F L G M H N I Bu t it is lefs ^ Itkewife ; which 

is- abfurd ; therefore the Square of B D to the Square 
of F Hf is not as the Circle A B C D to fome Space 
]efs than the Circle £ F G H. After the Catme manner 
we likewife demonftrate, that the Square of F H to 
the Squarp of B D, i^ not as the Circle £ F G H to 
fome Space T lefs than the Circle A B C D. Laftfy, 
1 fay, the Square of B D to the Square of F G, is 
not as the Circle A B C D to fome Space greater than 
the Circle £ F G H : For, if it be poffibfe, let it be 
fo, and let the Space S be greater than (he Circle 
£ F G H : Tht:n it (hall be (by Inverfion) as the 
Square of F H is to the Square of BD, fo is the 
Space S to the Circle A B C D« But, bMDcaufe S is 
greater than the Circle £ FG H, the Space S (ball be 
to the Circle A B C D, as the Circle £ F Q H is to 
fome Space T lefs than the Circle A B C D : There- 
fore, as the Square of F H is to the Square of B D» 

• ^xT. 5* fo is * the Circle £ F G H to fome Space T lefs than 

. the Circle A B C D, which has been demonftrated to 
be impofiible i wherefore the Square of B D to the 
Square of F H, is not as the Circle A B C D to fome 
Space greater t^an the Circle £ F G H : But it alio 
has been proved, that the Square of B D to the 
^ Square of F H, is not as the Circle A B C D to fome 
" Space lefs than the Circle £ F G H ; Wherefore, as 
the Square of B D is to the Square of F H, fo (hall 
the Circle A B C D be to the Circle £ F G H. 
Wherefore, Circles an t$ each other as the Squatit pf 
their Diameters \ Which was to bc demonftrated. 

PRO- 
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PROPOSITION Ilf; 

Theorem. 
Every Pyrandd having triangular Bafe^ may bi 
divided into two Pyramids^ equal and ftmilar 
to one another^ having triangular Bafes^ and 
fimilar to the wboii Pyramid ; and into two 
equal Prifms^ which two Prifms are grtatet ' 
than the Half of the whole Pyramids 

LET there be a Pyramid, whofe Bafe is the Tri* 
angle A EC, and Vertex the Point D* I fay, th^ 
Pyramid A'B CD may he divided into two Pyramids 
equal and (imilar to one another, having triangular 
Bafes, and (imilar to the Whole ; and iqto two equal 
Pf ifcDs, whiqh two Pirifins are greater than the Half of 
the whole Pyramid. 

For, bifea A fi, B C, C A, A D, D B, D C, in the 
Fouiis E, F, G, H, K, L ; and join E H, E G, G H, 
HX, K L, L H, EK, K F, F G : Thcn,becaufe A E 
is equal to £ B, and A H to H D ; EH (hall be f pa- # gu Oi 
rallef to D B $ for the fame Reabn H K alfo is paral* 
lel t6 A B> therefore H £ B X is a Parallelogram : and 
fo H K is t equal to E B : But £ B is equal to AE ; f 34^ t, 
therefore* A £ (hall be alfo equal to H K ; but A H is 
equal to H D ; wherefore the two Sides A E, A H, 2V6 
equal to thetwo Sides K H, H D, each to e:u!h, and 
the Angle E A H is ^ equal to the Angle K H D | t «9* ^* 
wherefore the Bafe E H is * equal to the Bafe K D. } *4« <• 
and fo the Triangle A £ H is equal and fimilar ,to the 
Triangle HK D. For the fame Reafo^ the Triangle 
A H G fliall alfo be equal and fimilar to the Triangid 
HDL; and becaufe the two Right Lines £ H, H G% 
' touching each other, are parallel to the.two Right Linel 
K'D, D L, touching each other, and not in the fame ^ 
Plane with them, they (hall contain f equd Angles* fia, iU 
Therefore the Angle £ H G is equal to the Angle 
K D L. Again, becaufe the two Sides £ H, H G, zrt 
equal to the two Sides K D, D L, each to each ; and 
the Angle £ H G is equal io the Angle K D L 1 the 
Bafe EG (hall be * equal to the Bafe KL; and •4.1^ 
bcreforethe Triangle £ H O is equal and fimilar to 
the Triangle K D Li For the fame Reafon, the IVi- • 

R 2 anglef 
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angle A EG is alfo equal 'and (imilar to the Triangle 
H IC L ; wherefore the Pyramid whofe Bafc is the Tri- 

}D^.io.ii. angle AEG, and Vertex the Point H, % is equal and 

. fimilar to the Pyramid whofe Bafe is the Triangle 

H IC L, and Vertex the Point D. Aad becaufe H K is 

. drawn parallel to the Side A B of the Triangle A D B, 

• s. 6. the iVjangle A D B^ (hall be equiangular to the Tri- 

' angle D K H, and they have their Sides proportional ; 
therefore the Triangle AOB is fimilar to the Triangle 
DHK. And, for the fame Reafon, the Triangle DBC 
is fimilar to the Triangle D (C L; and the Triangle 
ADC to the Triangle DHL. And fince the two 
Right Lines B A, AC^ touching each other, ar« pa*- 
rallel to the two Lines K H, HL, touching ' each 

. other, not being in the fame Plane with them, thefe 

1 10. IT. ^^^' contain equal Angles f • therefore the Angle 

Bag is equal to the Angle K H L : And B A is to 

^ A C, as K H is to H L ; wherefore the Triangle 

. A B C is fimilar to the Triangle H K L ; and fo the 
Pyramic^, \yh(;fe Bafe is the Triangle ABC, and Ver- 
tex the Point D, is fimilar to the Pyramid, whofe Bafe 
is the Triangle HKL, and Vertex the Point D* But 
the Pyramid, whofe Bafe is the Triangle H K L, and 
Vertex the Point D, has been proved fimilar to the Py- 
ramid whofe Bafe is the Triangle A E G, and Vertex 
the Point H ; .therefore the Pyramid whofe 3afe is the 
Triangle A B C, and Vertext the Point D is fimilar 
. to the Pyramid whofe Bafe is the Triangle AEG, and 
, Vertex the Point H : Wherefore both the Pyramids 
A E G H, H K L D, are fimils^r to the whole Pyramid 
A B C D. And becaufe B F is equal to F C, the Pa- 
rallelogram E B F G will be (double to the Triangle 
G F C ; and fmce there are two Prifms of equal AI- 
Xitude, one of which has that Paiallelogramfor a Bafe, 
and the other the 7>iangle, and the Parallelogram is 

* 40. II.. double to the Triangle ; whofe Prifms will be * equal 

to one another : Therefore the Prifoi contained under 
'' the two Triangles B K F, E H G, and the three Pa-. 
railelograros E B F G, E B K H, K H G F, is equal to 
the Prilras contained under the two Triangles G F C, 
H K L, and the three Parallelograms K F C L,» 
L C G H, H K F G. And it is manifeft, that each of 
thofe Prifms, the Bafe of one of which is the Parallel- 
logram £ B G F s and the oppofite Bafe to that the 

Right 
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Right Line K H,. and the Bate of the other, the Tri- 
angle GFC, and the oppofite Bafe tp this the Triangle 
KLH, are greater than either of the Pyramids^ whofe 
Bafes are the Triangles AEG, HKL, and Vertices 
the Points H and D. For fince, if the Right Lines 
£ F, £ H, be joined, the Prifm, whoie Bafe is the Pa* 
ralielogram £ B F G, and the oppofite Bafe to that 
the Right Line K H, is greater than the Pyramid, 
whofe Bafe is the Triangle E B F, and Vertex the 
Point K. But the Pyramid whofe Bafe is the Triangle 
EBF, and Vertex the Point K, is equal to the Pyra- 
mid whofe Bafe is the Triangle AEG, and Vertex 
the Point H ; for they are contained under equal and 
fimilar Planes. Wherefore the Prifm, whofe Bafe is 
the Parallel osram £ B F G, and the oppofite Bafe to 
it the Right Line HK, is greater than the Pyrainifl 
whofe Bafe is the Triangle AEG, and Vertex the 
Point H. But the Prifm whofe Bafe is the Paralle- 
logram E B F G, and the oppofite Bafe to it the Right 
Line H K, is equal to the Prifm whofe Bafe is the 
Triangle G F G, and the oppofite Bafe to this the 
Triangle HKL ; and the Pyramid whofe Ba'ie is the 
Triangle A E G, and Vertex the Point H, is equal to . 
the Pyramid whofe Bafe is the Triangle H K L, and 
Vertex the Point D : Therefore the two Prifms afore- 
faid are greater than the faid two Pyramid?, whofe 
Bafes are the Triangles AEG, HKL, land Ver- 
tices the Points H, D : And fo the whole Pyramid, 
whofe Bafe is the Triangle ABC, and Vertex the 
Point D, is divided into two equal Pyramids, fimilar 
to each other, and to the Whole, and into two equal 
Pfifms, which two Prifms together, are greater than . 
half of the whole Pyramid. Therefore, every Pyra^ 
mid^ having a triangular Bafe^ may be divided into two 
Pyr'amidi^ equal and fimilar to one another^ having tri' 
einguiar Bafes j and fimilar to the whole Pyramid ; and 
into two equal Prifinsy which two Prifms are greater than 
the Half of the whole Pyramid i which was to be dc- ' 
4Xion{lracei. 
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P R O P O S I T I O N IV. 

Jf there sre iwp Pyramid4 ef the fame Altitude^ 
having triangular BafeSy and each of them it ^-^ 
vided into two Pyramids^ equal to ^ne another^ * 
findfimitar to thje Whole^ as alfo intoamo equal 
Prifms 5 and if^ in like manner^ each i^f the iwo 
Pyramidjj made hy the former Divifi^^j be di- 
vidid^andtbi^ be done continually ; then^^s the 
Bafe of (Hie Pyramid is to ^e Bafe of the other 
Pyramids fo are all the Prifwu that (ire in one 
Pyraenid^ to all the Prifms thbt are in th$ 
dther Pytanddy ieing equal in Multitude. 

T ' E T there be two Pyramids of the fame Altitude, 
"■■^ having the f^iangular Bafes A B C, P £ F, whoTe 
VcfticftB are the Points G, H jand let each-of them be 
divided into two Pyramids, equal to one another, and 
iimilar to the Whole, and into ty^o equ^ Friifns ; and 
if, in like manner, each of the Pyjamfds, ma4e by the 
former Divifion, be conceived to be divided, and this* 
ht ipnp continuity \ I fi^y, as the S^fe A B. C is to 
the Bafe D £ F, fo are all the Prifms that are in the 
. . I^yramid A B C G, to all the Prifn:s that are in tbc 
Pyramid p £ F H, being ecjual in Multitude. 

For, fjnce BX is equal to XC, and AL to LC, XL 

I !• 6, (h^ll be ♦ parallel %o AB, and the Tn^ngje. ABC fimi- 
lar to the Triangle L X C* For tt^e fame Reafon, thp 
Triangle P E 1* (ha)l be alfp fimilar to the Triangle 
R.QF : And becapfe B C is double to g X, and £ F to 
fQ^ itihallbe,.^sBCistQC^, foisEFtoFQ^: 
And fincc there ^rp defcribcd upon P C, C X, H'ght?" 
lined FigMrcs A B C, L X C» rtfniUr apd alike fttuate \ 
and Mpon E F, FQ^ Right-lined Figures PEF, Rqpf 
fimiUr f^nd i^like Iiti4afe ; therefore, ais the Triangle 

t ai. (?. Bag is to the Triangle L X C, fo is t the Triangle 
DEF to the Triangle P^QF ; and (by Alternatipn) ^ ^ 
the Triangle A B C i$ to the Triangle D E F, fo is the * 
Triangle L3^C tp ihe Triangle RC^F. But as theTri- 

t »». €9i angle LXC is to the Triangte RQF, fo is % the Prifnj, 

)?• ??r Wi^pfe Bafe is t)>eTriang}e LXC^ and tbeoppofite Bafe 
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to that the Triangle O M N, to the. Prifm, ^vhofe Bafe 
is the Triable RQF, and theoppofueBafe to; that the 
Triangle STY. ; therefore, a$ the Triangle ABC is to 
the Triangle D E F, fo is * the Prifm whotf^jB»£i¥ is the « ^ ^^ 
TriangleXXC^ and theoppofue B^afe^ to that the^Tri* 
•^angle UMN, to the Prifm whofe Bafe is the Triangle 
R 0.1^9 ^n<^ the oppofite Bafe to that the Triangle 
STY : And hecaufe the two Prifiiis that are in thc,Py- 
ramid A B C G ,are equal to one another, as alfo thofe 
two that kre in the Pyramid D £ F H ; it fhalj be, as^ 
the Prifm whofe Bafe is the Parallelogram K L X B, 
and th^iop^ofite Ba^ to that the tRight Line M O^ is 
to the Prif9i. w.bqfe Bafe i» the Trian^e L.X C, said 
thp oppofttB Bafe tp that the Triangle^O M N, /o.i9 
the Prifm wb<^ Bafe is the Parallelogram £ P R Q| 
and the oppofite Bafe to that the Right Line S T^ . to 
the P#ifm whofe Bafe is the Triangle RQF, and the 
/ oppofit^ Bafe to that the Triangle 5* T Y : Therefore^ 
(by compounding), as the Plifms K 3 X LM O^ 
*^ LXCMNO, together, are tothe Pjifm LXCMN.O, 
fo the Prifmt P E CLR S T, R Q.F S T Y, together, 
are to tbePrifm R QF S T Y- : And (byAlternation), 
asthe PiirmsiC3 X L M O, L X C M N O, tog.ctheF, 
Vc to tbc Prifms P E CLR S T, .R Q^F S T Y, toge- 
ther, fo..is the Prifm L X C M N O to th^Pram 
R Q. F S T Y : But as the Prifm L X C M N O is to 
the P. ifm R CLF ST Y, fo has the Bafe L X C hern 
proved to be to the Bafe R F Q^; and fo the Bafe 
ABC tp the Bafe DEF : Theretoc^, alio, as the Tri- 
angle A B C is to the Tiianglc D E F, fo ar.e the two 
Prifms that arc in the Pyramid. A B C G, to the.two 
Prilms that are in the Pyramid DEFH. If, in the fame 
manner each of the Pyramids O M N G, S T Y H, : 
made by the former Divifion, bq divided, it /hail be, as 
the B,aie O M N is to the Baft STY, fo the two • 
Plifms that are iatbe Pyramid* OM N G, to the two 
Prifms that are in the Pyramid ^ T Y H. But as th^e 
Bafe OMN is \o the Bafe STY, fo is the Bafe ABC. 
to the Bafe DEF : Therefore, as the Bafe ABC is to 
the Bafe D E F, fo are the two Prifms that are in the 
• Pyj-amid A B C G, to the two Prifms that are in the 
Pyramid DEFH; and fo the two Prifms that are in 
the Pyramid O M N G, to the twp Prifms that aje in 
the Py lis mid STYH ', and fo the four to the four. Wc 

R 4 - demon- 
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? 

demonftrate the fame of Pridns made by the Divifion 
of the Pyramids AKLO, DPRS; and, of aU 
ether Prifms^ being equal in Multitude \ VfYitdx was to 
be demonftrated. 

PROPOSITION V. 

Theorem. 

pyramids of the fame Attitude^ and bflving trL 
angular Bafes^ ar^ to onp another as their 
Bafes. 

T K T there be two Pyramids of the fame Altitude, 
-■^ having the triangular Bafes A B C, O £ F, whofe 
Vertices are the Points G, H. I fay, as the Bafe ABC 
is to the Bafi DE F, fo is the Pyramid A B C G to the 
, Pyramid D E F H, 

For, if it be not fo, then it fhall be as the Bafe 
ABC 18 to the B^fe DEF, fo is the Pyramid ABCQ 
io fome Solid, greater orlefs than the Pyramid DEFH. 
Firft, lei iibe to a Solid lef«, which let be Z^ and di- 
vide the Pyramid DEFH into two Pyramids equal to 
each other, and fimilar to the Whole, and into tWQ 
pqual Prifms ; then thefe two Prifms^are greater than 
the Half of the whole Pyramid ; And, again, let the 
Pyramid, made by the former Divifion, be divided 
after the fame hianner; and let this be done continu- 
ally, until the Pyrarnids in the Pyramid DEFH are 
Icfs th^n the pxcefs by which the Pyramid D E F H^ 
exceeds the Solid JS. Let thefe, for Example, be the 
Pyramids DPRS, S T Y H j then the Prifms re- 
maining in the Pyramids DEFH, are greater than 
the Solid Z : Alfo, let the Pyramid ABCO be divided 
into the fame Number of 'fimilar Parts as the Pyramid 
D ,E F H is ; and then, as the Bafe A B C is to the 

♦ 4«//^«. Bafe D E F, fo f the Prifms that are in the Pyramid 
A B C G, to the Prifms that are in the Pyramid 

I Bji hjip. DEFH, But as the Bafe A B C is to the Bafe D E F, 
fo is the Pyramid A B C G to (the Solid Zj 5 and 
therefore, as the Pyramid A B C G is to the Solid Z, 
fo are the Prifpis that are in the Pyramid A B C G, to 
the Prifms that are in the Pyramid DEFH, But 
the Pyramid A B C G is greater than the Prifms that 
i^rc in it J whf rpforc, alfo, the folid "if. is greater than 

the 
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the Prifms that are in the Pyramid^D E F H, But it Is 
Icfs ♦ alfo ; which is abfurd ; therefore the Bafe ABC ^£^ 
to the Bafe D E F, is not as the Pyramid A B C G to ^ggmhfwn 
fome Solid lefs than the Pyramid D E F H. After the/rwifc 
fame manner we demonftrate, that the Bafe D E F to 
the Bafe A B C, is not as the Pyramid D E F H to 
fome Solid lefs than the Pyramid A B C G : There- 
fore, I fay, neither is the Bafe ABC to the Bafe DEP, 
as the Pyramid A B C G to fome Solid greater than 
' the Pyramid D E F H. For, if this be poflBble, let it be 
to the Solid I, greater than the Pyramid D E F H ; 
then (by Invcjrfion) the Bafe D E F (hall be to the 
Bafe A 3 C, as the Solid I to the Pyramid A B C G : 
But fince the Solid I is greater than the Pyramid 
D E F H, it fhall be as .the Solid I is to the Pyramid 
A B C G, fo is the Pyramid D E F H to fome Solid lefs 
than the Pyramid A B C G ; and fo as the Bafe 
D E F is to the Bafe A B C, io is the Pyramid 
D E.F H to fome Solid lefs than the Pyramid A B C G, 
V'hich is abfurd, as juft now has been proved : There- 
fore the Bafe A B C to the Bafe D E F, is not as the 
Pyramid A B C G to fome Solid greater than the Py- 
ramid D E F H. But it has been alfo proved, that 
the Bafe A B C to the B^fe D E F, is not as the Py- 
ramid A BCG to fome Solid lefs fhan the Pyramid 
P E F H ; wherefore, as the Bafe A B C is to the 
Bafe D E F, fo is the Pyramid A B C G to the Py. ' 
ramid D E FH. Therefore, Pyramids of the fame AU 
titude^ and having triangular BafeSy are to me another as 
fbeir Bnfes ; which was to be demonftraced. 

P R p P p S I T I p N VI. 

Theorem. 

Pyramids of the fame AUitutie^ and having foiyg^ 
nous Bafes^ are to one another as their Bafes, 

LE T there be Pyramids of the fame Altitude, which 
have the polygonous Bafes ABODE, FGHKL; 
and let the Vertices be the Points M, N. I fay^ 
as the Bafe A B C D E is to the Bafe FGHKL,. 
fo is the Pyramid A B C D £ M to the Pyramid 
J-GHI^LN. 

for, 
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For^ let tbe Safe A B C D £ be divided iQto t^e 
Triangles ABC, A C O, AD £ ; a«)|i the Bafe 
F G H K L. into the Triangle* F G H^ F H K, 
F K L ; and let the Pyramids be cooceivedupon. every 
one oC theft Triangles, of the fame Altitude with the 
Pyramids A BCD EM, JFGIiKLN; Tben« be. 
cauic tbe Triangle A B C^U to the Triat^gle AC P, 
• $9/ this, as ^ the Pyramid ABC M is to tbe Pyramid 
A C D M I and (by compoundinff) as .the Trapezium 
A B C D is to the Triangle A C D, fo is tbe Pyramid 
A B C. D M to the Pyramid A C D M : But as the 
' Triangle A C D is to the Triangle A D £, fo is * 
the Pyramid A C D M to the Pyramid A D £ M. 
Wherefore, (by Equality of Pro^rtion}, as, tbe Bafe 
A B C D is to the Safe AD ^, fo is tbq Pyramid. 
A B C D M to the Pyramid AD EM ; And again (by 
Compofition of Proportion), ast the Bafe A B C D £ 
is to the Bafe A D £, fo is tbe Pyramid A BC D £ M. 
to the Pyramid A D £ M. Foe the fame Rea^ibn, as 
the Bafe F G H K L is to the Bafe F K L, fo is the 
Pyramid F G H K L N to the Pyramid F K L H: 
Arid fmce there are two Pyramids A D £ M^ F K L N, 
havinjg triangular Ba&s, and the fapie Aititude ; the. 
Bafe AD E (hall be * to the Baft F KL L, as the Pyr 
ramid A D £ M to. the Pyramid F K L N : And fince 
the Bafe A B C D £ is to the Bafe A D £, as the Py- 
ramid A B C P £ M is to the Pyramids AD £ Mi and 
as tbe Bafe A D £ is to the Bafe F K L, fo is the Py- 
ramid A D E M.to the Pyramid F K L N ; it ihall be 
(by Equality of Pioportion), as the Bafe A B C D £ 
is to the Bafe F K L, fo is the Pyramid A B C D E M 
to the Pyramid F K L N : But as the Bafe F K L 
is to tbe Bafe -F G H K L, fo was the Pyramid 
F K L N to the Pyramid F G H K L N. W hcrcfore, 
again, (by Equality of Propcrtivn), as the Bafe 
A fi C D £ is to the Bafe F G H I^ L, fo is the Pyra- 
mid A B C D E M to the pyramid F G H K L N. 
Therefore, Pyramids of tht fame AUtSude^ and havkng 
folygomus Bojfes^ an to one anotlur as their, Ba/es ^ whicli • 
vns to be demonilrated. 

If the Bafes had not confided of eqyal Numbers of 
Sidesy the Denwnflration had been the fame. 
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Theorem. 
Every Prifm having a triangular ^afe^ may he 
divided into three Pyramids y ^utd $^ cne am- 
iber^ and having triangular Bafts. 

LE T there be a Prirm, whofe Bafe i8 the Triangle 
ABC, and the oppofite Baffe to that the Triangle ^ 
DEF. I fay, the Prifm A B CD E F may be divided 
into three equal Pyramids that have triangular Bafet* 

For, join B D, E C, C 1) : Tbe^, because ABED if 
a Paralfeloffram^ whofe Diameter is B D, the Triangle 
A B D fliaU be ♦ equal to the Triangle E fi p. ThcrCr • 34. «. 
fore the Pyramid whofe Bafe is the Triangle A B D^ 
and Vertex the Point C, is f equal to the Pyramid t6«/<iif. 
whofe Bafe is the Triangle E I) B, and Vertex the 
Point C. But the Pyramid, whofe Bafe is the Tri- 
angle E D B, and Vertex fhe Point C, is the fame as 
the Pyrai;nij3 whofe Bafe i^ die Triangle £ 3 C,. and 
Vertex the Point D ; for they are contained tindet the 
fame Planes : Therefore the Pyraaiid, Whofe Bafe is the 
Triangle A B D,. and Vertex the Point C, is equal to 
the Pyramid whofe Bafe is the Ttian^e E B (J, and 
Vertex the Point D. Again, becaufe F C B E is a Pa* 
rallelogram, whofe Diameter is C £, the Triangle 
E C F fliall be ♦ equal to the Triangle C B E ; and 
fo the Pyramid whoft Bafe is the Triangle B EC, and 
Vertex ihc Point D, is f equal to the Pyramid whofe 
Bafe is the Triangle E C F, and Vertex the Point D. 
But the Pyramid, whofe Bafe is the Triangle B C E, 
and Vertex the Point D, has beni proved equal 10 
the Pyramid, whofe Ba/b is the Triangle A B D^ and 
Vertex the Point C : Wherefore, alfo, thc« Pyramidi, 
whofe Bafe Is the Triangle CEF, and Vertex the 
point D) is equal to the Pyramid, whofe Bafe is the- 
Triangle ABD, and Vertex the Point C : Therefore, 
the Prifm A B C D E F, « dlvidid into thne Pyramids 
fqudi to ont another y and havihg triangular Bafts. And 
becaufe the' Pyramids whofe Bafe is the Triangle 
ABD, and Vertex the Point C, is the fMe with the 
fyt^xp^A whofe Bafe is the Tfiangle CAB, and Ver< 

tex 
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tex the Point D; for they a^e contained under the 
fame Planes ; and the Pyramid, whofe Bafe is tbb 
Triangle A B D, and Vertex the Point C, has been 
proved to be a third Part of* the Prifm, whofe Bafe is - 
the Triangle ABC, and the oppofite Bafe to that the 
Triangle D E F : Therefore, alfo, the Pyramid^ whofe 
Bafe is the Triangle ABC, and Vertex the Point D, is 
a third Part of the Prifm^ having the fame Bafe^ viz. jthe 
Triangle ABC, and the oppofite Bafe the TriangleDEF ', 
which was to be demonfiraced. 

CorolL I. It is manifeft from hence, that every Pyra- 
^ mid is a third Pa»t of a Prifm, having the fame 

Bafe, and an equal Altitude ; becaufe, if the Bafe 
of a Prifm, as alfo the oppofite Bafe, be o\ any 
other Figure, it may be divided into Prilins having 
triangular Bafes. 

2. Prifms of the fame Altitude are to one another as 
their Bafes. 

PROPOSITION .VIII. 

T H E O R E M, 

Similar Pyramids^ having triangular Bafes^ are 
ift a triplicau Proportion of their homologous 
Sides. 

T - £ T there be two Pyramids Hmilar and alike fitu- 
^^ ate, having the trianguiai Bales ABC, D£F; 
and let their Vertices he the Points G, H. I fay, the 
Pyramid A B C G tothe Pyram-.d D E F H, has a Pro- 
portion triplicate of that which B C has tc £ F. 

For, compleat the folid Parallelopipedon B G M L^ 
E H P O ; then, becaufe the Pyramid A B C G isfimi- 
lar to the Pyramid D E F H, the Angle ABC (hall 

f/)^y.g.,,, be* equal to the. Angle DEF, the Angle G BC . 
equal to the Angle H E F, and the Angle ABG 
equal to the Angle D £ H. And A B is to D£, as 
B C is to E F ; and fo is B G to £ H. Therefore, 
.becaufe the Angle' A B C is equal to the Angle' 
DEF; and the Sides about the equal Angles are pro- 

f^. 6. poriional; the Parallelogram B M (hall be f (Imilar to 
|he Parallelogram £ P. For the fame Reafon the Pa- 

ral-^ 
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rallelogram B N is fimilar to the Parallelogram £ R, 
and the Parallelogram B K to the Parallelogram £ X. 
Therefore three rarallelograms B M, B K, B N, are 
fimilar to three Parallelograms &P, E X, E R. But 
the three Parallelograms B M, B K, B N, are equal 
and fimilar to the three oppofite ones ; as alfb the three 
Parallelograms E P, E X, ER : Therefore the Solids- 
B G M L, E H P O, arc contained under equal Num- 
bers of (imTlar and equal Planes ; and confequently, 

. the Solid B G M L is fimilar to the Solid £ HPO. 
J3ut fimilar folid Parallclopipedons are * to each other* .^^ ^\^ 
in a triplicate Proportion of their homologous Sides ; 
therefore the Solid B G M L to the Solid £ H P 0» has 
a Proportion triplicate of that which the homologous 
Side fi C has to the homologous Side £ F. But as the 
Solid B G M L is to the Solid £ H PO, fo is f the 1 15- f- 
Pyramid A B C G to the Pyramid D E F H ; for the 
Pyramid is the one fixth Part of that Solid, flnce the 

.Prifm, which is the Half of the folid Parallelopipedon, 
is triple of the Pyramid. Wherefore, the Pyramid, 
ABC G to the Pyramid D E F H, /hali have a tripli- 
cate Proportion to that which BChastol£s¥ i which was 

,to be demonflrated. . 

CorolL From hence it is manifeft, that fimilar Pyra- 
mids having polygonous Bafes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For, if they be divided into Pyramids, having tri- . 
angular Bafes, becaufe their fimilar polygonous Bafes 
,are divided into fimilar Triangles equal in Number,, 
and homologous to the Wholes ; it fhall be, as one 
Pyramid, having a triangular Bafe in one of the Py^ 
' ramids, is to a Pyramid having a triangular Bafe in 
the other Pyramid ^ fo are all the Pyramids, having 
triangular Bafes in one Pyramid, to all the Pyramids 
having triangular Bafes in the other Pyramid ; that 
is, fo is one ot the Pyramids, having the polygonous 
Bafe» to the other : But a Pyramid having a trian-^ 
gular Bafe,. to a Pyramid having a triangular Bafe, 
U in a triplicate Proportion of the homologous Sides. 
Thereforeone Pyramid, having a polygonous Bafe, 
to another Pyramid having a fimilar Bafe, is in a 
(ri£li^atc^Pr<}portion of.their homologous Sides. 

PR O- 
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P R Q P O S I T I O N IX. 

Theorsm. 

The Bafis and Altitides of equal Pyramids, bav- 
ing triattguldr Bafes, are reciprocally propor-^ 
tional 5 and tbofe Pyramids having triangular 
BafeSj wbjoje Bafes and Altitudes axe. rtcipo- 
€ally> propmrtmali are tquaL 

LETt!berebe equal Pyramids, havbg che'trian- 
gui^r Bifea A,B C, D £ f, ftnd Vertices the 
.Points G, H. I fay» the Bdfos and AWtudes of the 
Pyramids A B C G, D E F,H, are reciprocally proper- 
tibnal \ that is, asMhe Bafe ABC is to the fiafe 
D £ F, fo IS: the Altitude of the Pyramid D £ F H to 
thie Altitude of the Pyramid A B C 6. 

For, compleat the iblid ParallelopipedonB G M L, 
E H P O ; then, becaufethe Pyramid A B C Gts equal 
to (he Pycamid O £ F H ; .^d the Solid ftG ML is 
. fextuple; the Pyramid A EC G ; and the Solid £fi P.d 
fextupie the Pyramid D £ F H ; the Solid B^GM L 
(hall be * equal to the Solid £ H P O. But the Bafes 
and Altitudes if equal folid Paralleiopipedons ane reeH 
' piocally proportional ; therefore, as the Bafe B M Is to 
. „^ . the BafeEP, foist the Akiludeof the Solid £»FO 
* to the Altitude of the SoW B G M L. But as the Bafe 
B M is to the Bafe E P,fo is • the Triangle ABC to 
the Triangle D E F ; therefore as the Triangle ABC 
is to the Triangle- DEF, fo is the Altitude of the So- 
lid EH P O.to the Altitude of the Solid B G M L. 
But the Altitude of the Solid £ H P O is the fame as 
the Altitude of the Pyramid DE F^H; and the -Alti- 
tude of the Solid B G M L, the fame as the Attitude 
<of the PyratDid. A B C G ^ therefore, as the Bafe 
A B C is to the Bafe D £ F, fo is the AMtude of the 
.Pyramid DEFH to the Altitude of the Pyramid 
A B C G : Wherefore the Bafes and Altitudes of the 
equal Pyratfiids A B C G, DEFH, arc reeiprpcally 
proportiooal. And if the Bafes and Altitudes of the 
Pyramids A B CG, D £ F H, are reciprocally propor* 
tional I that \&y if theJ&afe A3 Cto^^Ballc'O'EF, 
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be as the Akkude of the Pyramid D E F H to the Al- 
titude of the Pyramid A B C G ; I fay, the Pyramid 
A B C G is equal to the Pyramid D EP H : For, the 
fame Conftrudibn remainibg, becaufe the Bafe ABC 
to the Bafe D E F, is as the Altitude of the Pyramid 
D £ F H to the Altitude of the Pyramid A B C G ; and 
as the Bafe ABC is to the Bafe DEF, fo is the ParaU 
lelogram BM to the Paraileiogiiam £P ; therefore the 
Parallelogram B M to the Parallelogram EP, (hall be 
r alfo as the Altitude of the Pyramid D £ F H is to the 
Ahitude^of the Pyramid A B C G. But as the Altitude 
of the iPy ramid D£ F H is the fame as the Altitude of 
thefolid Parallelopipedon £PHO, and the Altitude of 
the PyFamid A B C G, the fame as the Altitude of the 
folid Paralietopipediiii BGML; therefore theBafoBM 
to the Bafe £ P, wHI be as the Alttuide of the foM Ba- 
ralJeioi>f pedM £ H P O . to the Altitude of the folid Fa- 
ralleiopipedon B G M L. But tbbfe iblkl Piirallelopipe- 
dons, whofe Bales and Altitudes are reciprocally pro- 
portional, are f equal to ea^h other; therefore Che folidf 34. tu 
Paralleloprpedon D G M L, is equal to the (Mid Paral- 
lelopi^edon^E BPO : Now the Pyramid A B C G is a 
dxth Part of the Solid BOML; asd^ in like^nanner^ 
the Pyramid DEFH is afixth Part of the Solid EHPOi 
therefore tbe Pyramid ABCG is equal to the Pyramid 
DEFH. Wherefore, tie Bofis and Almudi$ of efual 
PjramUs^ bawg triiMguIar ooTh^ an rmpr§t4lfy ^r«* 
portiomali and th&fe Pyramids having triangular Bafis^ 
whofe Bafei and Akitudes are reciprocally profortivnal^ 
are equal i which was to be demooftrated, 

PROPOSITION X. 

T H E O R E lid. 

Every Cone is a third Part of a Cylinder^ having . 
rtbe Jame Safe^ and ^m equal jiltitude. 

> ' * 

IE T a Cone have, the fame^Bafe )is the Cylinder ; 
^ wz. the Circle ABC D, and an Altitude eqttal 
to it. I iky, tke Cone is a third Part of the Cylinder ; 

that if, the Cylinder 48 tr'ypte Aa( GoQe« 

- Fdr. 
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For, if the Cylinder be not triple to the Cone^ it 

(hall be greater or Ufs than triple thereof. Firft, let it 

be greater than triple to the Cone, and let the, Square 

A B C D bedefcribed in the Circle AB C D ; then the 

Square A B C D is greater than one half of the Circle 

>\BCD. Now let a Prifm be ereded upon a Square 

A BC D having the fame Altitude as a Cylinder, and 

this Prlfni will be greater than one half of the Cylinder; 

becaufe, if a Square be circumfcribed about the Circle 

A B C D, the infcribed Square will beone half of the 

circumlcribed Square-; and if a Prifm be ere£led upon 

the circucnfcribed Square of the fame Altitude as the 

• *• ^''» 7' Cylinder, fmce Prifms are to * one another as their 

9fUi». g^|.pg^ jj,^ p^if^ creaed upon the Square A B{C D, is 

. one half of the Prifm ereded upon the Square defcribed 
about the Circk ABCD. But the Cylinder is lefs than 
the Prifm jere^d: on the Square defbribed about the 
Circle A B CD }■ therefore chc Prifm ereded on the 
Square A B C D» having the fame Height as the Cy^ 
linder, is greater fhan or^e half of the Cylinder. Let 
the Circumferences A B, B T, C D, D A, be bifefted 
in thq Points E, F* G, H ; and join A E, E B, B F, 
F C, C G, G D, D H, H A : Then each of the Tri- 

t TA« A/- *"S'^^ A E B, B F C, C G D, D H A, is t greater than * 

ioiotfioim the half of each of the Segments in which they ftand. 

9/ thiu Let Prifms be ercftcd from each of the Triangles AEB 
B F C, C G D, D H A, of the fame Altitude as the 
Cylinder ; then every one of thefe Prifms eredied is 
greater than half its correfpondent Segment of theCy-' 
linder. Fq*-, becaufe, if Parallels be drawn thro' the 
Points E, F, G, H, t« A B, B C, C D, D A, and P^. 
rallelograms be compleated on the faid AB, BC, CD, 
DA, on which ftre ereded folid Parallelopipedons of the 
fame Altitude as theCylinder^ theneach of thofe Prifms 
that are pn the Triangles A E Bj B F C, C G D, 

1 3^* >i* DHA, are Halves % of each of the folid Parallelepipe- 
dons ; and the Segments of the Cylinder are lefs than 
the erected folid Parallelopipedons ; and confequently, 
the Piifms that arc on the IViangles AEB, B F C, 
-CGD, DHA<. are greater than the Halves of the Seg- 
ments of the Cylinder : Ai^d fo, bife^ing the other Cir- 
cumferences, joining Right Lines, and on every one of 
the Triangles ere<^ing Prifms of ihe^famc Height as 

(be 
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the Cylinder, and doing this continually, we fliall at 
laft hav& certain Portions of the Cylinder left, that are 
lefs than the Excefs by which the Cylinder exceeds 
triple the Cone. 

Now, let thefe Portions reitiafhing be A E, £) B^ 
BF, FC, CG, G D, D H, rt A ; then the Prifm re- 
maining, whofe Bafc is the Polygon A E B F C G D Hj 
dnd Altitude equal to th^lt of the Cylinder's is greater 
than the Triple of the Cone.- But the Prifmj whdfe 
Bafe is the Polygon A E B F C C D H, and Altitude 
the fame as that of the Cylinder's, is * triple of the ^^» 1* ^ 
Pyramid, whofe Bafe is th^ Polygon AEBFCGDH, '*"• 
and Vertex the fame as that of the Cone; and 
therefore the Pyramid, whofe Bafe is the Pblygon 
A E B F C G D H, and Vertex the farfife as that pf 
the Cooe, is greater than the Cone, whofe Bafe is the 
Circle A B C D : But it is lefs alfo (for it is com- 

f>rehended by it) which h abfurd ; therefore the Cy- 
inder is not greater than triple the Cone. I fay, it is 
neither lefs than triple the Cone : For, if it be poffible^ 
let the Cylinder be lefs than triple the Cone ; then (by 
Inverfion) the Cone (hall be greater than a third Pkrc 
of the Cylinder : Let the Square A B C D bedefcribed 
in the Circle A B C D ; then the Square A B C D is 
greater than half of the Circle A B C D : And let ^ 
Pyramid be erciSled on the Square A B C D, having 
the fame Vertex as the Cone \ then the Pyramid ere£ted 
is greater than one half of the Cone ; becaufe^ as has 
been already demonftrated, if a Square be defcribed 
about the Circle, the Square A BCD fball be half 
thereof: And if folid Parallclopipedons be ereded upon 
the Squares of the fame Altitude as the Cone, Which 
are alfo Prifms ; then the Prifm erefted on the Square 
A B C D is one half of that ereded on the Square de- 
fcribed about the Circle ; for they are to each other as 
their Bafes, and fo likewife are their third Parts: 
Therefore the Pyramid, whofe Bafe is the Square 
A B C D, is one half of that Pyramid eredled upon 
the Square defcribed about the Circle. But the Pyra-^ 
mid ereded upon the Square defcribed about the Cir- 
cle is greater than the Cone, for it comprehends it ; 
therefore the Pyramid, Whofe Bafe is the Square 
A.B C D, and Vertex the fanfie as that of the Cone^ 

S is 
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is greater tjian one half of the Cone. Bife£t the Cir- 
cumferences A B, B C, C D,D A, in the Points E,F, 
G,H;andjoinAE,EB, BF,FC,CG»GD,DH, 
H,A ; and then each of iheTri an gale's A E B, BF C, 
C G D,. D H A, is greater than one half of each of the 
Segments they are in. Let Pyramids beere<Sed upon 
\cach of the I'riarigles AEB , BFC, C G D, D H A, 
. having the fame Vertex as the Cone^ then each of 
. Ihefe Pyramids, thus ere(5kcd, is greater than one half 
of the Segment of the Cone in which, it is ; and fo, 
bifei^^ing the remaining Circumftrences, joining the 
Right Lines, and ercding Pyramids upon every of the 
. Triangles having the fame Altitude as the Cone, and 
doing this continually, we (hall at laft have Segments 
of the Cone left, that will be Icfs thar\ the Excefs by 
which the Cone exceeds the one third Part of the Cy- 
linder : Let thefe Segmerxjs be thofe that arc on A E, 
E B, B F, F C. C G, G D, D H, H A J and then 
,the remaining Pyramid, whofe Bafe is the Polygon 
A E B F C G D H, and Vertex the fame as that of the 
Cone, is greater than a thjrd Part of the Cylinder: 
But the P yramid, whofe Bafe is the rolygon 
A E B F C G D H and Vertex the fame as that of the 
Cone, is one third Part of the Prifm whofe Bafe is the 
Polygon A E B F C G D H, and Altitude the fame as 
that of the Cylinder: Therefore the Prifm, whofe 
Bafe is the Polygon A E B F C G D H, and Altitude 
the fame as that of the Cylmder, is greater than the ^ 

,f Cylinder, whofe Bafeis the Circle A B C Dj but it' 

, is lefs alfo (as being comprehended thereby) ; which is 
abfurd ; therefore the Cylinder is not lefs than triple 

. of the Cone : but it has been proved alfo not to bt 
greater than triplfc of the. Cone ; therefore the Cylinder 
is necefTarily triple of the Cone.' W^hercfore, ^very 

, Com is a third Part of a Cylinder^ having the fame Bafe^ 
and an equal Altitude-^ which was to be demondrated. 
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PR 6 P O S I T I O N XI. 

The o r £ m. 

, , Cfiffes and Cytindurs^ of the fame Altitude^ are h 

^une another as ibetr BafeSk 

T ' E T there be Cones and Cylinders of the fame 
•*^ Altitude, whofeBafes are the Circles A BCD< 
E F G H, Axes K L, M N, and Diameters of the 
Bafes A C^ EG. I fay, as the Circl.e A B C D is to the 

. Circle EFGH, fo is the Cone AL to the Cone £N. 
For, if it be not /o, it (hall be^ as the Circle ABCD 

* h to the CircleEFGH, fo is the Cone AL to fome So- 
fid ;eliher lefs or greater than the Cone EN. Firft, let 
it be to the Solid X lefs than the Cone ; and let the 
Solid I be equal to the Excefs of the Cone E N above 
thck Solid X : .Then the Cone E N is equal to the So- 

' lids X and I. Let the Square E F G H be dcfcribed in 
'the Circle E F G H„ which Square is greater than one? 
Kalf pf the Circle, and ereft a Pyramid upon the Square 
E FG H, of the fame Altitude as the Cone ; therefore 
the Pyramid, erpdted is greater. than one half of the 
Cpne. For if we defcribe a Square about the Circle^ 
and a Pyramid be ercfled thereon, of the fame Altitude 
as the Cone \ the Pyramid infcribed will be one half of • 
the Pyl^amid circumfcribed ; for they are * to one ano- #6 oftbiu 
ther as their Bafes ; and the Cone is l^fs than the; cir- 
cumfcribed Pyramid : Therefore the Pyramid^ whofe 
Bafe is the Square EFGH, and Vertex the fame as 
that of the Cone, is greater than one half ofthe Cone^ 
Bifea the Circumferences EF, FG, GH^HE, in 

' the Points P, R, S, O ; and join H O, O E, E P, P F, 
F R, R G, G S, S H ; then each of the Triangles 

^ H O E, E P F, F R G, G S H, is greater than one half 
of the Segment of the Circle wherein it h* Let a Py- 
ramid be raifed upon every one of the Triangles 
. H E, E P F, F R G, G S H, of the fame Altitude 
,as the Cone; then each of thofe erefted Pyramids is 
greater than one half of its correfpondent Segment of 
the Cone : And fo bifefling the remaining Circum-* 
ferences, joining the Right Lines, and erefting Pyra- 
|hids...ugon each of the Triangles, of the fameAliitudc 

S 2 as 
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as that of the Cone i and doing this continually, there 
will at laft be Feft Segmems of the Cone that will toge- 
ther be lefs than the Solid I. Let thofe bethe^gmcuts 
t^sat^re on H O, O E, E P, P P, F R, R G, G S, 
S H i. thcreforfe the Pyramid remaining^, whofe Baie is 
the Polygon H O E P F R G S, and Altitude the fame 
as that of the Cone,» is greater than the Solid X. Let 
the Polygon D T.A Y B QC V be, (dcfcribcd in the 
Circle A B D, fimilar and alike fituate to the Poly* 
gon H O E P F ^ G S ; and let a Pyramid be erefied 
thereon of the fame Altitude as the ConeAL: Then, 
•m •/'«»• becaufe the Square of A C to the Stjuaie of E G, i^* 
4. ^.u- a» the Polygon D T A Y B Q C V to the Polygon 
1 1 •fihti. jj o EP F^G S ; f nd the Square of AC is f to the 
fTquare of £ Cj, as the Circle A B C D is to the Circle 
E F G H ; it (hall be as the Circle A B C D is'to the 
Circle E F G H, fo is the Polygon D T A Y ^ QC V to 
the Polygon H O E.P F R G S. But as the Circle 
A B C D is to the Circle RFG H, fo is the Cone 
AL to the Solid X (by Hyp) : And as the Polygon 
DTAYBaCVistothrPolygonHOEPFRGS, 
^et/tkii, fo is X the Pyramid^ whofe Bafe is the Polygon 
D T A Y B CLC V, and Vertex the Point L, to the 
Pyramid whofe Bafe is the Polygon HOEPFRGS, 
and Vertex the Point N* Therefore, as the. Cone A L 
is to the Solid Xy fo is the Pyramid whofe Bafe is the 
Polygon I> T A Y g CLC V^ and Vertex the Point 
L9 to the Pyramid whofe Bafe is . the ^Polygon 
« H O E P F R G S, and Vertex the ;Point^N;, But the 
Cone A L. is greater than the Pyraoiid/'tliiat is in it; 
therefore ^t Solid X is greater than ;che Pyramid that 
is in the Cone £ N ; but it was pi|t lefs, ivbich is ab- 
surd. Therefore the Circlfe A B C D fo the Circle 
£ F G H, is not as the Cone A L to fome Solid ]ei$ 
than the Cone £ N. In like xnpnnpr it is deolon- 
ftrated, th^t the Circle EFdtf to the Circle ABCD, 
is not as tKe Cone £ N ^o fome Solid lefs than the 
Cone A L ; I fay^ npioreover, that the Circle ABCD 
to th^ Circle E F G H, is not as the Cone A L to 
fome Solid greater than the Cone £ N. For, if it be 
po^ble, let it be tO the Solid Z greater than the 
Cone ; then (bylnveiff|Qft), as theX^ircle, £ F G H is 
to the Qrcle A B C B, fo Onatt the SoHd Z be to the 
Cone A %^. , But fy^c the Solid Z is greater than the 

■' :• Cone 
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^one JEIN, it (ball be as the Solid Z is to the Gone 
•^L, fo is the Cone E N to fome Solid lefs than the 
^one A L ; and therefore, as the Circle F F G H is 
to the Circle A B C D, fo is the Cone E N to fom^ 
Solid lefs than the Cone A L; which ha^ been proved 
to be impofible. Therefore the Solid A B C D to the 
Circle £ F G H, is not as the Cone A L to fome So- 
1 id greater than the Cone £ N. It has aifo been 
proved, that the Circle A B C D to the Circle 
E F G H is not as the Cone 'A L to fome Solid lefs 
than the Cone E N ; therefore as the Circle A B C D 
is to the Circle E F G H, fo is the Cone A L to the 
Cone E N t But as Cone is to Cone, fo is * Cylinder • ,^, ^^ 
to Cylinder i for each Cylinder is triple of each Cone ; 
and therefore, as the Circle A B C D is to the Circle 
£ F G H, io ate Cylinders and Cones (landing on 
them of the famp Altitude. Wherefore, pcms end 
Cylinders ofthtjamt Altitude^ are to ens anothir as ihiir 
Bflfiif which was to be dcmoni^ated. 

PROPOSITION XI|. 

Theorem. 

Similar Cones and Cylinders are to cpe another in 
a triplicate Proportion of the Diameters of 
their Bafes. 

T E T there be fimilar Cones and Cylinders, whofe 
•*-' B.afe« are the Circles A B C D, E F G H, and 
Diameters of the Bafes B D, F H, and Axes of the 
Cones or Cytindeis KL, M N. I fay, the Cone, 
whofe ]Bafe is the Circle A B C D, and' Vertex the 
Point L, to the Cone whofe Bafe is the Circle 
£ F G H, and Vertex xhe Point N, hath a triplicate 
Proportion of that which B D has to F H. 

For, if the Cone A B C D L to the Cone 
E F G H N, has not a triplicate Proportion of that 
which B D has to FH; the Cone A B C D L ihall 
have that triplicate Proportion to fome Solid, either 
lefs or greater than the Cone E F G H N, Firft, h% 
it have that triplicate Proportion to the Solid X, lefs 
i^an the Cone £ ^ G H N / and jet the Squaie 
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E F G H be deferred in the Circle E F O H,' Which 
will -be greater than one half of the Circle E ^ G B$ 
and ereft a Pyramid on the Square E F G H of the 
fame Altitude with the Cone, then that Pyrimiid is' 
greater .than one half of the Cone. And fo let the 
Circumferences E F, F G, G H, H E, be bifefted in 
the Points O, P, R, S ; and join E O, O F, P P, 
P iG, G R, R H,; H S, S E ; then each of the Tri- 
angles E O F, F P G, G R H, H S E, i^eater thaa 
one half of the Segment jt>f the Circle EF G H, in 
whkh it is J and treft a Pyramid upbn'c^ch of the 
Triangles E O F, F P G, G R H^ H S E,; having 
the fame Altitudes as the Cone : Then each' of the 
Pyramids, thus creifled^ Is greater than half its cor- 
refpohdlng Segment of the'Cone j wherefore, bife^ling 
the remaining 'Circun^erences, joining Right^ Lines, 
arid crdflifig" ryramids upw each ortSe Triangles, 
/ having theTame VertW as tfie Cone'; and doing this 

jcontinuaily, we fliall l<iave, at laft, certain Segments • 
of the Cone, that fhail be lefs than the Excefs by 
which the Cone. E F G H N exceeds! the Sqlid. X'. 
Let thefe be the Segments that ftand on E O, O F, 
F P, P G, G R, R H, H S, S E j then the remaining 
Pyramid, whofe Bafe is the Polygon E Q F P G R H S, 
and Vertex the Point N, is greater than the Solid X : 
Alfo, let the Polygon A T B T C V D Q.be defcribed ' 
in the Circle A'B C D» iimitar am) alike firuate to, the 
Polygon EOFPGRHS; upon which ered a Pyra-r 
mid, haying the fame Altitude as the Cone ; and let 
L B T be one of the Triangles containing the Pyra- 
> mid, whofe Bafe is the Polygon AT B Y C V D q, 
and Vertex the Point L ; as hkewife N F O o^e of the 
Triangles containing the Pyramid EOF P GR H S, 
. and Vertex the Point N i and let K T, M O, be"; 
joined : Then, becaufe the Cone A B C D L is fimi-' 
Jar to the Cone E F G H N-, it (hall be, as B D is to 
F H, fo is the Axi3 K L to' the Axis M N : But as 

f Xs. 5* B D is to F H; fo r^ * B K to F M ; confequcntly , a? 
B K is to F M, fo is K L to^M N ; and (by Alterna- 
tion) as B K is tc^ R L, fo is F M to M N. Arfd" 
ilncc each is perpendicular, and the Sides about the 
equal Angles B'K*L, F MN are proportional ; the 
f 6.6. Triangle BXlL'ffialJ be f firtilar to the Triangle 
^ F M N. Agaift, becaaft B K is to K T, as F M is 
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to.Mr)* the Sides ajc proportional about the equal 

Angles BKT, f M O, (for tlic'AngIc BK T is the 
fame Part of the four Right Angles at the Centre K; 
as the Angle F M O is of the four Right Angles at ' 
the Centre M); therefore th 

be * fimilar to Ihe Triangle : ■ '• 

has been proved, that B K. ' 
M N J and B K is equal to ] 
it fliall be. as T K is to K L 
ihc proportional Sides are . 
T,KL, OMNjfor iheyar 
fore the Triangle L K T tb; 
angle M N O, And fincc 
T^rianglesBKL, FMN, ii 
isN F toFMi and, by tt 
ang)c B K T, F M O, it is, 

M F to F O i it Oiall 'be (by Equa!iiy of Proportion), 
af L R is to B T, fo is N F to F O. Again, fincc, ' 
by the Similarity of the Tiiangles "L T K, N O M, it 
is, asLTistoTK, foisNOtoOMi a 
Similarity of the Triangles K B T, O M F 
K T is to T B, fo is M O to O F ; it ft 
Equality of Proportion), as L T is lo T B, 
ti) O F, But it has been proVed, that T B 
as OF is to FN; wherefore, again (by K ' 

Proportion), as T L is to LB, Hi i,s <) N to 
therefore the Sides of ihi: Triangle L '1" 8, N 6 F, 
are- propoitionaj ; and fo the Ttiani^les i,T B, 
N O F, are equiangular and fimilar 10 f:„'(i othfr ; 
and, confequently, the Pyramid, whofc B.ili is ibe 
Triangle BKT, and Vertex thfPnnt L, is limilur 
to the Pyrannd wbofe Bafc is the Triangle F M O, 
and Vertex the Point N ; for ihry, a;e coniainej urrder 
fimilar Planes equal in Multitude :ijut (imdar Pyra- 
mids thftt have Triangular ^ags, 'are f to one ano- 1 *?/^'*"" 
iher in the triplicate Proportiofi of their homologous 
Sides i therefore the Pyramid B K T L to the Pyra- 
mid F M O N, has a triplicate Propariiiin of that 
which B K has to F M. In like manner, drawing 
Right Lines from the Points A, Q, D. V, C, Y, to 
' Ki as alfo others from rhc Points E, S, H, R, G, P, 
to M ; and creeling Pyramids orj the Triangles having 
the fame Vertices a> the Cones, we demonfll-ate, that 
every Pyramid of one Cone to every one of the othe^r 
S 4 - ■ Cone, 
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Cone, has a triplicate Proportion of that which the 
iSide B K has to the homologous Side M F, that is^ 
which B D has to F H. But as one of the Amcce* 
I IS. 5« dents is to one of th^ Confequents, fo are % i^\ tnt 
Antecedents to all the Confequents. Therefore, as 
the Pyramid B K T L is to the Pyramid F M O N, 
fo is the whole Pyramid, whofe Bafe is the Poly- 
gon A T B Y C V D Qj and Vertejc the Point L, 
to the whole Pyramid, whofe Bafe is the Polygon 
E O F P G R ff S, and Vertex the Point N. Where- 
fore the Pyramid, whofe Bafe is the Polygon, 
A T B Y C V D CX and Vcrtej^ the Point L, to the 
Pyramid whofe Bafeis the Polygon EOFPGRHS, 
and Vertex the Point N, has a triplicate Proportion 
of that which B D hath to F H. But the Cone whofe 
Bafe is the Circle A B,C D, and Vertex the Point L, 
is fuppofed to have to the Solid X a triplicate Propor- 
tion of that which B D bath to F H ; therefore, as the 
Cone, whofe Bafe is the Circle A B C D, and Vertex 
the Point L. is to the Solid X, ^o is the Pyramid 
whofe Bafe is the Polygon ATBYCVD9^an4 
Vertex the Point L, to the Pyramid whofe Bafe is the 
Pblygon E OF P G R H S, and Vertex the Point N. 
But the faid Cone is greater than the Pyramid that is 
in it, for it comprehends it; therefore the Solid X 
alfo is greater than the Pyramid, whofe Bafe is the Po- 
lygon E O F P G R H S, and Vertex the Point N | 
but it is alfo lefs, which is abfurd. Therefore the 
^one, wbgfe Bafe is the Circle A B C D, and Vertex 
the Point L, to fome Solid lefs than the Cone, whofe 
Bafe is the Circle E F G H, and Vertex the Point N^ 
has not a triplics^te Ptroportion of that which P D has 
to F H. In like manner we demonftrate, that the 
Cone E F G HN, to fome Solid j^fs than the Cone 
A B d D L, has not a triplicate Proporticp of that 
which ' F H' has to B D. Laftly, t fay, the Cone 
A fi C D L» to a Solid greater than the Cone 
E F G H N, has not a triplicate Proportion pf that 
which P*.D has b F'H : For, if this be poffibie, 
let it be fo to (bmc Solid Z greater than the Cone 
E F G P N ; then (by Inverfion) the Solid Z, to the 
Cone A B C D L, has a triplicate.Prpportion of that 
which JF H has to BD. But fiocc th^ Solid Z is 
greaser than the Cone E F G H N, the Solid Z fljaJi 
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be to the Cone A B C D L, acs the Cone E P GHK 

U to feme Solid lefs than the Cone A B C D L; and^ 

therefore the Cone £ F G H N, to fooie Solid le<t 

than the Cone A B C D L, ba,th a triplicate ProfK>r^ 

tion of that which £ A has t« B D, which h^ 

been proved to be impoilible ; therefore the Cooo 

A B C D L, to fome Solid greater than the Cone 

£ F G H N, has not a triplicate Proportion of chat 

which B D has to F H. it has been alfo demon* 

firated, that the Cone A B C D L, to fomc Solid left 

than the Cone £ F G H N* hath not a triplicate Pro^ 

portion of that which BD has to FH; wherefore the 

Cone A B C D L, to the Cone E F Q H N, ))9S a 

triplicate Proportion of that which B D has to F H. 

But as Cone is to Cone, fo is ♦ Cylinder to Cylintieri • ,^. ^, 

for a Cylinder having the fame Bafe as a Cone;, and 

the fame Altitude, is f triple of the Cone ; (ince It is ▲ j^^thU. 

demonftrated that every Cone is one third Part of a 

Cylinder^ having the lame Baie, and equal Altitude ; 

Therefore, aUb a Cylinder to a Cylinder hsis a trip)i« 

cate Proportion . of that which B D has to F H« 

Therefore, fanilar Cones Mnd Cylindtrs art to one 

another in a triplicate Proportion of the Diameters of 

their Bafes\ which was to be demonftrated. 

N 

PROPOSITION xni/ 

Th E O R K M. 

If a Cylinder be divided by a Plane parallel to tTsf 
oppojiie Planes ; tben^ as one Cylinder is io tb^ 
other Cylinder^ fo is fbe A^sis to the Am* 

T £ T the Cylinder A D be divided by the Plane " 
+-^ G H, parallel to the oppofite Planes A B, C 0« 
and meeting the Axis E F in the Point K* \ f^y^ as 
the Cylinder B G is to the Cylinder GD, fo is the 
Axis £ K to the Axis K F. 

For, let the Axis 5 F be both Ways produced to L 
and M \ and put any Number of Lmes £ N, N L, 
bTr. each equal to the Axis E Kl ; and any Number 
pf Lines F X, X M, i^c, eaeh equal to F K ^ and 
thro* the Polius L% N» Xy ^% Itt f hnes parallel t^^ 



A'B; <JD, pafs ; (and in thoTe Pilnes from L, N, 
X^ M^ as Centres, Tdcfcribe- the Cirde» OP, RS, 
T^V, • V Qj each equal to A B, CD; and conceive 
the Cylinders P R, R B, D T, T Q, to be com- 
plfWPed: Then, bctaofc the Axis L N, N E, E K, 
aff^'equal to each other, the Cylinders P R, R B, 

• ii ^<iBii. B'G, "will be*'to>one another as their Bafes; and 
therefore the Cylinders PR, R B, B G, are equal : 
And fihce the Axis LN, NE, E K, are equal to 
ea«h other; as alfb the Cylinders PR, RB, BG; 
and th^ Number of Lines L N, N E, £ K, is equal 
to the Number of Cylinders P R, R B, B G ; the 
Axis 'K L {hall 'be the fame Multiple' of the Axis^ 
EK, as the Cylinder P G is of the Cylinder GB, 
. . For the fame Reafon, the Axis M K is the (kaie Mul- 
tiple of the Axis K F, as the Cylinder G Q^ is of the 
Cylinder G D. Now, if the Axis K L be equal to 
the Axis K M, the Cylinder P G (hall be equal to the 
Cylinder G Q^; if the Axis K L be greater than the 
Axis K M, the Cylinder P G (hall be likewife greater 
than the Cylinder G Qj and if lefs, leTs; Therefore, 
becaufe there are four Magnitudes, viz. the Axis £ K^ 
KF^and the Cylinders BG^ GD ; and there are taken 
their Equimultiples, namely, the Axis K L, afldthe< 
Cylinder P G, the Equimultiples of the Axis £K, 
and the Cylinder B G ; and the Axis K M, and the 
Cylinder G Qj the Equimultiples of the Axis K F, 
alnd the Cylinder G D : And it is demondrated, that 
if^the Axis K. L exceeds the Axis K M, the Cylinder 
P G will exceed the Cylinder G Qj and, if it be 
equal, equal ; and if lefs, lefs. Therefore, as the 

t ^'/ 5'5-Axrs EK is to the Ax'isK F, fofis the Cylinder BG 
to the Cylinder G D. Wherefore, if a Cylinder be di- 
vided by a Plane poraffel to the oppofite Planer ; tben^ as 
one Cylinder is to the otheY Cylinder ^ fo is the Axis to the 
^xis.; which was to be demdnftrated. 
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PROPOSITION XW. 

Th e or em. ' 

jC^^^x and Cylinders^ being upon equal Safes^ fire 
to one another as their Altitudes. 

LE T* the Cylinders E B, FD, ftand upon equal 
' Bafes AB, CD. I fay as thVCylinder EB is tothcf 
Cylinder F D, fo is the Axis G H to the Axis^ K: L. 

For, produce the Axis K L to the Point N; ahd 
put L N equal to the Axis G H ; and let a Cylinder 
X) M be conceived about the Axis L N : Thtfn, be- * 
c^ufc th^ Cylinders E B, CM, have the fame Alti- 
tude; they are * to one another as theit- Bafes. But*ii^^iu^ 
their B^fes' are equal \ therefor^ the Cylinders E Bl, 
C Rl, will be- alfo equal. Andbecaufe the Cylinder 
F M is cut by a Plane C D, parallel to the oppofite 
Planes, jffhall be as the Cylinder CM is to the Cy- 
Jiftd^r F'D, fo is the Axis L N' to the Axis K L. ftut 
the Cylinder C IVt is equal to the Cylindei'EB; and' 
the Axis L N to the Axis G H : therefore thd Cylinddt ' 
;^'B is to the Cylinder FD, as the Axis G tf is to thi"' 
« Axis K L : And as the Cylinder E B x^ta the CyKnder 
F D, fo is X the Cone A B G to the Corte C D K jj 15. 5. 
for the Cylinders are * triple of the CoWs. T^hfere- •10 t/i^'*. 
fore as the Axis G H is to'tne Axis ii L, fo i^ th^ 
Cone A B G to the Cone C D K ; arrJfo th^ Cylin'tfef 
E B to the Cylinder FEJ. Wherefore, Cortes and Cy- 
linders^ being upon equal Bafisy are to one aytotbe^as their 
MtUudei J which was to be dembnRrated. 

P R O P O S I tt O M ^V. 

T « BO R E l^l. 

l^he Bafes and Altitudis of eqiinl CoHes and Cylin'- - « 
ders are reciproically'proportionaly and Cones 
and Cylinders^ whofe Bafes and- Altitudes are , . 
redprofally proportional^ are equal to om ano^ 
jber. 

LE T the Bafefe' of thtf equal Cones' and Cylinders 
« be the Circles ABC D, E F G H,, ^nd their Dia- 
^etcjs AC, E G J and Axis KL, M.N 5 which are' 
. ' • alfa 
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alio the Altitudes of the Cones and Cylinders :^ And 
let the Cylinders A X> £ O be coqipleated. I hj^ 
the Bafes and Altitudes of the Cylinders AX, £ O, 
are reciprocally proportional ; that is, the Bafe 
A B C O is to the Bafe f|F G H, as the Ahitude 
M N is to the Altitude K L, . 

For, the Altitude K L is either equal (o the Altitude 
M N, or not equal. Firft, let it be equal ; and the 
Cylinder A X is equal to the Cylinder £ O. But Cy- 

♦ " ^'*»»» lindcrs a)id Cones, that have the fame Altitude, arc ♦ 

to ope another as their Bafes; therefore the Bafe 
A B C D is equal Co the Bafe £ F G H : And confe- 
quently, as the Bafe A B C D is to the Bafe £ F G H, 
to M the Altitude M N to the Altitude K L, But if 
the Altitude K L be not equal to the Altitude M N» 
let MN be the greater ; and take P M« equal to L IC* 
from MN ; and let the Cylinder EO be cut thro* P 
by the Plane T Y S, parallel to the oppoftte Planes of 
'the Circles E F G H, R O ; and conceive £ S to be a 
Cylinder, whofe Bafe is the Circle £ F G H, and PlU 
titude P M : Then, becaufe the Cylinder A X is equal 
to the Cylinder £ O, and £ S is fome otlier Cylinder; 
the Cylinder AX to the Cylinder £S, fliall be as the 
Cylinder EO is to the Cylinder £ S. But as thp Cy- 

• n»fibit ^^^^^ A X is to the Cylinder E S, fo is * the Bafe 

^ A B C D to the Bafe E F G H J for the Cylinders 
AX, £ S, have the fame Altitude : And as the Cy- 
tii i/tkis linder E O is to the Cylinder £ S, fo is f the Altitude 
'M N to the Altitude MP; for the Cylinder £ O is 
cut by the Plane T Y S, parallel to the oppofite Planes, 
Therefore as the Bafe A B C D is to the Bafe E F G H, 
fo is the Altitude M N to the Altitude M P* But the 
Altitude M P is equal to the Altitude SL L ; where- 
fore, as the Bafe A B C D is to the Bafe £ F G H, 
fo is the Altitude M N to the Ahijtude K L $ anfl 
tberefpre, tbi Bafes and Jltitudps of the eqiial Cy linden 
A X, £ O, are reciprocally proporiiomL 

And if the Bafes and Altitudes of the Cylinders 
AX, £ O, arc reciprocally proportional ; that is, if 
the Bafe A B C D be to the Bafe £ F G H, as the 
Altitude M N is to the Altitude K L $ I fay, the Cy- 
linder A X is equal to the Cylinder £ O. For, 
the fame Conftru6tion remaining, becaufe the Bafe 
A BCD is to the Bafe^F GH, as the ^hicudeli^N 



« I 



■ 



Book XlL £tfr//^s Elements* 269 

is to the Altitude K L : and the Altitude K L is equal 
to the Altitude M P ; 1 1 (ball be', as the Enk A B C D 
is to the Bafe £ F G H, fo i»the Altitude MN to the 
Altitude M P. But as the Bafe A B C D is to the Bafc 
£ F G H, fo is the Cylinder AX to the Cylinder £ S» 
for they have the fame Altitude i alfo as the Altitude 
M N is to the Altitude M P, fo is * the Cylinder £ O • ,. ^ff^j^ 
to the Cylinder £ S. Therefore as the Cylinder A X 
is to the Cylinder £ S, fo is the Cylinder £ O to the 
Cylinder E S : Wherefore, the Cylinder A X is equal U 
the CyUmier £ O ; which was to be demonftrated. 
In like manner we prove ihis in Cones. 

PR O P b S I T I O N XVL 

P&.O^L£M. 

Two Circles being about the fame Centre^ to in^ 
fcribe in the greater a Polygon of equal .Sides ^ 
even in Number^ thai fball not touch the leffer 
Circle. 

T ET A B C D, E F G H, be two given Circles 
^^ about the Centre K ; it is required to infcribe a . 
Polygon of equal Sides, even in Number in the Circle 
A B C D, not touching the lefler Circle £ F G H. 

Draw the Right Line B D through the Centre K, as 
alfo A G, from the Point G, at Right Angles to B D^ . 
which produce to C ; this'Line will ♦ touch the Cir- • i6. 3. 
cle E F G H : Then, bifcding the Circumference 
B AD, and again bife^ling the Half thereof, and do* 
ing this continually, we.fhall have a Circumference 
left, at laft, lefs than A D %• ^^^ ^^is Circumference XUmmm^ 
be L D, and .draw L M from the Point L, perpendi- 
cular to B D, which produce to N ; and join L D^ 
D N : And then L D is f equal to D N. And fincet *$• 3- 
Ij N is parallel to A C, and A C touches the Circle 
E F G H, L N will not touch the Circle £ F G H ; 
and much lefs do the Right Lines L D, D N^ touch 
the Circle. And if Right Lines, each equal to L D, 
be applied round the Circle A B C D, iveflmllhave a 
Polygon infcribed therein of equal Sides ^ even in tf umber ^ 
that does not touch the Uffer Circle E FGH j which was 
to be doner ' 

Pro- 
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Pr O^^.t EM., 

"STt^ dtfcnihd afoliii.Piiyhedrdny in thtgreaier of two 
• • SphSfeSy having ^Pbi fame Centre^ whi^b Jhall 

• ., . iio't touch ihe Suferjities pf ti>e lejfer Sphere. 

T E.T two. Spheres. be.fuppofed about the fame Cen- 
^^ treAj it is requtied io derqribc a folid; Polyhe- 
droiv iir ^b€ greater Sphere,' not touching the Supeifi- 
ci^ of th^ leffer Sphere. 

Let the Spheres be cut by fome Plane pafling thro' 

• Def. 14, the Centre j then the-Sefli©^S;.wiU be^ Circles : For, 
"• becaufe a Sphere is * made oy the turning' ofa Semi- 
circle about the DiameterV' w'hich is at Reft; in what- 
foeyer/Pofitioa the Sewriicirclc is conceited to be, the 
Plane-ifi^which it is fl^aij ijn^ke a Circle inibe, Super- 
ficies of the Sphere. It is alfo manifeft, that this Cir- 
cle is a greater Circle, fince the Diameter of the Sphere, 
Mrhich is likewife the Diameter of the Semicircle, is 

t >5*3' t greater than all Right Ljoes that ^.re drawn in the 
Circle' of Sphere. Now let. B C D E be that Circle 
of the greater Sphere, and' FG H of the Icffer Sphere; 
and let B D, C E be tWo of the Diameters dr^^wn at 
Right Angles to one another ; let B D meet the 
lefier Cjrcle in the Point G, and let G L be drawn at 
Right Angles to A G, ajid A L be joijped : Then, bi- 
fedtmg the Circumference'E B, as alfo the Half there- 
of, and doing thus continually, we fhall have left, at 
la(^, a certain Circumference Jefs than that Part of the 
Circumference of the Circle B L, which i$ fubtended 
by a Right Line equal to G L. Let this be the Cir- 
cumference B K ; then the Rieht Line B K is Icfs than 

• ,6 •//£»« QL. andB K fhall be the * Side of a Polygon of 

eqyal Sidt£, even in Numbrr, not tot{ching the le^er 
» Circle : Now, let the Sides of the Polygon,, in the 

Ql^iadrant of uhe Circle B E, ht the Right Lines B K> 
K L, D M, M E i and produce the tine joining the 
till ^^^^^^ K^i A, to N ; and raife J A X from the Point A, 
perpendicular to the Plane of the Circle B C D £, 
meeting the Superficies of the Sphere in the Point X ; 
and let Planes be drawn thro- 'A X and B Dj and thro' 

A*X 
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A X and K N ; which, from what has been fiid, will 
make great Circles in the Superficies of the •Sf>here ; 
and let BX D, KXN, be Semicircles on the Dia- 
meters B D, KN : Then, becaufe X A is perpendi- 
cular to the Plane of the Circle B C D E, all ^Planes 
that pafs through X A fliall alfo * be perpendicular to • it, i% 
that fame Plane. Therefore the Semicircles B X D, 
KXN, are perpendicular to that fame Plane.- And 
becaufe the Semicircles BED, B X D, K X'N, are 
equal ; for they (land upon equal Diameters B D, 
K N J the ir Quadrants B E, B X, K X, ihaH be alfo 

;cquaL And therefore, as many Sides as the Polygon 
in the Quadrant B £ has, fo many Sides may there 
be in the Quadrants B X, K X, equal to the Stde$ 
B K, K L, 'L M, M E. Let thofe Sides be B O, 
O P, P R, R X, K S, S T, T Y, y X ; arrd join ' 
SO, T P, Y H; and let Perpendiculars be drawrt 
from O, S, to the Plane of the Circle B C D £ : 
Thefe will f fall on B D, K N,^he comoiori SeSions f 38, ||^ 
of the Planes 5 becaufe the Planes of the Semicircles 
B'X D, KXN, are perpendicular to the Plane of the 
Circle B C D E : Let the faid Perpendicular be O V, 
S Q, and join V Q^; then, fince the equal Circumfer- 
ences BO, S K, are taken in the equal Semicircles ' 

' B X D, K XN, and O V, S Q^ are Perpendiculars ; 
O V fliall be equal to S Q, and B V to K Q. But 
the Whole B A is equal to the Whole K A ; there- 
fore the Part remaining V A is equal to the Part re- 
maining Q^A : Therefore, as B V is to V A, fo is 
K Q^to Q A ; and fo V Q^is J parallel to B K. An t »• «• 
fince O V and'S Q^are both perpendicular to the Plane 
of the Circle B C D E, O V fliall be ♦ parallel to S Q. * «• "- 
But it has' ^Ifo been proved equal to it ; whereforie 
QV, S O, are f «qual and parallel. And becaufe 1 33».i« 
Oy is parallel to S O, and alfo parallel to K B j SO 
fliall be alfo % parallel to KB ; Join iS O, K S, and t 9* "• 
then K BO S is * a quadrilateral Figure in one Plane : • 7. 11.. 
For,' if two Right Lines be parallel, and Points be 
taken in both of them, a Right Line joining the faid 
Points is' in the fame Plane as the Parallels are. And 

, for the fame Reafon each of the quadrilateral Fi- 
gures S OP T, T P R Y, are in one Plane. And the 
Triangle'Y^ X is f in one Plane ; therefore if Right f 2. xi. 
Lines be fuppofed to bcT^ drawn from the Points- O, S, 
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P^ T, R, Y, to the Point A, there will be confti- 
tuted a certam folid polyhedrous Figure within the 
Circumferences B X^ K X, compofed of Pyrathids^ 
whofe Bafes are the quadrilateral Figures K B O S« 
S O P T, T P R Y, and the Triangle Y R X ; and 
Vertices the Point A. And if there be made the 
fame Couftrudion on each of the Sides K L, L M^ 
M £« hke as we have done on the Side K B ; and 
idfo in the other three Quadrants, and the other He- 
mirpherCf there will be conflituted a polyhedrous Fi- 
gure defcribed in the Sphere, compofed of Pyramids 
whofi^ Bafes will be equal and fimilar to the aforefaid 
quadrilateral Figures, aod Triangle Y R Xy and Ver« 
tices the Point A. Now, I fay, the faid Polyhedron 
, does not touch the Superficies of the Sphere, wherein 

t »*• «'• the Circle F G H is. Let A Z be drawn J from the 

* Point A, perpendicular to the Planc/of the quadrilateral 

Figure K B S O, meeting in the^oint Z ; and join 

. B Z, Z K : Then, fince A Z is perpendicular to the 

Plane of the quadrilateral Figure K B 3 O, it fhall alfo 

*^'/3-»»». be * perpendicular to all Rieht Lines that touch it^ . 
and are in the fame Plane : Wherefore A Z is perpen- 
dicular to B Zand Z K. And becaufe AB is equal to 
A It, the Square of A B (hall be alfo equal to the 

1 4' «7« Square of A K ; and the Square of A Z, Z B, are f 
ec]ual to the Square of A B ;r for (he Angle at.Z is a 
Right Angle; and the Squares of AZ, ZK, are 
equal to the Square of A K,: Therefore the Square of 
A Z) Z B, arc equal to the Squares of AZ, Z K* 
, Let the common Square of AZ betaken away, and 
then the Squaie of B Z, remaining, is equal to the 
Squaje of Z K, remainine; and fo the Right Line 
B Z is equal to the Right Line Z K, After the fame 
manner we demonilrate, that Right Lines drawn from 
the Point Z to the Point O S, are each equal to B Z, 
Z K. Therefore a Circle defcribed about the Centre 
Z, with either of the Diftances, Z B, Z K, will alfo 
pafs thro* the Points O, S. And, becaufe B K S O is 
a quadrilateral Figure in a Circle, and OB, B K, 
K 5i are equal i and O S is iefs than BK} the An- 
gle^ BZ it (hall be obtufe ; and (o B IC greater than 
B Z. But G L alfo is greater than B K ^ therefore 
G L is much greater than B Z $ and the Square of 
G L is greater thaa tht S^mm« of U %• And fince 

A h 
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A L is ?qual to A B, the Square of A L fhs^ll be equal 
to the Square of A B. But the Squares of A G, G Li 
together, are equal to the Square of A L ; and the 
Squares of B Z, Z A, together, equal to the Square 
of A B : Therefore the Squares of A G, G L, toge- 
ther, are equal to the Squares ofB Z, Z A, together. 
Biit the Square of B Z.is lefs than the Square otG L ; 
theMfbre the Square of Z A is greater than the Square 
of AG; and to the Right Line *Z A will be greater 
than the ]J.ight Line A G» But A Z is perpendicular 
to one Bafe of the Polyhedron, and A G reached to 
the Superficies of the leiTer Sphere : Wherefore the 
Polyhedron do^s not touch the Superficies of thelefler 
Sprtcre. Therefore, there Is defer i bed a f olid Polyhedron 
in the greater of two Spheres ; having the fame Centre j 
which doth not touch the Superficies of the leffer Sphere | 
which was to be done. 

CorolL Alfo, if a folid Polyhedron be defcribed In fome 
other Sphere, fimilar to that which is defcribed in 
the Sphere B C D E ; the folid Polyhedron defcribed 
in the Sphere B C D E, to the folid Polyhedron de* 
fcribed in the other -Spl)ere, fhall have a tripHcate 
Proportion of that which the Diameter of the 
Sphere B C D E hath to the Diameter of that other 
Sphere. For," the Solids being divided into Pyra- 
mids equal in Number,, and of the fame Order^ 
the fame Pyramids (hall be fimilar. But fimilar 
Pyramids are to each other in a triplicate Proportion 
of their homologous Sides ; therefore the Pyramid,- 
whofe Bafe is the quadrilateral Figure K O BSj and 
Vertex the Point A to the Pyramid of the fame 
Order in the oxher Sphere, has a triplicate Pro- 
portion of that which the homologous Side of the 
one has to the homologous Side of the other : that 
i is, which A B , drawn from the Centre A of the 

\ Sphere, to thac Line which is drawn from the Cen- 

tre of the other S;-hcre. In like manner, every one 
of the Pyramids, that are in the Sphere whofe Cen- 
tre is A, to every one of the Pyramids of the fame 
Order in the other Sphere, hath a triplicate Propor- 
tion of that which AB has to that Line drawn from 
the Centre of the other Sphere : And as one of the 
Antecedents iS to. one. otthe ConfequcntSj fo are all 
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^ the AntecedVnCs to all the Confequcnts. Where- 
fore the whole fojid Polyhedron, which is* in the 
Sphere defcribed about the Centre A» to the whole 
folid PoIy,hedfon that is in. the ot"her Sphere, hath a 
triplicate proportion of that which A B hath to the 
Line drawn from the CehtVe of the other Sphere ; 
that is, which the Diameter 'B D has to the Diame- 
ter of the other Sphere. 

PROPOSITION XVIII. 

ft 

Theorem. 

Spheres are to ones' another in a triplicate Prop^- 

tion of their Diameters. 

CUppofc A B C» D E F, are two Spheres, whoft 
*^ Diameters are B C, E F, 1 fty, the Sphert 
A B C to the Sphere D £ F| has a triplicalte Propor- 
tioo of that which B C has to E F. 

For, if it be not fo, the Sphere AB C to a Spherf 
either leiTer or greater than D E F will have a tripli- 
cate ProportioD of that which B C has to E F. Firft^ 
let it be to a I^fler, as G H K ; and fuppofe the 
Sphere D£F to be defcribed about the Sphere G H K ; 
• tj p/tbit, and let there be defcribed •a (olid Polyhedron iii the 
greater Spberte D E F, not touching the Superficies of 
the lieiler Sphere G H K i alfdi, let a folid Polyhedron 
he dei'cribed. in the Sphert ABC, (imilar to that 
which is dtlcribcd in the Sphere D E F ; then the fo- 
lid Polyhedron in the Sphere. ABC, to the folid 
2J^*;;';'*'' Polyhedron in the Sphere D E F, will have a f 
^ triplicate Proportion of that which B C has to E F : 

But the Sphere A 6 C to the Sphere G H K, hath a 
triplicate Proportion of that which B C hath to £ F ; 
therefore, as the Sphere A B C is to the Sphere G HK, 
fo is the folid Polyhedron in the Sphere A B C^ to the 
folid Polyhedron in the Sphere D £ Fj and {by In- 
verfion) as the Sphere ABC is to the folid Polyhe- 
dron that is in it, (6 is the Sphere G H K to the folid 
Polyhedron that 1$ in the Sphere D E F. But the 
Sphere ABC is greater than the folid Polyhedron that 
is in it ; therefore the Sphere G H K is alfo greater 
than the folid Polyhedron that is in tlie Sphere D £ F, 

and 
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and alfo lefs than it, as being comprehended thereby9 
which' is abfurd ; therefore the Sphere ABC to a 
Sphere lefs than the Sphere D E F, hath not a tripli- 
cate Proportion of that which B C has to E F. After 
the fame manner it is demonftrated, that the Sphere 
D E F to a Sphere lefs than A fi C* has not a tripli- 
cate Proportion of that which £ F has to B C : I fay^ 
moreover, that the Sphere A B C to a Sphere greater 
than D E F, hath not a triplicate Proportion of that 
which B C has to E F : For, if it be poflxble, let it 
have to the Sphere L M N greater than D E F j then 
(by Inverfion) the Sphere L M N to the<. Sphere 
ABC, (hali have a triplicate Proportion of that 
which the Diameter E F has to the Diameter B C. 
But as the Sphere L M N is to the Sphere A B C, fo 
is the Sphere D E F to f<>me Sphere lefs than ABC, 
becaufe the Sphere L M N is greater than D E F* 
Therefore the Sphere D E F to a Sphere lefs than 
ABC, hath a triplicate Proportion of that which E F 
has to B C^ which is abfurd, as has been before 
proved. Therefore the Sphere ABC to a Sphere 
greater than DE F, has not a triplicate Proportion Of 
that which B C has to E F, But it has alfo been de- 
monftrated, that the Sphere ABC to a Sphere lefs 
than D E F) has not a triplicate Proportion of that 
which B C has to E F : Threfore, th$ Sphere ABC 
to the Sphere D E F, has a triplicate Proportion of that 
which aChas to EFj which was toybe demon* 
ftrated* 
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Of Plane and Sph£Ricai. 



TRIGONOMETRY. 



DEFINITIONS. 

rH E Bufinefs of Trigonometry is, to find the 
Angles when the Sides are given^ and the Sides 
or the Ratios^ of the Sides j when the Angles are 
given J and to find Sides e^nd Angles^ when Sides and An^ 
gles are given : In order to which it is necejfary^ ' that 
not only the Peripheries of Circles, hut alfo certain Right 
Lines in and tdfout Circles^ be fuppofed divided into fome 
determined Number of Parts » 

And fo the ancient Mathematicians thought fit to divide 
the Periphery of a Circle into 360 Parts^ which they call 
Degrees ; and every Degree into 60 Mimrtes ; and every 
Minute into 60 Seconds ; andy again, every Second into 60 
Thirds ; andfo on. And every Angle is faid to be offuch 
a Number of Degrees and, Minutes, ai there are in the 
Arc meafuring that Angle, 

There are fome thit would have a Degree divided 
into centeftmat Parts, rather than fexagefimal ones ; 
and perhaps it would be more ufeful to divide, not only a 
Degree, but even the whole Circle, inta a duplicate Ratio ; 
which Divifion may fome Time or other gain Place. 
Now, if a Circle contains 360 Degrees, a ^adrant 
thereof, which is the Meafure of a Right Angle^ will 
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be 9c of ihofe Parts: And if it contains 1 00 Parts^ a 
Quadrant will be 25 of thefe Parts, 

The Complements ^/tf/i Arc is the Difference thereof 
from a Quadrant. 

A Chord or Subtenfe^ is a Right Line drawn from 
one End of the Arc to the other ^ 

The Right Sine 0/ any Arc^ whid is alfo commonly 
called only a Sine, is a Right Line drawn ^ f^om one En4 
pf OM Arcy perpendicular to the Madius drawn through tbf 
other End of the faid Arc 5 and is^ therefor e^ the Semi* 
fubten/e of double the Arc i viz. D E =4 DO, and the Arc 
D O is double of the Arc D B. Hmc^^ th^ Sine of 
0n Arc of 30 Degrees is equal to one half of the Ra* 
4ius. For (by Qoio\. 15. El. 4.) the Side of an Hex - 
agon infcribed in a Circte^ that is ^ the Su^JLcnfi; ^60 De» 
grees, ts equfii to the Radius. A tim divi^^s t^ Ra/fius 
into two Segment i C £, £ B : one of which CE, which 
is intercepted between the Centre and the Right Sine^ is the 
Sine of the Cfimplement of the Arc V>^ to a ^adrant 
(for C E=:F D, whiah is the Sine of tke Are DH), md 
is called the Cofine : The other Segment B E, which is 
intercepted between the Right Sine and the Periphery^ is 
callid a Verfed Sine, andfometimes a Sagitta. 

And if the Right Line C G be pr-oduced from the 
Centre C> thro^ one End D of the Arc^ until it meets the 
Right Line B G, which is perpendicular to the Diameter 
drawn through the other End B of the Arc j then C G is 
called ii}e Secant, and]iCktbs Tangent, of the Arc E>B. 

The Cofecant and Cot^r\gent of an Arc d^e the Secant 
and Tangent of that Arc which is the Complement of the 
former Arc to a Quadrant. Note, As the Chord of an 
Arc^ and of its Complement to a Circle^ is the fame { foy 
likewife^ are the Siue^ Tangent ^ and Secant^ of an Arc^ 
the fame as the ^ine^ tangent ^ and Se<ant^ of its. Cp^n- 
plemt^t to a Semicircle. 

7 be Sinus Totus is the greatefi Sine, or the Sine of 
90 Degrees, which is equat to the Radius of the Circle. 

i^ Trigonoroexrical Canon is a Table^ whichj begin- 
ningfr^m one Mif^tite, orderly exprejfts the Lengths that 
fV^y Sim^ Taogent, and Secant have, in refpe€l of the 
Radius, wUih fi fuppofed Unity 5 and is conceived to be 
divided into |0,ooo,OCO w wcr^ decimal Parts. And 
fo the Sias^ Tangent^ fr Secant^ of an Arc, may be had 
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Jy Help of this Table ; and^ contrariwlfe^ a Slne^ Tan-- 
gint or Secant y beings i^^^^: ^••■- ^^^^y fi^^d the Arc it ex* 
preffis. Take notice, Tl)tt m the fallowing Tra^^ R. 
Jignifies the Radius ^ S. a Sine^ Cof. aCoftne^ F. a Tan- 
gent y and Cot. a Cotflngent ; alfi A' C q ftgnifies the 
Square of the Right Line A C ; and the Marks or Cha- 
racers +, — , =i, : : :^ and k/ ^ are, fever ally ^ ufedto 
Jignify Addition^ Subtra^ion^ Equality, Proportionality^ 
and the Extra^ion of the Square Koot ; Again, when a 
Line is drawn over the ^um or Difference ^f two ^man- 
iitiesy then that Sum or Difference is to be confiderei as 
one ^antity. 
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The Construction s of the 
Trigonometrital Canon. 

P R O P O S i T I O N I. 

Theorem. 

^he two Sidti of any Right-angled Triangle being 
givstty the other Side is a^o given. 

p^ O R (by 47 of the firft Element) AC q~A Bq 
-^ + BCq and ACq— BCq=A B q and inter- 
changeably A C q— A B q = B C q. Whence, by the 
^xtra'ftlon of the Square Root, there is given A C zi 

V'AB q-f-KjC q ^ ^nd A B^y^A Cq— ii Cq \ and 
BC= v^ ACq— A5q.* 

PROPOSITI ON II. ' 
Problem. 

The Sine D E ^/ the Arc B D, and the Radius 
C D, being given^ to find the Cqfine D F. 

TH E Radius C D, and the Sine D E^^ b^ing given 
in the Right-angled Triangl e C D E, there will 

be given {by the \2&Prop.) v/ CDq— DEqz=(CE=) 
DF. 

T 4 PRO- 
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PRO P O S I T I O N III. 

Problem. 

9*be Sine T>^ of any Arc D B being giveu^ to find 
D M e?r B M, the Sine of Half the Arc. 

T\ E being given, CE (by the laft Prop.) will be 
^^ given, and accordingly £B, which is the Difference 
between the Cofine and Radius. Therefore D E, 
E B, being given, in the Right- angled Triangle 
D B E', there will be given D B, whofc Half D M 
is the Sine of the Arc D hzz{ the Arc B D. 

» 

PROPOSITION ly. 
Problem'. 

I 

^he Sine B M ^/ the 4^c B L being given^ to find 
the Sine of double th^t Arc. 

np H E Sine B M being given, there will be given (by 
•* Prop. 2.) the Cofinei C M. But th/e Triangles 
C B M, D B K, are equiangular, becaufe the Angles at 
£ and M are Right Angles, and the Angle at 3 com- 
mon : Wherefore (by 4. 6.) we have C B : CM:: 
(B D, or) 2 B M : D E. Whence, -fince the three firft 
Terms of this Analogy are given, the fourth alfp, 
which is the Sine of the Arc D B, will be known. 

CoroIL Hence CB:2CM::BD: zDE; that is, 
the Radius is to double the Cofine of one Half of 
the Arc D B, as the Subtcnfe of the Arc D B is 
tp the Subttrnfe of double that Arc. Alfo C B : 
2 C M : : (2 B M : 2 D E : :) B M : D E : : ^ C|B : 
C M. Wherefore the Sine of an Arc, and the Sine 
of its Double, being given, the Cofine of the Arc 
itfelf is given. 

PRa 



Plane Trigonometry, 
PROPOSITION V. 

^ Problem, 

Ipb^ Sin^s of two Arcs^ B D, F D, being given* 
to find F I, the Sine of the Sum^ as Itkewife 
E L, the Sine of their Difference. 
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E T the Radius C D be drawn, and then C O w 
the Cofine of the Arc F D, which accordingly i^ 
given, and draw O P thto' O parallel to D K ; alfo let 
O M, G E, be drawn parallel to C B : Then, becaufe 
the Triangles C D K, C O P, C H I, F O H, F O M, 
arc equiangular 5 in the firft Place CD.DK:: 
C O : O P, which, confcquently, is known. Alfo, 
we have C D ; C K : : F O : FM ; and fo, likcwiffc, 
this ihall be known. But becaufe F Oz^Y. O, then will 
F M=M G-O N ; and fo O P -h F M=:F I=;Sirjc 
of the Sum of the Arcs : And O P— F M j that is, 
OP— 0]>J=7EL=:Sine of the Difference of the 
Arcs ; which were to be found, 

CorolL Becaufe the Differences of the Arcs BE, BD» 
fi F, are equal, the Arc B D (hall be an Arithme- 
tical Mean between the Arcs B £, B F, 

PROPOSITION Vf , 

Theorem. 

fhe fame Things being fuppofed^ the Radius is tf 
double the Cofine of the mean Arcy as the Sine 
of the Difference is t^ the Difference of the Sines 
of the Extremes, 

rp OR we have CD;CK::FO:FM; whence, 
* by doubling the Confeqqents, C D : 2 C K : : 
F O : (2 F M, or) to F jG, which is the Difference 
of the Sines EL, F I. W. W. D, 

CorolL If the Arc B D be 60 Degrees, the Difference 
of the Sines F I, E L, Ihall be equal to the Sine F O, 
of the Difference. For, in this Cafe, CK is the Sine 
of 30 Degrees ; tlie double. whereof is equal to the 
^a^lus i and fo, iince C D=/& C K, we (hall have 
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F OzzF G. And, confequently if the two Arcs B^E, 
B F, are ^qui^iftant froip th^ Arc qf ^ Degrees, 
the Difi^rence of the Sines (hall be equal to ihe 
Sine of the Difference F D. 

CorolL 2. Hence, if (he Sines of al| A(C9 diftant from 
one another by a given Interval, be g^ven^, from 
the Beginnhig of a Quadrant to 60 Degrees, the 
other Sines may be found bjr one ^d4«tion only. 
For the Sine of 61 Degreeszithe Sine of 59 De- 
grees + the Sine of 1 Degree \ aqd the Sine of 62 
Degrees =: the Sine of 58 Degrees + the Sme of 2 
Degrees : Alfo, the Sine of 63 Degrees rr the. Sine 
of 5^ Degrees -f the Sine of 3 Degrees, and fo on. 

. CorolL 3. If the Sines of all Arcs, from the Beginning 
of a Quadrant to any Part of a Quadrant, diftarit 
from each other by a given Interval, be giveq, 
thence we may find the Sinps of alFArcs to the 
Double of that Part. For Example, Let all the 
Sines to 15 Degrees be given 5 then, by ^he "prece- 
dent Analogy, all the Sines to 30 Degrees may dc 
found : For the Radius is to double the Cofine of 
15 Degrees, as the Sine of 1 Degree is to the Differ- 
ence of the Sitifis of .14 Degrees, at7d 16 Dt^grees: 
So, alfo, is the Sine of 3 Degrees to the Difference 
between the Sines qf 12 and) 18 Degrees; and fo 
on continually, i|Qt)l ^qi^ popn^ to the Sine of 30 
Degrees. 
After the fame manner, as the Radius is to double the 
Cofine of 30 Degrees, or to double the Sine of 60 Dc- 
grcej^, fo is the Sine of i Degiee to the Difference of 
the Sines of 29 and 31 Degrees:: Sine 2 Degrees 
to the Difference of the Sines of 28 and 32 Degrees 
: : Sine 3 Degrees, to the Difference of the Sines qf 
27 and 33 Degrees. But, in this Cafe, the Radius |s 
to double the Cofine of 3© Degrees, as I to v^ 3. 

See Fig. of tbf Defju^jtions* 
* Let B D be an Arc of 30 Degrees : \ 
Rad. Tan, Cofine Sitfe " . . 
Then, as CB : B G : : FP : D £. tfOzz^Bl ergoUE^zii 
^CU^— D E ^=:C E3 ^/j—^li CD: CE : : I : v^|; 

CD:2CEi": i : 2 a/^=:'^V3. ^ E- D. 

And, 
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And, accordingly, if the Sines of the Diftances froo^ 

the Arc of 30 Degrees, be multiplied by ^3^ the 
Differences of the Sines will be had. 
So, likewife, may the Sines pf ^he M^nute& in the Be- 
ginning of the Quadrant be fbund, by having the 
Sine, and Cofines of one and t\yo Minuses giye.Q^ 
For, as the Radius is to double the Cpfine of 2': : 
Sine i' : Difference of the Sines of i' and y : : Sine 
2 : Difference of the Sines of 0' and 4' ; ^hat is, 
to the Sine of 4'. And fo, the Siqea of th^ four 
iirft Minutes being given, we may,there|)y find the 
Sines of the others to 8', and frqm thence tp 16*, 
and fo on. 

PROPOSITION vir. 

I 

Theorem. 

In fmatt Arcs^ the Sines and Tangents of the fame 
Arcs are nearly to one anofher^ in ^ Ratio of 
Equality. 

p O R, becaufe the Triangles C E D, C B Q, are 
^ equiangular, C E : C B : : E D : C G. B^t as the 
Point E approaches B, £ B will vani(h in refpefl of thg 
Arc B D; whence C E will becoqip nearly equal Jp 
C B, and fo E D will be alfo nearly equal to BG. If 

I 

E B be Icfs than the , — w._Part of the Radius, 

10,000,009 
then the Differer?cc between thf Sine and the Tangent 

I ■ 
will be alfo kfs than the • Part of the Tan- 

10,000,000 

gent. 

Coroll Since any Arc is l^fs thai{ the Tangent, and 
greater thaq its Sine, and the §irip and Tangent of 
a vpry fmajl Arc are nearly eijij^i j it follows, that 
the Arc fh^H be nearly eq«al to its Sine>: And fo, ia 
very fqriall Arcs, itjhall be, as Arc is to Arc, (b is 
iim^ to Sine. 

c • 

PRO. 
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« • 

P R O P O S I T I O N vni. 

Problem. 
^0 find the Sine of the Arc of one Minute. 

'Tp H E Side of a Hexagon infcribcd in a Circle, that 
-*- IS, the Subtenfe of 60 Degrees, is equal to the Ra- 
dius (Ajp CorolL i^tb ofthe\th) ; and fo the Half of the 
Radius {hall be the Sinex)f the Arc of 30 Degrees. 
Wherefore the Sine of the Arc of 30 Degrees being • 
given, the Sine of the Arc of 15 Degrees may be 
lound {by Prop. 3.) Alfo the Sine of the Arc of 15 
Degrees being grven {by the fame Prop.) \ve may have 
' the Sine of 7 Degrees 30 Minutes : So, likewife, can 
we find the Sine of the Half of this viz. 3 Degrees 45'; 
andfo on, until twelve Bife6tions being made, wexome 
to an Arc of 52% 44% 03*, 45 % whofe Cofine is 
neatly equal to the Radius j. in which Ca/e [as is ma- 
^if^J A^'w Prop, 7.) Arcs are proportional to their 
Sines: And fo, as the Arc of 52% 44% 0^4^ 45s, is to 
an Arc of one Minute, To fiiall the Sine before found be 
to the Sine of an Arc of one Minute, which therefore 
will be given. And when the Sine of one Minute i$ 
found, then (Ay Prop. 2. and 4.) the Sine and Cofine of 
two Minutes will be had. 

P R O P O ^ J.T ION IX. 

Theorem. 

If the Angle B A C, being in the Periphery of a 
Circle^ be btfe^ed by the Right Line A D, and 
if AC be produced until D E=:AD meets it 
in E i then fhall C E:= A B. 



I 



N the quadrilateral Figure A BDC {by 22. 3.) the 
Angles B and DCA are equal to two Right Angles 
-DCE+DC A [by 13. I.) : Whence the Angle B 
=:D C E. But, likewife, the Angle E=:D A C {by 5. 
i,)=:D A B, and D C-rD B : Wherefore the Tn- 
angles BAD and C E D are congruous, and fo C £ is 
t:qual to A B: W. W, D. 

PRQ- 
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P R O P (i S I T I O N X. 

Theorem. 

Let the Arcs A B, B C, C D, D E, E F, fc?f . hi 
equal ; and let the Subtenfes of the Arcs A B, 
A C, A D, A E, &c. be drawn ; then will A B 

: A C : : A C : A B+AD :. : A D ; AC+ A E 
::AE: AD + AF:: AF: AE+AG. 

T E T A D be produced to H, A E to I, A F to K 
-■-' and A G to L, fo that the Triangles A C H* 
A D I, A E K, A F L, be Ifofceles anes f Then be 
caufe the Angle B^D is bifeded, we ihall have 

A C, F K= A D, . alfo G L= A E. 

But the Ilofceles Triangles ABC, ACH ADI 
A E K, A F L, becgufe of the equal Angles at the 
B^ks are equiangular : Wherefore rt fliaJI be. as A R • 

AC::AC:(AH=)AB+AD::AD (AI=) 
AC+AE::AE: (A K=) A D+A F • • A F - 
(AL=)AE+AG. W.W. D. • • ^ >: ^ 

CoroIL I. Becauft A B 15 to A C, as Radius is to dou» 
bhe the Cofirie of a the Arc A B, it fhall alfo be (hy 
CorotL Prop. 4.) as Radius is to double the Cofine 
of A the Arc A B, fo is ' A B : a A C • • ' AC- 
iA B+lAD ':; i A D: ^ AC+^AE ' 

A ^ \'n^t^ ^ ^A ?^- N°^ ^'''-^^ of 'thi 
Arcs A B, B C, C D, ^c, be r ; then will i. A B 

be the Sine of one Minute, { AC the Sine of 2' Mi- 
nutes, 4. A D the Sine of 3 Minutes, f A E the Sine 
of 4 M mutes, ^c. Whence, if the Sines of one and 
two Minutes be given, we may eafilyfind all the 

' -other Sines m the following manner. 

Let i\\t Cofinc of the Arc of one Mmute,, that \s the 
Sine of the Arc of 89 Deg. 59', be called Q ;* and 
make the following Analogies ; R. : 2 Q : - Sin 2' 
. -S/'+S; 3'. Wherefore the Sine of 3 Minutes 
V.1II be given. Alfo, R. : 2 Q: : S. 3' : S. 2>S. 4'. 
W hereforc the S. 4' is given. And R. : 2 <3 • • S 
4' : S, 3f+S. 5't anii to the Sine of 3 will be had- ' 

Like- 
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Likcwife, R, : 2 Q.: : S. 5' : S. 4'+S. 6'; and fo ^t 
fhall liave il^'e Sine of 6^ And in like manner, the 
Sines of every Minute of the Quadrant will be 
given. And bccaufe the Radius, or the firft Tei m 
of thfe Analogy, is Unity, the Operatrohs will be 
with great Eafe and Expedition catcolated, by Mul- 
tiplication, and contraftcd by Addition. When the 
Sines are f6uncl to 6b Degrees, alt the other Sines 
m^y be hid by Adaftiort only {By Cor. j. Trop. 6.) 
The Sines being given, the Tangents and S)K;ants may 
be found from the fallowing Analogies (in the Fi- 
|;ure for the Definitions) ; becaufe the Triangle! 
. C E D, C B G, CHI, are equiangular, wt have 
CE:ED::CB : B G ; that is, Cof. : S. ::R.;T* 
GB:BC::CH:HIi that is t. : R, : : R. iCot. 
C E : C D : : C B : C G, that is,Cof. : R. : : R, : Secant, 
D E : C D : : C H : CI ; that is, S. : R. : : fl. ; Cttfec 

S C H O L I U k. 

'77>^/ great Geometrician^ and iruompardhk Philofo^ 
pber^ Sir Ifaac Newton, was the firfl that laid dftun 
a Series converging in infinitum ^ from whifb, having 
the Arcs given^ their Sines may be found. Thus^ if an 
Arc he called A, and the Radius de nri Unit^ the Sim 
thereof will he Jound ta be ' 
A3 A5 ^^ ^h^ 

A— Y ' ; h— — — rfe^r, 

1.2.3 1.2.3.45, 1.23.4.5.6.7 1.23.4.5.6.7.8.9 
And the Cojine^ 
A* A* A« A« 

I -J — — 1 — ■ > — bfc* 

1.2 1.2.3.4 1.2.3,4.5.6 1*2.3.4.5.6.7.8 

^hefe Series in the Beginning of the ^uadrant^ when 
the Arc A is, hut fniali^ /aon converge. For in the Se- 
ries for the Sine^ if A does not exceed 10 MinuieSy ibe 
two fir Ji Terms thereof v\z» A — -^A^y give the Sine 
to l^ Places of Figures. If the Arc A he not gr enter 
than one Degree^ the three firfl Terms will exhibit the 
Sine to 1^ Places of Figures } and fo th jeud Series pre 
very ufeful for finding the firjl and loji Sines of the 
J^adrlant. But the greater the Jrx A isj the more 
art the Terms of the Series required ta^havi ibe Sine^ in 

Num'- 
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fi^umbersj true to a given Place of Figures. And then^ 
tuhen the Arc is nearly equal to the Radius^ the Series 
converges very flow^ arid therefore^ tc remedy this^ I 
have devi fed other Series^ fimilar t9 the Newtonian ones^ 
wherein I fuppofe^ the Arc^ whofe Sine is Jought^ is the 
Sum or Difference of two ArcSy viz. A+z, or h — zt 
And let the Sine of the Arc A he called 2^^ and the Cofine 
b. Ihen the Sine of the Arc A+z will he expreffed 
thus : 
X bz az* bz' az* bz* 

1. a H ^— ;-.A_-+j +— — '^c. 

^ I 1.2 1.2.3 ^'^^'S^ i»2.3.4.5 
And the ijofine is 

az * bjL^ , az' bz* az* bz* 

2. b ' + 4^ 



tmmtttm 



1 r.2 1.2.3 ^'^'iS-^ ^'^'^SA-S i.2,3.4.5.6 
In like fhanner the Sine of the Arc A — z is 

bz az» bz^ az* bz' az^ 

3* ^ ' ■ ■ 11^. I .J|- II I m I I, 

1 J. 2 I.2i3 1*2.34 1.2.3.4.5 1.2.3.4.5.6 

And the Cofine ij 

az bz* az^ bz* az* 

4« b+ ' < ' ■ ■■4* ■4- " ^€. 

I' 1.2 1.2.3 1.2.3.4 1.2.3.4.5 
The Arc A, is an arithmetical Mean between the Arc 
A — z, and the Ate A + z, And the Differences of the 
Sines- art 
■ bz ^z* ^7} az* bzs az* 

5. ■ ■ - ' '■ ' ' ' 4^' ' 4" ■ • " " Ss^f. 

t 1.2 1.2.3 ^•2-3.4 1.2.3.4.5 1.2.3.4.5.6 
bz az* bz^ az* bz* az* 

6. — ^ ' ' +* + " ■ i^c* 

I 1.2 1.2.3 1.2.3.4 1.2.3.4.5 1.2.3.4.5.6 
Whence the Difference of the Differ ences^ or the fecond 

Difference^ will be 



2^z* 2az* 2az^ 



^c. 



1.2 1.2.3.4 i. 2^3. 4.5. 6 



2* z* z^ 



Or 2ax— --+' »— ^c. 

1,1 if2^»3'4 ^•2. 3.4.5. 6 

IFhich 



J^88 The Elements of 

tFhich Series is equal to double the Sine of the mean Arcf 
drawn into the Verftd Sine of the /frc z, and Converges 
very foon. So that if t he the firjl Minute of the ^a- 
drani^ the firji Tarm of the Series gives the fecond Dif- 
ference to 15 Places of Figtires^ and the fecond Terrp to 
1Z^ Places, 

From hertce. if the Sines of the Arcs, difiant one Mi' 
nut e from each dther^ he given ; the Sines of all the Arcs^ 
that are in the fame Progrcffiony may be found by an ex* 
tee ding eafy Operation » 

In the frjl and fecond Series^ //"Arro 5 then Jhall zzzo^ 
andh its C fine will become Radius^ or i. And heme if the 
Termi hcrnn a /;, are taken awdy^ and 1 he put injleadof 
b, the Series lui II become the Newtonian. In the third 
and Jour th Series , jf ^. ^^ 9-^ Degrees, we Jhall have 
brro, artd a~i. iVhence, again taking away all the 
7'erms wher ein b is, and putting i injlead ofdi, we Jhall 
have the Newtonian Series afije. 

Note, All the /aid Series eafily flow from the Ncwto-* 
nian ones. By the fifth Propofuitfh* 

PROPOSITION XL 

Theorem. 

In a Right angled Triangle, if the H)fotbenufe hi 
made the Radius, then are the Sides of the Sines of 
their cppoftte Angles ; and if either of the Legs 
be made the Radius, then the other Leg is the 
Tangent of its opp^fiie Ai^gle, and the Hypothe- 
nujeis the Secant of that Angle, 

I T is nianifeft, that C B is the Sine of the Arc t), 

■* and A B the Cofine thereof; but the Arc C D is the 

Meafure of the Angle A, and the Complement of the 

Measure u{ the Angle C : Moreover, if A B in the fc- 

o>ncl Figure to this Propofition, be fuppofed Radius^ 

then BC is the Tangent, and AC the Secant of the Arc 

BD, which is the Meaiurc of the Angle A, So alfo, if 

B C be made the Radius, then is BA the Tangent, and 

AC thcSecant,of the Aic BE, br* Angle C. W.W.D. 

Therefore, as AC, being taken as fome given Meafure, 

is to BC taken in fhe fame Meafure ; fo fhall the Nom- 

ber 10,000,000 Farts, into which the Radios is fup- 

' pofed to be divided, be to a Number expreffing, in the 

iaone 
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fame Parts, the Length of the Sine of the Angle A 5 
that is. 



it will be, as AC : BC 

by the fame Reafon, as A C : B A 

- 'alfo, as A B : B C 

and, as B C : B A 



: R : S, A. 
: R : S, C- 
:, R : T, A. 
: R : r, C. 



And fo, if any three of thefe Proportionals be given, 
the fourth may be found by the Rule of Three* 

PROPOSITION XIL 

. Theorem. 

Sidjss of piane Triangles are as the Sines of their 

Gppofiie Angles. ' 

T F the Sides of a Triangle, infcribed in a Circle, be 
-* bife£led by perpendicular Radii ; then (hall the half 
Sid^s be the Sines of the Angles at the Periphery 5 for 
the Angfe B D C, at the Centre, is double of the Angle 
BAC at the Periphery [hy 20 EL lib, 3.) ; and fo (the 
Half of B D C, i;;2.) B D K=zB A C, and B E is the 
Sine of (B D E, or) B A C. For the fame Reafon, B F 
(hall be the Sine of the An^e B C A, and A Gthc 
Sine of the Angle ABC. 

■ In a Right angled Triangle we have B DrrlB C 
=:Radius [by 31 Euch 3 ) 5 but Radius is the Sine of 
a Right Angle : Whence half B G i« the Sine of the 
Angle A. 

In an obtufe- angled Triangle, let B I, t I, be 
drawn ; and then thd Angle I (hall be the Cr>mple- 
mentofthe Angle A to two Right Angles (by22EL2»}i 
and fo they (hill both have the fame Sine. But the 
Angle B D E (whofe Sine is B E,=:Anglc I j there- 
fore B E (hall be the Sine of the Angle B A C. And 
fo in every Triangle, the Halves o^ the Sides are the 
Sint-s of the oppnfitb Angles: But it is manifeft, tha^ 
the Sides are to one another, as their Hlilves. And 
therefore, the Sides of plane Triangles are as the Sines of 
their oppofite Angles. W. W. D, 

U PRO- 
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PROPOSITION XIII. 

Theorem. 

In a plane Triangle ^ the Sum of the Legs, the Dif' 
ference of the Legs^ the Tangent of the half Sum 
of the Angles at the" Baje^ and the Tangent of 
one half their Differ ence^ are proportional. 

1 ET there be a Triangle ABC, whofc Legs are AB, 
-*--' B C, and Bafe A C. Produce A B to H, ^o that 
B H=B C J then (hall A H be the Sum of the Legs 9 
and it yoamake BIrrB A, then I Hwill be the Dif- 
ference of the Legs. Alfo the Angle H^B CriAnglcs 
A+ACB {by ^2 EL I.) ; and fo EBC the Half thereof 
zihalfthe Sum of the Angles A, and ACB, and its 
Tangent (putting the Radi4is=rE B) i^ E C. Again^ 
let BD be drawn parallel to AC, and make HF=;CD } 
then, fince H B=C B, we (hall have (hy 4 EL i.) the 
Angle H B F=:C B D=B C A (ijf 29 £/. i.) Alfo^, the 
Angle H B D= Angle A ; whence FD B Ihall be the 
Difference of the Angles A and AC B, and E B D» 
whofe Tangent is E D, half their Difference, Let I G 
be -drawn thro* I parallel %o A C or B D | and th<n (if 
2£/.6.) AB:BI: :CD:DG. BucABzeBI} 
whence we fliall have C D=D G ; but C Dr=H F, 
and fo H F=D G ; and, ccnfequently, H G=:D F, 
, andl- H G=z^ D F=D E j and becaufe the Triangles 
A H C, I HG^ are equiangular, it (hall be, as A H : 
IH::HC:HG::iHC::i.HG::EC:ED. 
That is, A H thg Sum jf the Legs to I ILihe Diffenmi 
•fthe Legs^ Jhaii bi^ as iT C the Tangent of one half the 
Sum of the Angles at the Bafe^ /« ED the Tangent of one 
haif of their Difference. VV. W. D. 

PROPOSITION XIV. 

Th E O R E M, 

In a plane Triangle^ the Bafe^tbe Sum of the Sides^^ 
the Difference of the Sides^ and the Difference of 
tk^ Segments of the Bafe^ are proportional, 

T ET DC be the Rufe of the Triangle BCD. About 

' '*--' the Centre B, wtth the Radius BC, let a Circle be 

defcribed j produce DB to Q, and from B let fall B £ 

r 
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p^rpendicuUr to the Bafe ; then (ball D Gr: D B + 
B Cs:Sum of the Sides» and D H^DifFerence^of the 
Sides ; ^nd D £» C E, are the Seg^nents of the Safe 
Whofe Difference is D 1^ ; then, becaufe {by Cor, 
Prep, 37: EL jj the Reflangle und<?r D C and D F 
is equal to the ReAansle linder D G, D H, it (hall 
he C/|y 16 £/. 6,)> a8DC:DG::DH:DF. 

PROPOSITION XV. 

T H E O k fe M . 

The Sttfn and Liffennce of any two j^antiiies hi* 
ing given, to find the SluantitieS tbimjehes. 



I 



F one half of the Sum be added to one hsilf of the 
Difference^ the Aggregate (ball be equal to the 
greatel- of the Quantities] and if from one half of the 
Sum be taken one half of the Difference, the Reiidue 
(hall be equal to the leffer of the Quantities. For> leC 
there be two Quantities A Bj B C ; and let there be 
taken A D=:B C ; then D B will be their Difference, 
and A C their Sum ; which, bifeded in £> gives A E 
or E C the half Sum ; and D E or E B the half Dif- 
ference. Hence, A B=:A E+E Bzrthe half Surt+ 
the half Difference; and B C=C E— E Bsrthc lialf 
Sum-^the half Difference. 




* 
Note, 1. In 4tr\y platie Tr* , igle, if two Angles Beghid* 
, ihe third Angle is alfo given j LcMe it /> their C^fmpUmeni 
io tzvo Right Angles, 

II. J/ohecf the dcute Angler of d Ri^hl-artgied Tri^ 
angle be given j the other acute Angle will be given^ ' ie^ - 
taufe it is the Complement of the given Angle to A Right 
Angle: 

III. And if two Sides of a Right-angled TridngU hi 
' given, the other Side triof be found b) the firjl Propofition^ 
• lintbout a Canon. . ^ 

Hi 
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The Trigonometrical Sclutions of a Right-angled 
Triangle may be as follows. Vid. Fig* A. 



Given 



The 
Legs A B) 
andBC 



The 
LegAB. 
and the 
. Hypo- 
then ufe 

AC. 



The 
Lto A B, 
and ih^c 
Angle A 



' The 

Hypo- 

the^iufe 

A C, and 

the Angl 

C. 



Sought 



Ihe 
Angles. 



Ihe 
Angles. 



'ihe 

other 

Leg B C, 

and the 

Hypo- 

thenufe 

AC. 



Make, as 



A B : B C : : R : T, of 
the Angle A, whofe Com- 
plement ^s the Ani^le C, 



A C : A B : : R : b, C, 
whofe Complement is the 
Angle A. 



R : T,A 
S, C : R : : 



: A B :BC- 
AB: AC. 



The . 
Leg A B. 



K: S, C:: AC:AB- 



The Trigonotnetrical Solutions of Oblique-angled 
Triafigles. Vid. Fig." to Prop. 12. 




Makt^ as 



S,C :i>>A:: AB :BC. Alio, 
3, C : S, B : : A B : A C. But 
when two Angles are given, the 
third is.alfo given : Whej»ce the 
Cafe wherein two Angles aiv) a 
Side are given, to find tiie '-It, 
falls into this Cafe. 



^»ttu 
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jj^Shas^Hf 



JP/an^ jt>^^n^mctfy 
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The Trigonometrical Solutions of a Right-affgled 
Triangle may be us follows. Vid. Fig* A. 





Given 


Sought 


Make, as 






The 


Ihe 


A B : B C : : R : 1, of 




J 


LegsA B 


Angles. 


the Angle A, whofe Com- 






and B C 


> 


plement \B the Anfcrle C. 


1 




The 


Ihe 


A C ; A B : : R : 6, C, 






^'€gAB, 


Angles. 


whofe Complement is the 




« 


and the 




Angle A. 




2 

1 


.Hypo- 
then ufe 
AC. 








^" 


The 


i he 


R : T,A: : A B :BC. 


1 




Lea A B, 


other 


S, C : R : : A B : A C. 






and ihjC 


LegBC, 


1 


3 


Angle A. 


and the 
Hypo- 


' 








then ufe 


, 




# 




AC. 




1 




• The 


The . 


K:S, C:: AC:AB. 




f 


Hypo- 


Leg A B. 


■ 


1 


4 


the^iufe 










A C, and 




N 






the Anglt 










C. 


:• I . -•-. 





The Trigonometrical Solutions of Oblique-angled 
TriafigUs. Vid. Fig; to Prop. 12. 



Given 



. 'l^he 
An'gles 
A,B,C 
and the 
•Side 
AB. 



Souifht 



Ihe 

Sides 

BC and 

AC. 



Makt-, as 



S,C :S>A:: AB :BC. Alio, 
S, C : S, B : : A B : A C. But 

when two Angles are g-ven, the 
third is.alfo given : Whence the 
Cafe wherein two Angles aoJ a 
Side are given, to find tiie '-It, 
falls into tbis Cafe. 
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ELEMENTS 



Of 



Spherical Trigonometry, 



DEFINITIONS. 

J» CT^ H E Poles of a Spbert are two Points tn 
'^ Sbe Superficies of tbe Sphere^ tbat are the 
Extremes of tbe Jxis. 

II. Tbe Pole of a Circle in a Spbere is a Point in 
tbe Superficies of tbe Spbere^ fr^m wbicb all Right 
Lines tbat are drawn to tbe Circumference of tbe 
Circle are equal to one anotber^ 

III. A great Circle in a Spbere is tbat wbofe 
Plane paffes tbrougb tbe Centre of tbe Spbere^ 
and wbofe Centre is tbe fame witb that of the 
Spbere. 

IV. A fpberical Triangle is a Figure cempre- 
bended under tbe Arcs of three great Circles in 
a Sphjere. 

V. A fpberical Angle is tbat ivbicb^ in tbe Su- 
perficies of tbe Spbere J is contained under two 
Arcs of great Orcles \ and this Angle is eqtuil 
to the Inclination of the Planes of the fkid 
Circles. ' 
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P R O P O S I T I O N L 

Gmt Circles A C B, A F B, muluatty bifeSl each 

otber. 

FO R, fince the Circles have the fame Centre, 
their common Se<£tion (hall be a Diameter of 
each Circle, and fo will cut them into two 
cqsal Pares. 

CorolL Hence the Arcs of two great Circles in the 
Superficies of the Sphere, being lefs than Semicir- 
cles, <fo not comprehend a Spac^j tor they cannot^ 
unit fs they meet each other in two oppofite Points j 
that is, unlefs they are Semicircles. 

PROPOSITION II. 

Jf from the Vole C of any Circle A F B, Z*^ drwon 
a Right Line C D /<? the Centre thereof ^ the 
Jaid Line will be perpendicular to the Plane of 
that Circle. Vid. Fig. to Prop. 1. 

T E T there be drawn any Diameters E F, G H, in 
^ the Circle A F B ; then, becaufe in the Triangles 
C D F, C D E, the Sides CD, D F, are equal to the 
Sides C D, D E, and the Bafe C F equal to the Bafe 
C E (by Def. 2.) ; then [hy 8 'EL i.) ihall the Angle 
C D Fr: Angle C DE, and fo each of them will be a 
Right Angle. After the fanje manner we demonrflrate, 
that the Angles C D G, C D H, are Right Angle? j 
and fa (by 4 £/. 11.) CD (hall be perpendicular to 
the Plane of the Circle A F E. W. W. D. 

CorolL I. A great Circle is diftant from its Pole by the 
Ijnterval of a Quadrant j for, fince the Angles 
C D Q, C D F, are Right Angles, the Meafures of 
them, viz. the Arcs C G, C F, will be Quadrants. 

a. Great Circles, that pafs thro' the Pole of fome other 
Circle, make Right Angles with it; and, contrari- 
wife, if great Circles make Right Angles with fome ' 
other Circle, they fliall pafs thro' the Poles of that 
other Circle ; for they niuft neceflkrily pafs through 
the Right Line DC* 

y 4 p R Q. 
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PROPOSITION III. 

i 

^ a great Circle E C F ^^ defcribed about the 
Pole \ ; then the Arc C F, intercepted between 
A C, C F, is the Meafure of the Angle C A F, 
^r C D F. Vid. Fig. to Prop. i. 

'TpH E Arcs A C, A F {by Cor. i. Prop. 2.) arc Qua- 
-*- cirants ; and, confequently, the Angles A D C| 
A D F, are Right Angles : Wherefore (by Def. 6. 
Ei. II.) the Angle CDF (whofe Meafure is the Arc 
C F)is equal to the Inclination of the Planes A C B, 
A F B, and alfo equal to the Spherical Angle C A F, 
or C B F. W. W. D. 

CorolL i4lf the Arcs A C, A F, are Quadrants, then 
fliall A be the Pole of the Circle paffing thro' the 
Points C and F j for AD is at Right Angles to the 
FhneF DC (by 4. Ei. iij 

a. The vertical Angles are equal : for each of them is 
equal to the Inclination of the Circles : alfo the ad- 
joining Angles are equal to two Right Angles. 

PROPOSITION IV. 

triangles Jhall be equal and congruous^ if they have 
two Sides equal to two Sides ^ and the Angles 
comprehended by the two Sides alfo equaL 

PROPOSITION V. 

Alfo Triangles fhall be equal and congruous y if one 
Side J - together with the adjacent Angles in one 

, Triangle^ be equal to one Side^ and the adjacent 
Angles of the other Triangle. 

P R O P O S I T 1 O N VI. 

Triar^gles mutually equilateral^ are alfo mutually 

equiangular. 

PROPOSITION VII. 

Jin Ifofceles Triangles, the Angles at the Bafe a^^ 

. equaL 

PRO. 
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PROPOSITION VIII. 

« * 

And if^ the Angles at the Bafe be equals then the 
Triangle [hall be Ifofceks. 

c'Tp H £ S £ five laft Propofitions are demonilrated in 
^ the fame manner, as in plane Triangles. 

PRO POSIT 10 N IX. 

Any Two Sides of a Triangle are greater than ihe 

third. 
P O R the Arc of a great Circle is the fliorteft Way^ 
■*• between any two Points in the Superficies of the 
Sphere. 

PROPOSITION X, 

A Side of a Spherical Triangle is lefs than a 

Semicircle. 

T E T . A C, A B, the Sides of the Triangle ABC, 
-■^ be produced till they meet in D : Then (hall the 
Arc A C D, which is greater than the Arc A C, be a 
Semi circlet 

P R O P O S I T I O N XL 

The three Sides of ^ Spherical Triangle are lefs 

than a whole Circle. 

"pORBD + DCis greater than B C {by Prop.g.) ; 
^ and; adding on each Side B A + AC j then DBA 
+ D C A, that IS a whole Circle, will be greater than 
BA + BC + AC, which are the three Sid^s of the 
Spherical Triangle ABC, 

_ PROPOSITION XIL 

In a Spherical Triangle ABC, the greater Angle 
A is fubt ended by the greater Sid^. 

M \^^ L^?.^"^!^ B AD==AngIe B ; then fliall 
^^^ AD=BD(Z:y8^//>&/V);and(oBDC==DA + 
D C, and thefe Arcs are greater than A C. - Wbere/ore 
thfe Side B C, that fubtends the Angle B A C, is greater 
than the Side A C, that fubtends the Angle B. 

PRO- 
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PROPOSITION XIII. 

In any Spherical Triangle ABC, if the Sum of the 
Legs AB and BC be greater^ equals or lefs^ than 
a Semicircle y then the internal Angle at the Baje 
BAG /hall be greater^ equals or lefs^ than the 
external and oppoftte Angle BCD; and fo the 
Sum of the Angles A and A C B fhall ttlfo be 
great er^ equals or lefs, than two Right Angles. 

FI R S T, let A B+ A C=:Scmicirc!e=A D ; then 
B£:=B D, and the Angles B C D andU equal 
{by 8 of this) ; and therefore the Angle BCD fhall 
be=:Angle A. 

Secondly, let A B-f B C be greater than A B D ; 
then (hall B C be greater than B I) ; and fo the Angle 
D (that is, the Angle A, by 12; of this) (hall be greater 
than the Angle BCD. In like manner we demonftrate, 
if A B+B C be together lefs than a Semicircle, that 
the Angle A will be lefs than the Angle BCD: And 
becaufe the Angles BCD and B C A are=:two Right 
Angles, if the Angle A be greater than tbe Angle 
BCD, then fliall 4 and B C A be greater than two 
Right Angles J if the Angle AzrB C D, then fhaU A 
and BCA be equal to t^AO Right Angles; ^ and if Abe 
lefb than BCD, then will A and B C A be lefs than 
two Right Angles. VV. W. D. 

PROPOSITION XIV. 

in any Spherical Triangle G H D, tbe Poles of tbe 
Sides^ being joined by great Circles^ do conjiitutc 
' aPtot her Triangle K M N, which is the Supple^' 
ment of the Triangle G H D ; viz. the Sides 

' NX, XM^.and NM, fhaUbe Supplements of 
the Arcs that are the Meafures of tbe Angles 
P, G, H, to the Semicircles \ and tbe Arcs 
that are the Meafures of the Angles ^ X, N» 
will be the Supplements of the Sides G H, GD^ 
and H D, to Semicircles. 



F 



ROM the Poles G, H, D, let the great Circles 
X CA^, T M N O, X K B N, be defcjibcd | 

thenar 
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then, becaufe G is the Pole of the C rcle X C A M, ' 
y9t fhall htvc G M=;Quadrant (Cor. u Prop. 2.) i 
and fince H is the Pole of the Circle T M O, then 
will H M be alfo a Qiiadrant, and fo [by Cor. i. Prop. 
Z^) M (hall be the Pole of the Circle G H. In like 
manner, becaufe D is the Pole of Che Circle X B N, 
and H the Pole of the Circle T M N, the Arcs O N> 
jH N, will be Quadrants; and fo [hyCor. 2. Prop. 3.) 
N ffiall be the Pole of the Circle H O. And becaufe 
G X, D X, are Quadrants, X will be the Pole of tho 
Circle G D. Thefe Things premifed, 

Becaufe N Kz^Qiiadrant, and X B=Quadrant (by > 

Cor. I. Prop. 2.) i then will N K+X B, thatis^ N X 
+.K Bsstiyo Quadrants, or a Scmicircie ; and fa N X 
is the SupplenFicnt of the Arc K B, or of th^ Meafure 
of th^ Angle H D G, to a Semicircle, in like man- 
ner, becaufe M C=Quadrant, and X A=iQuadrai>t, 
then willM C + X A, that is, X M4- AC=cwo Qua- - 
drants, or a Semicircle ; and, confequently, X M is 
the Supplement of the Arc A C, which is the Mea- 
fure of the Angle H G D. Likewifc, fince M Q, 
NT,=:are Quadrants, we (hall have M O+N Tz=: 
OT+N Mzz Semicircle : And therefore N M is the 
Supplement of the Ar^ O T, or of the Meafure of the 
Angfe G H D to a Semicircle, W. W D. ^ 

Moreover, becaufe D K, H T, are Qi^iadrants, D K 
-J-H T, or K T+H D, are equal to ^wo Quadrants^ 
or a Semicircle ; therefore |C T, or. the Meafure of 
the Angle X N M, is the Supplement of the Side H D 
to a Semicircle. After the fame mannei, it is demon- 
ftrated, that O C» the Weafure of the Angle X M N, 
is the Supplement of the Side GH; and B A, the 
Meafure of, the Angle X, is the Supplement of the 
Side G D. W. W. D. 

a 

PROPOSITION XV. 

Equiangular Sfberical Triangles are alfo e^i- 

lateraU 



FOR their Supplemental (by ii^ofthii)^xt equila* 
teral, and therefore equiangular alfo; and fothem^ 
felvcs arc like wife equilateral {by Part 2. Mb'op. 14). 

- P R Q. 
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P R O P P S I T I O N XVL 

^bejbree Angles of a Spherical TriangUaregreafef 
than two'Rigbi Angles^ and lefs tbanjix. 

"I^(>R thf three Meafurcs of the Angles (jh H, D, 
^ together with the three Sides ot the Triangle 
XNM, make three Semicirclts (hy 54 of this) ^ but 
tire thret Sides of the TVianglc X N M arc If is than 
*two Senfricircles {^y ii af this). Wherctore the three 
Meafures of the Ang'es G. H, D, are greater than z 
Semicircle ; zr,& (o the Angits G, H, D, are greater 
than two Riphj An«ki>. 

The fee nd Paa of the Propofition is manifeft ; -for, 
in evefy Spht-rical Fra.ule, the exiernai and internal 
Angles, together, '.nly make fix Right Angles: Where- 
fore the imerual Angles are lefs than fix Right Angles. 

PROPOSITION XVII. 

If from the Point R, not being the P le of the 
Circle A F B K, (here fall the 4rcs R A, R B, 
R G, R V, of great Ltrc'es loth- Ciicumj^rence 
of that Circle \ then the grc^ae/f of thoje A*csis 
R h^whichpaffes through the Poh- C thertf*^ 
' and the Remainder of it ?j (he La'i ; c^-^k ibife 
that are more difiant from the greafejl are lefs 
than thofe which are nearer to it. and the) make 
an obtufe Angle with the former {.ircle A F B^ 
on the Side next to the gr^ateft Arc. Vid. Fig, 
to Prop. I. 

jDEcaufe C Is the Pole of tfie Circle AFB, then fliall 
^^ CD and RS, which is parallel thereto, be perpen- 
dicular to the Plane A F B. And if S A, S G, S V, be 
drawn, then fliall SA (hv 7 El. 3 J be greater than SO, 
and S G greater tban-S V; Whence, in the Right- 
angled plane Triangles RS A, RSG, RSV,weftiail 
have R S q-f S A q ; or R A q, greater than R S q + 
S G q, or R G.q j .an<l fo R A willT)e greater than 
R G, and the A re R. A ^rpter than the Arc R G. In 
like inannef^ R Sq-hS G q, or R G q, ffi^il be greater 
. . than 
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than R S q + S V q, or R V q ; and fo R G (hall be 
greater than R V, and the Arc RG greater'tliin the 
AfcRV. 

.2dly^ The Arg^e R G A is greater than the Angle 
CGA, vvhch is a Right Angle {by Cor. Prop. 3.); 
and the Angle R V A is gi eater than the Angle 
C V A, wh'ch alfois a Right Angle. Therefore the 
Angles R G A, R V A, are obtuie Angles. 

PROPOSITION XVIIL 
In Spherical Triangles- A G R, A G X. Right- 
angled at C, the Legs containing the Right An^ 
gle are &f the fame ^ffd£fion with the oppqfite 
Angles ; that is^ if the Legs be greater or lefs 
than ^adrantSy then^ accordingly^ will the 
Angles oppoftte t§ them be greater, or lefs than 
Right Angles. Vid. Fig. to Prop. i. 

FO R if A C be a Q^iadranr, then will C be the 
Pole of the Circle A F B ; and the Angles A G C, 
A V C, will be Right Angles. If the Leg A R be 
greater-than a Quadrant, then fhall the Angle A G R 
be greater than a Rtght Angle {by 17 of thii) ; and if 
the Leg A X be lefs than a QiJadrant, the Angle 
A Cj X (hall be lefs than a Right Angle. 

PROPOSITION XIX. 

If two Legs of a Right-angled Spherical Triangle 
be of the fame AffeSion {ana confequently the 
Angles)^ that is y if they are both lefs^ or both 
greater^ than a ^adrant^ then will tie Hypo- 
thenufe be lejs than a ^adrant. Vid. Fig. to 
Prop. i. 
T N the Triangle A R V, or B R V, let F be the 
-* Pole of the Leg A R : then will R F be a Qua- , 
drant, which is greater than R V (/»;? 17 of this). 

P R O P O S I T I O N XX. 

If th^y be of a different AffeSiion^ then fhall the 
H}p^^thenujebe greater than a ^adrant. Vid, 
: ^^ o Prop. I. 
:' i n ihv Tr uigl? AI^G, the Hypothenufe RG 
''' iter than R F, which is a Quadrant. 

PRO- 
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PROPOSITION XXt. 

If the Hypotbenufe be greater than a ^adranU 

then the Legs of the Right Angky and Jo the 

Angles oppqfite to thtm^ are of a different Af* 

feSion ; but if lefjer^ . of the fame AffeSiion. 

Vid. Fig. to Prop. i» 

^^HIS Propofitiort being the Converfe of the former 
^ ones, ^ily follows from them. 

PROPOSITION XXIL 

/;; any Spherical Triangle ABC, if the Angles at 
the Ba/e B and C be of the fame AffeSion^ then ^ 
the Perpendicular falls within the Triangle j 
and if they be of a different JffeSlion^ the Per- 
pendicular f(ills without the Triangle. 

T K the firft Cafe, if the Perpendicular does not fall 
^ within, let it fall v/ithout theTriangle (as in Pig.2.) ; 
then, in the Tiiangle A B P, the Side AP is of the 
fair,e Affeftion with the Angle B. And, in like man- 
ner, in the Triangle A C P, A P is of the feme Affec- 
tion with the Angle A C P ; therefore, firtce ABC 
and A C P are of the fame AfFeiElion) the Angle* 
ABC, A C B, (hall be bf a dtflFerent Affedion ; 
which is contrary to the Hypothefis. 

in the fiscond Cafe, if the Perpendicular does not 
fall without, let it fall within (as in Fig^ i.) Then, in 
the Triangle A B P, the Angle B is of the fame Af- 
fection with the Leg A P* So I ike wife in the Tri- 
ane[le ACP, the Angle C is of the fame Affe6Kon with 
A r ; and therefore the Angles B and Q are of the 
fame Affe<3ioa ; which is contrary to the Hypothifis.- 

PROPOSITION XXIII. 

/;; Spherical Triangles B A C, B H £, Right-an- 
gled at A and H, if the fame accute Angle B be 
at the Baje B A, ^r B H, then the Sines of the 
Hypvthenufss fhall be prcportional to fhe Sines 
of the perpendicular Arcs. 

t^ O R the Sight Lines CD, E F, being pcrpcn<fi- 
V /<ular to the fame Plane, arc paralltL Alfo, F R, 
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D P, perpendicular Co the Radius O B, are likewife pa- 
rallel : Wherefore the Planes of the Triangles E F R, 
C D P, are alfo parallel (by 15 EL it.) Wherefore 
C P, £ R> the common Sections of thofe Planes, with 
the Plane paffing thro' BE, CO, will be parallel {hf 
16 £/. 1 1. Wherefore, the Triangles CDP, EFA, 
(ball be equiangular. Wherefore C P, the Sine of the 
Hypothepufe B C, is to C D, the Sine of the perpendi- 
cular Arc C A, as E R, the Sine of the Hf pothenufis 
BE, to £ F, the Sine ' of the perpsfldicalar Arc EH. / 
W. W* D. 

PROPOSITION XXIV. 
The fame Things being fuppdfed^ A Q, H K, the 
• Sines of the Bafn are proportional /^ I A, G H, 
the Tangents of ihi perpcndutdar Arcs. 

Xp O R, after the fame manner as in the laft Propofi- 
^ tion, we demonftrate> that the Triangles Q A T, 
K H G> are equiangular \ whence O A : A I : : K H : 
HG. . 

PROPOSITION XXV. 

In a Spherical Triangle ABC, Right-angled at A, 
as the Cofine of the Angle B, at the Bafe BA, is 
to the Sine of the vertical Angle ACB^ fo is the 
Cofine of the Perpendicular to the Radius* 

Preparation. 

LE T the Sides A B, B C, C A, be produced, fo 
that B E, B F, C I, C H, be Quadrants ; and from 
the Poles B and C draw the great Circles E F D G, 
I H G ; then will the Angles at E, F, I, H, be Right 
Angles : and (o D is the Pole of B. A E (by C§n 2. 
Prop. 7.. of ibis), and G ihe Pole of IFCli : Alfo, A E 
will be =: Complement of the Arc B A, and.F E the 
Meafure of the Angle B=: G D, and D F their Com- 
plement: Alfo, B C fliall be r::p I zs Meafure of the^ 
Angle G, and C F their Complement: Likewifei 
C A Si H D, and DC their Complement. Thefe 
Things premifed, in the IViangles HIC, DCF, Right- 
< angUJ at I and F, and having the fame acute Angle 
C 3 ancc B A is lefs than a Q^adrant^ tt will be, as S« 

DF: 
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D F J S, H I : : S, D C : S, H C; th^t is, thciCofin^ 
of the Angle B is to the Sine of the vertical Angle 
BCA, as the Cofine of CA is to Radius. VV. W. D. 

PROPOSITION XXVI. 

^be Cofine of the Bafe : Ccjine of the Hypotbenufe 
: : R : Cof of the Perpendicular. 

P O R in the Triangles A E D, C F D, Right- 
, ^ angled at E, F, havmg the fame acute Angle D ; 

becaufe A E is lefs than a Quadrant, we have, S, £ A : 
S, C F : : S, D A : S, D C. W. W. D. 

PROPOSltlON XXVIL 

S, of th? Bafe : R : : T, ^/ the Perpendicular : 
T, ofth£ Angle at the Bafe. 

■p O R in the Triangles B A C, B E F, Right- Angled* 
•*' at A and E, and having the fame acute Angle B : 
becaufe A C is lefs than a Quadrant, we have S, B A : 
S, B E : : T, A C : T, E F. W. W. D. 

PROPOSITION XXVIII. 

^ Cof of the Vertical Angle : R : : T, of the Per- 
pendicular : T, of the Hypothenufe. 

T N the Triangks GIF, G H D, Right-angled at 
-■' I and H, and having the fame acute Angle G, be- 
caufe H D is lefs than H C, or a Quadrant, it is, as S, 
G H : S, G I : : T, H D : T, I F.j 

PROPOSITION XXIX. 

■» 

S^off he Hypotbenufe : R : :,S, of the Perpendi- 
cular : S, of the Angle at the Bafe. 

IN the afore faid Triangles we have S, IF: S, G F 
: :S, HD:S, GD. 
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P R O POSITION XXX. 

R : Cof. $f the Hypotbenufe : : T^of the vertical 
Jngk : Cot. of the Angle at the Bafe. 

IN the Triangles H I C, D F C, Right-angled at I 
^ and F, and having the fame acute Angle C, be- 
caufe D F is lefs than a Quadrant, we have S, CI : 
S, CF::T, HI:T, DF5 Oiatis, R : Cof. B C 
: : T, C : Cot. B, 

The lafl fix Propofitions are fufEcient for folving all 
the fijcteen Cafes of Right-angled Spherical Triangles. 
Thefe fixteen Cafes, with their Analogies deduced 
from the faid Propofitions, are as follow : 



Given 
befides 

the 

Right 

Angle. 



AC and 
C, 



Sought 



Fid. Fig. to Fr9f. 25, 26, 27, 28,j 
29, 30. 



AC and 

IB: 



'4 



Band 

C. 



B. 



R ; Cof. C A ; : S, C ; Cof. B,, 
of the fame Kind with C A, 



C. 



A B, 
CA. 



AC. 



Cof. C A : R : : Cof. B : S, C j 
this is ambiguous. 



By the 
Inverfe 
of Prop* 
25. 



By Prop. 
25- 



S, C : Cof. B : : R : Cof, C A, 
of the fame Kind with the An- 
gle B. 



BC. 



R: Cof. BA : : Cof. AC : Cof.BC. 
If B A, A C, be of the fame Af- 
fedion, and not Quadrants, then 
BC will be lefs than a Q^iadrant. 
If they be of a different AfFcflion, 
B C mail be a greater than a Qua- 
drant. 



By Prop 
25, and 
8. 



By Prop* 
26, 19, 
and 20. 



0tmm 



X 



Given 



# 



366 ^ 

Given 
befides 

the 
Right 
Angle. 



B A, 
BC. 



J 



8 



B A, 
CA. 



BA,B 



Sought 



AC. 
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B. 



Cof. B A : R : : Col. B C ; Cof, 
C A. If B C be lefs than a Qua- 
dranr, then fliall B A and CA be 
of the fame Affection; if greater, 
of a different : But B A is giv en, 
and therefore the Species thereof. 
Wherefore the Species of A C is 
alfo given. 

5, iJA:K: : [% C A : T, B, of 

the fame Affedion with the op- 
pofite Side C A. 



AC. 



R:S, B A::T, B:T,AC,of 
the fame Kind with B. 



AC,B. 



ID 



BC,C. 



BA. 



IT, B ; T, 
ambiguous. 



C A : : R : i>, A B, 



AC. 



AC,C 



Ji 



b c, 
AC. 



BC. 



R : Co. C : : T^ B C : V\ C A. It 
B C be lefs than a Quadrant, theJ2^ 
Angles C and B are of the fame2i. 
Affection ; if greater, of a diffe 
rent. Therefore, if the Species 
of the Angle B be given, then will 
A C be given. 



C. 



Cof. C:R: : 1, C A: 1, B C. 

And fo, if the Angle C and C A, 
be of the fame Affeflion, then B C 
fliall be leffer than a Quadrant} 
if of a different, greater. 



r, BC: J, C A ::R;Cof. C. 
If B C be lefs than a Q^iadrant, 
then C A and B A, and confe- 
quently the Angles, £hall be of the 
fame Affeftibn; if greater, of a 
different- Byt the Species of C A 
s given ; therefore the Species of 
the Angle C wiP alfo be given. 



By Frop. 
26, and 



ai. 



)^y Prop, 
27, and 
18. 



)^y Flop* 
^^y and 
18. 



By Prop, 
27. 



By Prop. 
, and 



\i'j Prop* 
28, 2OJ 

21. 



By Prop. 
28, and 

21, 



Given 
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tiyk^^b. 



12 

14 



AC,B 



BC, 
AC. 



It III I' 



AC. R : S^ B C : : S, B : S, AC, ©I 
the fame Species with B. 



BC. 



S, B :S, AC:: R:i>, BC, am 

bieuous. 



B. 



M, B C : K : : S, A l; : S, B, of By Prop, 
the fame Species with C A. 29. 



By Prop. 
29, and 
18. 



i> 1 1 > 



By Prop, 
29. 



B,C. 



BC,C. 



16 



Bc; 



B. 



r, B : Cot. B : : K : Col. B C. 
And foy if the Angles fi and C are 
of the fame . AiFedion, then fliali 
fi C be lefs than a Quadrant, if of 
different, greatel*. 



a 



*«iidkai«« 



K : Cof. BC : : T, <. : Cot. ki 
And fo, if B C be lefs than a 
Quadrant, the Angles C and B 
(hall be of the fame AfFedion ; 
if greater, of a different. Bu: 
the Species of the Angle C i> 
given ; therefore the Species of the 
Ande B will be given alfo. 



By Prop, 
ind 20. 



■* t I * 



30, and 
3»' 
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. 0/ the Solution of Rigbt-dngled Spherical 
Triangles, by the five circular Parts. 

'T* H E Lord Nifir f the noble Inventor of Loga- 
^ rithms) by a due Confideracion of the Analc^ies 
by which Right- angled Spherical Triangles arefolved, 
found out, two Rules, eafy lo be remembered, by means 
of which, all the fixteen Cafes may be folved : For 
fince in thefe Triangles, befides the Right Angled^ 
there are three Sides, and two Angles ; the two Sides 
comprehending the Right Angle, and the Complements 
of the Hypothenufe, and the two other Angles, wore 
called by tleptr^ Circular Parts i and when there are 
given anv two of the faid Parts, and a third is fought ; 
one of thefe three, which is called the Mtddk Part, 
either lies between the two other Parts, which are call-* 
ed Adjacent Extremes ; or is feparated from them, and 
then are called Oppojkt Extremes : So if the Comple- 
ment of the Angle B {Fig. to Prop. 25. j be fuppofed 
the middle Part, then the Leg A B, and the Comple- 
ment of the Hypothenufe B C, are adjacent extreme 
Parts; but the Complement of the Angle C, and the 
Sides A C, are oppofite Extremes. Alto, if the Com-^ 
plement of the Hypothenufe B C be fuppofed the mid- 
dle Part, then the Complements of the Angles B and 
C are adjacent Extremes, and the Legs A B, A C, are 
oppofite Extremes. In like manner, fuppofing the Leg 
AB the middle Part, the Complement of the Angle B 
and A C are adjacent Extremes % for the Right Angle 
A doth not interrupt the Adjacence, becaufe it is not 
a circular Part. But the Complement of the Angle 
C, and the Complement of the Hypothenufe B C, 
are oppofite Extremes to the fai^ middle Part. Thefe 
Things premifed, 

R U L E I. 

In any Rigbt-angjed Spherical Triangle, the ReH^ 
angle under the Radius, and the Sine of the 
. middle Part, is equal to the ReSangle under 
the Tangents of the adjacent Parts. 

RULE 



"\ 



\ 
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RULE II. 

^be ReSangk under the Radius^ and the Sine of 
the middle Part^ is equal to the ReBangle un^ 
der the Cqfine ^f the eppqfite Parts^ 

Each of the Rules havethr^e Cafes : For the mid- 
dle Part may be the Complement of -the Angle B, or 
C ; or the Complement of the Hypothenufe B C $ or 
one of the Legs, A B, A C. 

Caft I. Let the Complement of the Angle C be the 
middle Part ; then (hall AC, and the Complement of 
the Hypothenufe B C, be adjacent Extremes^ By 
Prop, 28. the Cofine of the vertical Angle C is to. Ra- 
dius as the Tangent of C A is to theTangent of the 
Hypothenufe B C. Then (by Alternation) we (hall 
have Cof. C : T, C A : : R : T, B C. But R : T, 
B C : ; Cot. B C : R (as has been before fhewn). 
Wherefore Cof. C : T, A C : : Cot. B C : R j whence 
R Cof. C=:T, A C X Cot. B C. 

And the Complement of the Angle B, and AB, are 
oppofite Extremes to the fame middle Parr, the Com« 
ploment of the Angle C; and (iy Prop, 25.} as the 
Cofine of the Angle C, to the Sine of the Angle 
CDF, fo is the Cofine of DF to Radius. But the 
Sine of C D F=A E=Cof. B A, and Cof. D F=S, 
E F=S, Angle B. Whence it will be, as Cof. C : 
Cof. B A : : S, B : R., And R+Cof. C=Cof. B A 
xS, B J that is, Radius drawn into the Sine of the 
middle Part, is equal to the Rectangle under the Co- 
iines of tte oppofue Extremes. 

•Cafi 2. Let the Complement of the Hypothenufe 
B C be the middle Part } then the Complements of the 
Angles B and C will b^ adjacent bxtremes. In the 
Triangle D C F (by Prop, ayj it is, as S, C F : R : : 
T, D F : T>C. Whence (by Alternation) S, C F : 
T, DF:: (R:T, C: :)Cot, C:R. ButS.CF 
=Cof. B C and T, D F=Cot. B. Wherefore R x 
Cof. BC=Cot. CxCot. B: that is, Radius drawn 
into the Sine of the middle Part is equal to the Pro* 
dud of the Tangents of the adjacent extreme Parts. 

X 3 Ani 
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And B A, AC, are the oppofite Extremes to the 
faid middle Part, viz. the Complement of B C ; and 
(l^y Prop. 2b.) Cof. B A : Cof. B C : : R : Cof. A G, 
Wherefore wc (hall have RxCof^B C=Cof. B A =: 
Cof. A C. 

Cafe 3. Laftly, let A B be the middle Part ; and 
ften the Complement of the Angle B, and A C, will 
be adjacent Extremes, and {by Prop.z'j.) S, A fi : 
R::T,CA:T, B. WhenceS, A B : T, C A :: 
(R : T, B : :) Cot. B : R, And fo R+S, AB=:T, 
CA+Cot.B. 

'Moreover, the Complements of B C, and the An- 
gle C, are oppofite Extremes to the fame middle Part 
A B ; and in the Triangle GHD (^ Pr^p. 25.) wc 
have Cof. D : S, D G H : : Cof. G H : R. But Cof. 
D=Cof.AEz=S, AB, andS, G=rS, IF=:S, BC. 
Alfo, Cof. G H=S, H I=;S, C. Wherefore it will 
be, as S, A B : S, BC : : S, C : R. And hence R 
X S, A B^i^Sy B CxS, C. 

And fo in every Cafe, the Rectangle under the Ra« 
dius^ and the Sine of the ifiiddle Part, 0iall be equal to 
the Redangle under the Cofines of the oppofite Ex- 
^' tremes, and to the Rectangle under the Tangents of 
adjacent Extremes : And, confequentty, if the afore- 
faid Equations be refolved into Analogies (^ l6 EL 
6.) the unknown Parts may be found by the Rule of 
Proportion. And if that Part fought be the middle one, 
then (hall the firft Term of the Analogy be Radius, 
and the fecond and third, the Tangents or Cofines of 
the extreme Pirfs. If one of the Extremes be fought, 
the Analogy muft begin with the other $ and the Ra* 
^ius, and the Sine of the ipiddle Part, mijft be put ip 
the middle Places, that fo the Part fought may be in 
the fourth Plapa* 

T N Oblique-arigled Spheri<ral Triangles {Fig, t$ 
M,-Prop. 31 J BCP, if a perpendicular Arc AC 
^t let fall from the Angle C to the Bafe, continued, 
if need be, fo as to make two Right-angled Spherical 
Triangles 3 A C, D AC ; then, by thofc Right-angled 
Txianglcs, may fuofl pf tlje C^fitsof 0|>li<|ue- angled 
pocs be fo|ved, 



1 

\ 
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PROPOSITION XXXI. 

^be Cofine of the Anglos B and D, at tbe'Bafe 
B D, are proper fientl fo the Sines of the verti' 
Ml Angles BC A, D C A. 

• -p OR C f. A.gle B : S, B C A : : (Cof. C A ; R 
* : :) Cof. D : S, D C A (by 25 e/thii.) 

PROPOSI IION XXXII. 

3'he Cofines of the Sides- B C, D C, are praper- 
tfcnal to the Cojims of the Bafes B A, D A. 

FO R Cof. B C : Cof. B A : : (Cof. C A : R : : ) 
Cof. D C : Cof. D A (by 26 of this). 

PROPOSITION XXXIII. 

^h Sines of the Bafes B A, D A, are in a reci- 
procal Proportion of the ^rn^ents of the Angles 
. B andD^ at the Bafe b D. . 

l^Ecaufe (by 27 of this) S, B A : R : : T, A C : 
^ T, of th« Angle B, Atid by the fame inverfly, 
H : S. D A : ; T, of the Angle D : T, AC. Then 
yf'xW it be by the Equality of perturbatie Ratio, according 
to Prop. 23. £/. sO S, B A : S, D A : : T, Angle 
D:T,.AngieB. 

PROPOSITION XXXIV. 

^be Tangents of the Sides B C, D C, are in a red- 
frocal ProporJion of the Coynes tf the vertical . 
-/f»^/«BC A, DC A. 

BEcaufe, by alternating the 28th Propifition, we have 
T, B C : R : : T, C A : Cof. B C A, andtjy the 
fame, R : Cof. D C A : : T, D C : T, C A. Where- 
fore, by Equality of perturbate Proportion, T, BC : 
gof. p C A : : T, D C : Cof. B C A. • 

X 4 PRO* 
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PROPOSITION XXXV. 

^he Sines of the Sides B C, D C, are proportiond 
t§ the Sines of the oppoJUe Angles D aniB. 

BEcaufe (by the 2qtb rfthis) S, B C : R : : S, C A : 
S, of the Angle B ; and, hj the fame, inverting, 
R. : S, D C : : S, Angle D : S, of C A. Whence, by 
Equality of perturbatc Ratio, S, B C : S, D C : : S, 
D : S, B. 

PROPOSITION XXXVI. ^ 

^Jn any Spherical Triangle ABC, the Re3 angle 
C Fx A E, ^ F M X A E, contained under the 
Sides <>f the Jjegs B C, B A, is to the Square 
of the Radius J ^ j I L ^ I A — L A the Dif- 
ference of the verfed Sines of the Bafe C A, 
and the Difference of the Legs A Mi to G N, 
to the verjed Sine of the /ingle B. 

LE T a great Circle P N be defcribed from the Pole 
B I and let B P, B N, be Quadrants ; and then 
P N is the Meafure of the Angle B | alfo, defcribe 
from the fame Pole B a lefTer Circle C F M thro' C ; 
the Planes of thefe Circles (ball be perpendicular to 
the Plane B O N C^ the 2d of this.) And P G, C H. 
being perpendicular in the fame Plane, fall on the com- 
mon Sedions O N, F M ; fuppofe in G, H. Again, 
draw H I perpendicular to A O ; and then the Plane 
drawn thro' C H, H I, fball be perpendicular to the 
Plane A O B. Whence A I, which is perpendicular 
to H I, will be perpendicular tb the Right Line C I 
(by Def. 4. £/. iij 5 and fo A I is the verfed Sine of 
the Arc A C, and A L the verfed Sine of the Arc A M 
/ =:B M— B A=:B C— B a. The Ifofccles Triangles 
C F M, P O N, are equiangular, fince MF, NO, as 
alfo C F, P O Ch 16 £/. I u) are parallel, \Yhere- 
fore, if Perpendiculars C H. P G, be drawn to the 
Sides FM, ON, the Triangles will be divided fimi« 
larly, and we fliall have FAI:ON::MH:GN. 
Al(b, bccaufe the Triangles A O E, O I H, D t- M, 

arQ 
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are equiangular, we (ball have A £ : A O : : I L : 

But it has been proved, that FM:ON::MH: 
G N. Wherefore it Qiall be, as A ExF M : A Ox 
ON::ILxMH:MHxGN,orfoi8lLtoGN? 
that iS) the Redangle under the Sines of the Legs, is 
to the Square of Radius, as the Difference of the verled 
Sines of the Bafe, and the Difference of the Legs B C, 
B A^ is to the verfed Sine of the Angle B. W. W. D. 

PROPOSITION XXXVII. 

The Difference of the verfed Sines of two Arcs^ 
drawn into half the Radius^ is equal to the 
ReSlangle under the Sine of half the Sum^ and 
the Sine of half the Difference of thofe Arcs. ' 

LE T ther« be two Arcs, B E, B F, whofe Dif- 
ference E F let be bifeaed in D ; then (hall B D 
be the half Sum, and FD the half Difference of thofe 
Arcs G E=rIL is the Difference of the verfed Sines of 
the Arcs BE, B F ; alfo, F Q is the Sine of the half 
Difference of the Ares. And becaufe the Triangles 
C D K, F E G, are equiangular, we have D K : 
G E : : (C D : F E : :) 4 C D 4 F E. Whence 
D Kx' F E, or D KxFO-G £>< J C D=I Lx ' 
CD. W.W.D. 

PRO P O S I T I O N XXXVIII. . 

The verfed Sine of any Arc^ drawn into half the 
Radius^ is equal to the Square of the Sine of 
on^ half of (be f aid Arc, 



^ 



■\ ^ 



^ H E Triangles C B M, D,E B, are equiangular, 
'*' fince the Angles at M and E are Right Angles, 
and the Angle at B is common. Wherefore E B : 
B D : : B M, : B C. And then will E BxB C = 
BM xBD; and EBx l.BC=;:BM x^BDss 
BMq. W. W. D. 
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^PROPOSITION XXXIX, 

Irt any Spherical Triangle ABC, whefe Legs^ COU'^ 
iaining the Angle H^ are BC, AB, and Bafefuhm 
tending the Angle A C ; if the Arc h.iA be 
taken= Difference of the Legs=iB C — A B • 
then foall the Reilangle under the Sines of the 

* Legs BC, BA, beiojhe Square of the Radius^ 

as the RtElangk^ under the Sine of the Arc 

AC+AM , , ^. - , ' AC— HM 
. ■ ^ and the Stne of the Arc r— < , 

2 2 

is to the Square of the Sine of one half of the 
Angle B, Vid/Fig. to Prop- 36. 

13 Ecaufe the Re£langle under the Sines of tbq Legs 
-^ A B, B C, is to the Square of Radius^ as I L is to 
the verfed Sine of the Angle B, or as 4 R x ' L to J R 
drawn into the verfed Sine oif the Aogle B (by Propi 
36. of this,) And fince ^ RxIL=Re6langle, under the 

Sines :of the Arc. t£±t^ and AC-^AM^ ^ 

2 2 

Prop. 27 • of this.) Andalfo ^ R drawn into the verfed 
Sineot the Angle B is equal to the Square of the 
Sine of one half of the Angle B (by Prop* 38. of this,) 
Therefore the Rcdiangle under the Sines of the Sides» 
to the Square of Radius, {hall be as the Redangle 

under the Sines of the Arcs^£+^ and ^^— ^M, 

2 2 

is to the Square of the Sine of one half the Angle Bt 

w.w.a 
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^bt tivthe Cnjts vf Mique-artgltd Spberitd Tri- 

-angles axe as follow ;' 



Given 



Angles 

B, D, 

and B C 



1 • , ■ 

Sought I Make, as 

nngk R : Col. B C : : 1 , B : Cot. BC A 
C* (by Prap. 30. of this) : Alfo Cof. 
B : S, DCA: : Cof. D : S, DCA 
^31. of this). Wherefore the 
Sum of the Angles BCA, DCA^ 
ii the jPerpendicular Falls within 
the Triangle, or the Drfference» 
if it falls without, M^ill be zs 
8 CD. Whether Ac Perpen- 
dicular fails within, or without 
che Triangle, may * be knoWn 
from the AiFetlion of the Angles 
B and D (by 22. of this) i which 
Admonition ought to be obfervted 
in the following Solutldos. 



Angle* 
B,BCD, 

and the 
Side 6 C. 



«■ •m r »f 



The 
Sides 
BD, 
CD, 
and the 

Angle B 



Im the Ori* 
ginal th€ 
Fropwthm 
woi thus ; 
Cof. B C t 
R!:T,Bt 



Cot.BCA« 



An^le 

D. 



\ 



ThT 

Side 
BD. 



R : Cof. B C : ; T, B : Cot* BCA 
{Frdp. 30t of this,); And S, 
HCA : S, DCA : : Cof. 6 : Coi. 
O (by Prop. 21') if BC; A be 
iefs than BCD, the Angle O {hall 
be qf the fame AfFeciipn With the 
Angle B. If B C A be greater 
than the Angle BCD, thgi the 
Angles B and D ihlll be of a 
JifFerent AfFcdion, by the Con- 
verfe of Prop. 22. 

R : Cof. B : t T, B € : t\ 3 A 
(by 28. of tbi$.) And Cof. B C : . 
Cof. B A : : Gof. D C : Cof.C A 
(by 32. of this.) The feum or Dif- 
ference of B A and Di A, accords 
ing as the Perpendicular falls 
within or widiout the Triangle, 
is egual to B D ; which cannot 
be known, unlefs the Species of 
che Angle D be iirfl kaiown. 



This Trp- 
portion in tb^ 
^Original 
was as f« 
the Joreg9- 
ing. The 
Species of 
the Angle 
fiCA puhf 
be known hf 
Prop. tS. 
and 19^ 



--<Jivei| 
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Given 



The 
Sides 
BC, 
DB, 
and the 
Angle B 



rbe 

Sought 



The 
Side 
CD. 



Elements of 

Make, as 



Angles 

B,D, 

and the 
Side 
BC. 



The 

Sides 

BC, 

BD, 

and the 

Angle 



The 
Sides 
BC, 
DC, 

^1 and the 
Angle 

* 4. 



8 



The 

Side 

BD. 



R : Cof. B : : T, B C : T, B A 

(hy 28. of this.) And Cof. B A : 
Cof. BC : :Gof. DA : Cof. DC 
(by Prop, 32. ^/Mj. ^According as 
Da. is iimilar or diffimilar to CA, 
or to the Angle BDC, fofliall DC 
be lefler or greater than a Qua- 
drant (by ig^ and 20. of this.) 



Angle 
D. 



R:Cof. B::T,BC:T,BA(/y 
28. of this.) And S, D : T, B : : 
S, BA:S,DA(by 33. of this.) 
The Sum or Difference of B A 
and D A is=:B D. 



R : Cof. B : : T, B C : T, Ba (by 
Prop. 28. ofthis.) And S, B A : 
S,B A ::T,B^:T,D (by 3s. of 
this.) According as BD is greater 
or lefler than B A, the Angle D 
(hall be fimilar or diffimilar to 
the- Angle B (by 22, ofthis.) 






The 
Angles 
BCD, 
andB, 
and the 
Side 
BC. 



Angle Cof. BC : R : : Cot. B : T, BCA 

C. (by 30. ofthis.) And T, D C : T, 

B C : : Cof. B C A : Cof. DC A 

(by 24" ofthis.) The Sum or Dif- 

I Terence of the Angles B C A, 
D C A, according as the Per* 
pendicular falls within or with- 
out the Triangle, is equal to the 
Angle BCD. 



The 

Side 

DC. 



/ 



Cof. B C : R t : Cot. B : 1 ,BC A 
(by 30. ofthis.) Alfo, Cof. DC A 
Cof. BCA::T,BC:T, DC 
(by 34. of this.) U the Angle 
[J) C A be fimilar to the Angle B, 
(that is, if A D be fimilar to 
C A), then D C (hall be lefs than 
Quadrant. If the Angles 
D C A and B be diffimilar, then 
D C (hall be greater than a Qua* 
J rant, which follows (from Prop. 
i 8» iQt and 20» ofthis.) 

Given 
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Given } Sought 



The 
Sides 
BC, 
DC, 

and the 
Anele 



The 

Angle 

D. 



The 

Sides 

BD, 

and the 

Side 

BC. 



II 



Ihe 

Side 

DC. 



All the 
Sides 
AB, 
BC, 
C A. 
Fid. 
Fig. 
Prtp. 

36- 



12 



All the 
Angles 
G, H, 
D. fid. 

Prop.^ 
14. 



The 
Angle 



The 
Side 
GD. 



Make, as 



S,CD:S,B::S, aC:3,Oi 
which is ambiguous. The Ana- 
logy follows from Prop. 35. of 
this. 



S, D : S, B C : : 5>, B : b, D C ; 

which Side is ambiguous. 



^mmmm 



As the Redangle under the Sines 
of the Legs A B, B C : the Square 
of Radius : : the Rectangle under 

the Sines of the Arcs ^^-^^^ 

2 



and 



AC— AM 



: the Square of the 
Sine of4 the Angle 'B {by Prop. 39.) 



In the 1 riangJe X N M, the Arc 
M N is the Complement of the 
Angle G H D to a Semicircle. 
X M is the Complement of the 
Angle G, and X N the Comple- 
ment of the Angle D : And the 
Angle X the Complement of the 
Side GD to a Semicircle* Where- 
fore, if the Angles be changed 
into Sides, and the Sides into An- 
gles, the Operation will be the 
fame as in Cafe 1 1, of this 5 fince 
Arcs, and their Complements to 
Semicircles, have the fame Sines. 



1^7 
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fhe following REMARK,/?;' 
SamuelConn. 

'T' HAT this is true but in a particular Ca(e|^ v/V. 
* when two of the Angles of the Triangle arc 
Right ones^ and two of the Sides Q^Kwk^nts^ may be 
thus ^emonftratcd: For, if poffibIC) let focne Triangle 
R S T, Fig. to Prop. 14th, be fuch, that it^ Sides R S, 
S T, T R, be equal to the Mcafures of G H D, 
H G D, G D H, the Angles of a Triangle G H D ; 
and, alfo, that the Meafores of R S T, S T R, TR S, 
the Angles of the Triangles R S T, he eduat taGH; 
G D, H 0> the Sides of the Triangle C| H D ; dnd 
produce MX, M N» twa Sides of the HippIemeBtal 
Triangles to Semrdrcies* and they will peet fooie* 
where, fuppofe at E; and there will be'conftniAed 
thereby the Triangle N E X, of which X % (the Sup- 
plement of XM, which by the 14th Prop, was the Sup- 
plement of the Mefifure of the Angle H G P) is equal 
to the Meafure itfelf of the fam^e Angle H ^j D : Ahd, 
in like manner, N £, the Supplement of N' M, which, 
by the 14th Pr^^. wa^ the Supplement of the Meafure 
of the Angle G H D, is equal to the Meaftire itfelf of 
the iame Angle Q H D. But the third Side XN is not 
the Meafure oi the third Angle G H D, but its Sup- 
- plement, by the 14th Pr^p, Moreover,' of the Angle 
E X N (whofe Supplement is N X M), the Meafure, 
by the 14th Prop, is equal to G D; and of the A)igle 
X N £ (whofe Supplement is M N X) the Mealqre, 
by the 14th Prop, is equal to H D. But of the third 
NEX (which is equal to N M X) the Meafure is not 
equal to G H, but its Supplement; 

Now make N V=R T=BK, the Meafure of the 
Angle G D H, and draw the great Circle E V. And 
fmce RS, by Suppofition, h equal to the Meafure of 
the Angle GHD, which is equal to EN*; and fince the 
Meafure of the Angle S R T is, by Suppofition, equal 
to D H, which is alfo equal to the Meafure of the An- 
gle X N E ; the Angle XNE is equal tg the Angle R« 
Then, consequently, by the 4th Prop, the Triangles 
SRT, £ N V^ will have the Bafe ST equal to the Bafe 

E Vj 
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E V ; Ih* Angk T to the Angle NVE ; and tlie An- 

fleS, to the Angle NEV, But S D (which is equaUto 
',V)f by SuppofitioH) is equal to the Meafure of the 
Angle H G D ; to which Meafure X E is alfo equal : 
Therefore E V is equaj to X E ; and, confequently, by 
the jih Prop, the Angle E V X is equal to the Angle 
E X V } and the Angle E X V (whofe Meafure, as 
hath been fliewn above, is equal to G D) is qqual to 
the Angle T (or NVE), fince, by Suppofition, the 
Meafure of this is alfo equal to G D. Therefore the 
Angle EVX is equal to the Angle EVN, and fo both 
Right ones} and confequently, E X V, a Right one 

- alio. Therefore, bv the zd Cor» to the 2;d Prop* E V 
and E X are both Quadrants. 

But if E V be a Quadrant, aiid at Right Angles to 
N X, then E, by id Prop, and its CorolL is the role of 
NX; and fo E N a Quadrant alfo, and the Angle 
E N V a Right orte. Therefore, if the Sides of a Tri- 
angle (N E V , or its Equal) R S T are equal to the 
Meafurcs of the Angles of fome other Triangle 
GHD, and the Meafures of the Angles of the far- 
mer, equal to the Sides of the latter ; two Sides of 
fuch a Triangle RST, or G H D, muft be Quadrants 
and two Angles of each Right ones. - 

Therefore, if a Triangle R S T be conftrufled, 
whofe Sides are equal to the Meafures of the Angles 
of another Triangle G H D ; the Meafures of the An- 
gles of the Triangle R S T (hall not be equal to the 

» Sides.of the Triangle G H D, unlefs in the one Cafe 
before -mentioned. Therefore the Meafures of the 
Angles of the Triangle G H D, ufed as the Sides of a 
Triangle in the nth Cofey will not give us a Side of 
G H D, but the Meafure of an Angle of the Triangle 
R S T, unlefs in the one afore- mentioned Cale^ 
which was to he demoriftrated. 

f 

But to find a Side GDof aSpheiic^lTriangle GHD, 
whofe Angles are all given, produce MN, that Side of 
the Supplemental TtoHgle,. which is equal to the Sup- 
plement of the Meafure of G H D, the Angle oppofite 
to the Side fought, and M X, either of the other Sides, 
till they meet, as in E. AU ^ere, as hath been before 
jQiewn, tbe Sides £ X» EN, of the Triangle E X N, 

. are 
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are fxadljr equal to the Meafures of the Angles 
H G D, G H D, of the Triangle G H D; and of the 
Angles E X N, E K X, of the Triangle E X N, the 
Meafures are equal to G D, H D. But the SideX M 
is equal to the Supplement of the Meafure of the An- 
gle G D H. And of the Angle X £ N> the Meafuce 
is equal to the Supplement of G H* 

Therefore the Solution is thus : 

Change one of the Angles GD H, adjacent to the 
Side fought, into its Supplement; and then work with 
the Meafures of the Angles as though they were Sides ; 
and the Refult will be (j D, the Side fought. 

The preceding Fault, as well as the Omiffions here- 
after mentioned ; are not peculiar to our Author ; but 
may be found in Dr. Harris^ Mr. Cafwill^ Mr. Heynes^ 
and many other Trigonometrical Writers. 

In the Solution of our 9th and loth Cafes, they have 
told us, that the ^aftta are ambiguous \ which fome- 
rimes, indeed, is true, but fometimes alfo falfe. There- 
fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might difcover when the 
^afita are ambiguous, and when not. 

This Overfight may be correfted by the following 
Diredions ; wherein, becaufe every Sine correfponds 
to two Arcs, to one lefs than a Q^iadrant, and to an- 
other, which is the Supplement of the former to a Se- 
micircle (a true Diilin£tton of which of thefe are to be 
ufedi being neccflary to be known, before a proper So- 
lution can be given to fuch Problems as thefe are}, I 
(hall beg Leave for Brevity-fake, to call the lefler Arc 
the acute Value, and the greater the obtufe; whether 
the Sine be of an Angle, or a Side. 

Jn the tenth Cafe there are given two Angles^ B 
and D, and 3 C, ^ Side oppojite to one ofthofe 
Angles D, to find D C, the Side oppofite to the 
ctherJ 

np O the acute Value of D C, and alfo to its ob- 
^ tufe one, add B C s and if each of thefe Sums are 

greater 
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j grca er 7 ^j^^^ ^ Semicircle, when the Sum of the 

Angles B, D, is < p5^ ^^ > than two Right Angles ; 

both the Values of D C may be admitted, and then it 
is ambiguous: But when only one of thofe Sums i^ 

I P5^ ^^ X than a Semicircle, only one Value of DC 

can be true, viz. the I ^ ^ >one : and then it is not 

♦ I acute J 

ambiguous* 

In the ninth Cafe^ there are given two Sides B C^ 
D C, and one Jngle B, oppofite to D C, one of 
thofe Sides J to find D the Angle oppofite to the 
other 

'T^ O thfc acute Value of t), and alfo to its obtufe 
^ Value, add B ; and if each of thefe Sums is 

C greater 1 ^^^^ ^^^ T^x^t Angles, when the Sum 

of the Sides is j fj|?*^^' } than a Semicircle, both the 

Values of D may be admitted, and confequently D is 
ambiguous: But. when only one of thofe Sums is 

i g'Jp*^^' 1 than two Right Angles, only one Value of 

D is true, v/a. the | ^^^^ ? one ; and then it is not 
ambiguous. 

Nor are we better ilfcd in the fifft.Gafe ; for tho' it 
is determined by the given Angles, whether the Per- 
pendicular falls within or without the Triangles ; yet, 
in each of thofe Varieties, the ^afita will be fotne- 
times ambiguous, and fometimes not« 



ik 
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In tbefirft Cafe there are. iwagtyen Angles B; Di 
dndBC^a Side sfpcftte tou^ one of them^ t§^ 
find. C the third Angle. 

1. Let the Perpendicular fall Within ; thut is, kt th^ 
giv«n Angles be of the fame Species* 

'Tp O the acme Value of D C A,, arid alfo to it$ ob- 
-* tufeone, addthe An|IeBCA; and ff each of ihefc 
Sums is lefs than two Right Angles, therr either the 
acute Value of D C A, or its obtufe one added to 
B C A» gives a Value of B C D ; which, therefore, w 
amNguou^. Apd when only ooeqf thcfe Sums iitefs 
than two Right Angles, the acute Va]u9 of D C A, 
added to BC A, gives the only Value of BCD, 
which then is, not ambiguous, tho' in both Varieties 
the Perpendicui^ fell within, 

2. Let the Perpendicular fall withoMt; that is, let 
the given Angles be of a different S||ecie$. 

W H E N the obtufe Value of the Angle D CA is 
lefs thanthe AngleBCAithe AngleBCD maybe had 
by fubtra(9 »ngeither Value of D C A from B C A j , and 
then B C D is ambiguous. But ^hen the obtufe Value 
of D C A is not lels than B C A, the acute Value of- 
D C A, t9.k?n from B C A, give* tfce fin|le Valueof 
3 CD ; which therefore, is not ambiguous ; though 
in both Vajrieiiea the Perpendicular fell without. 

In the fifth Cnfe we lie under the f^me Misfor- 
tune^ white there are given^ ^ in the firft^ 
the AngUf B D» andtU Ude B C» to find B D 
the. Side lying ^tuuin thefegivem Angles. 

i«, When the Perpendioutadr falla wUfaiflj that is^ 
when the given Anglet are of the fame Species, 

npO the aciite Value of D A, and fo alfo to its obtufe 

^ one, add B A ^ and if encb of thefe Sums is lefs 

iih/t\ a Sexnidircle, {hen' either the acute Vabie of D A» 

or its obtufe one, add^ to BAy gives the Value of B D s 

whicH 
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ivhich thence is ambiguous. And when only one of 
thek Sunns is Icfs than a Semicircle, the acute Value 
erf D A, ackJed to B A,: givrs the only Vahie of B D ; 
which thei> is not ambiguous, tho' in both Varieties, 
the Perpendictslar fell within. 

2. When the Perpendicular falls without ; that i^ 
when the given Angl-es^ are of difSerent Species. 

When the obtufe Value of D A is lefi than B A, 
BD will be bad by fubtradiing either Value of D A 
from: B A $ and then B D i^ ambiguous. But when 
the obwfe Vailue of I) A is not lefs than B A, th6 
acute Value of D A, taken from B-A, leaves the only 
Valu^of BD ; whkhy therefore, is not ambiguoas, 
tho' in both Varieties toe Perpendicular fell without. 



in the thirdy we have tbefam Omiffion •, where 
there are given two Sides B C, CD, and B an 
Angle oppejtte to CD one of them^ to find thi 
third Side BD. 

Tj^ I R S Tj we may obferve, that the Species of D A is 
always known i for it is of | ^ ^^jf^^^^ \ AfFeilion 

IvUh the Angle B, when DC i»{gre\^^^ thanaQjjft. 
drant. And^, 

If A D W lefs than A B^ and aJUathe Sunt of AD 
and A B Ufs than a Semicirdle ; then A D either 
added to, or fubtrad^d from A B^ will give the Valatf 
of B D ; which^ therefore, is ambiguous. «. 

But if A D be nal kfs tbaH AB^ or if their Suofbe 
Dot lefs than a Semiciitcl^ ; th^ their Sunv in the for- 
mer,, and their Difference in the latter Variety, (hall 
give one iingte Value of B C ^ and then it is not am* 
biguousi 
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The fevenib Cafe much refembles the third ; for 
there are given two Sides B C, CD, 4ind B an 
AHgU^ oppofite to CD one of them \ to find the 
Angle C B D, lying between thofe two Sides. 

AND here we may obferve, that the Species of the 
Angle DC A is known ; for it is of | ^^Jj JjJJf„^ } ^ 

Kind with the Angle B, when DCisi ^ \ than 

^ Quadrant. And, 

If D C A be lefs than B C A, aird the Sum of 
D C A 9nd B C A lefs than two Right Angles ; then 
DC A, either added to, or fubtra£lcd from BCA, will 
give the Angle BCD ; which, therefore, is ambiguous. 

If D C A be not lefs than BCA, or the Sum.o^ 
DC A and BCA not lefs than two Right Angles; 
then their Sum in the former, and their Difference in 
the latter. Variety, (hall give the fingle Value of 
BCD; which then is not ambiguous* 

N. B. If any one will be at the Trouble to make a 
double Calculation for the Side DC, or the Angle 
D, as taught in the Remarks of the 9th and loth 
Cafes : they will find the feveral Varieties in the 
ift» 3^9 5th, and 7th, to be as here laid down in 
thefe eafy kules. 

The Truth of thcfc Rules may be eafily 'deduced 
from the loth,- 13th, i8th, and 22d Prop, efthisi sind 
the 2d, ^th, and I3tb Examples^ followmg Prop. 30* 
dfihi$. 

In our third Cafi of oblique plane Triangles, our 
Author (hould have added thi^ : 

If A B be lefs than B C, the Angle A is ambigu- 
ous ; otherwife not. 
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the PREFACE. 

rH E Mathematics formerly received confix 
derable Advantages ; Jirft^ by the Intro^ 
duSion of the Indian CharaSers^ and af- 
terwards by the Invention of Decimal Fra£iions ; 
yet has itjince reaped^ at leafl, as much from the 
Invention of Logarithms^ as from both the other 
two. The life of thefe^ every one knows^ is of 
the greateft Extent^ and runs through all Parts 
of Mathematics. By their Means it is that Num* 
hers almofl infinite, and fuch as are otherwife im- 
praSlioable, are managed with Eafe and Expe- 
dition. By their Affiftance the Mariner fleers his 
VeffeU the Geometrician invefligates the Nature of 
the higher Curves^ the Aflronomer determines the 
Places of the Stars, the Philofopher accounts for 

Y 3 other 
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other Fbanomeua of Nature ; and^ loftly^ - th^^ 
Ufurer computes the Intereft of bis Money. 

The SuhjeH of the following Treatife has been 

cultivated by Mathematicians of the firfi Rank i 

fome of tfbom^ taking in thf wbol^ Doilrine^ have 

indeed written learnedly^ but 'fcarcely intelligibly 

to any but M^Jl^^^* Others^ again^ accommodating 

them/elves to the Jipprehenfion cf Novices^ have 

feleSed out fome of the moft eafy and obvious Pro^ 

perties of Logarithms^ but have left their Nature^ 

and more intimate Properties^ untouched. Mf 

Defign therefore in the follozving Tra£i is^ to 

fupply what feemed fiill wanting^ viz. to difcover 

and explain the DoSirine of Logarithms^ to thofa 

who are not yet got beyond the Elements of Algebra 

and Geometry. 

The wonderful Invention of Logarithms we ow^ 
to the Lord Neper, who was the firji that con* 
ftruSied and publijhed a Canon thereof ^ at Edinr 
burgh, in the Tear 1614. Tins was very gra- 
cipujly received by all Mathematicians^ who were 
immediately fenfible of the extreme Ufifulnefs there" 
of And though it^is ufual to have various Nation^ 
contending for the Glory of any notable Invetaiony 
yet Neper is tmver/alfy allowed the Inventor of 
L^ariibmSt iwd enjoys the whole Honour thereof 
without any Rival. 

The fame Lord Neper after'ucnrds invented ano- 
ther and more commodious Form of Logarithms^ 
which he communicated to Mr, Henry Briggs, 
Profejfor ^/Geometry at Oxford, who was hereby 
introduced as a Sharer in the compleating thereof : 
But the Lord Neper dyings the whole Bujinefs 
reniaining was devolved upon Mr, Briggs, who 
%vith prodigious Application^' and an uncommon 

Dex- 
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aiie to thai new Fcrm^ for tU Jirft twenty Chi^ 
Hods of Ntmiers (or from Ap i to 20000), and 
for eleven dtber Chiliads^ viz. from $0000 to 
loioooO). For all wbkb Numbers te calculated 
ibe Logarithms to fourteen Places of Figures. 
This Canon was puili/hed at Londo;!! in the Tear 
a 624. 

Adrian Vlacq publifhed again this Canon at 
Gouda in Holland, in the 2^ear 1618, with the 
intermediate Chiliads, before omitted, filed up ac- 
cording to BriggsV Prefcriptiom \ but thefe Tables 
are not fo ufeful as Briggs*j, becaufe the Loga* 
'rithms are continued but to 10 Places of Figures. 

Mf. Briggs has alfo calculated the Logarithms 
of the Sines and Tangents of every Degree, and 
the Hundredth Parts of Degrjes to j 5 Places of 
Figures ; and has Juhjoined to them the natural 
Sines y Tangents, and Secants, to 15 Places of Fi^ 
gures. The Logarithms of the Sines and Tangents 
are called artificial Sines and Tangents. Thefe 
Tables, together with their Qonjlru^ion and UJe, 
were publifhed after BriggsV Death at London, in 
the Year i6j^, by Henry Gillebrand, and by him 
called Trigonomctria Britannica. 

Since then, there have been publifhed, infev^ral 
Places, compendious Tables^ wherein the Sines and 
Tangents, and their Logarithms, conftft of but f even 
Places of Figures, and wherein are only the Loga* . 
rithms of the 'Numbers from 1 to 1 00000, which 
may be fufficient for mojt Ufes. 

The heft Difpofition of thefe Tables, in my Opi- 
nion, is that firft thought of by Nathanael Roe, 
of Suftjlk ', and with fome. Alterations for the 

y 4 htter^ 
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better J followed hj Sherwin in bis Mathematical 
Takles^ publijhed at London in 1705; wherein 
are the Logarithms from 1 to loiooo, confifting 
cffeven Places of Figures. To which are ^fub- 
joined the Differences^ and proportional Parts^ by 
means ofwbich^ may be found eafily the Logarithms 
of Numbers to 1 6OO0000 ; obferving^ at the fame 
Time^ that thefe Logarithms confifi only of feven 
Places of Figures. Here are alfo the Sines, Tan^ 
gentSj and Secants, with their Logarithm, and 
Differences for every Degree and JSnuie of the 
Quadrant, withfome other Tables of life inpwac* 
tical Mathematics. 
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C H A p. I. 

Of the Origin and Nature of 
LOGARITHMS. 

AS in Geometry the Magnitudes of the Lines are 
often defined -by Numbers , fos likewife, on- 
the other hand, it is fometimes expedient to 
expound Numbers by Lines, viz. by afliim- 
ing fome Line which may repreferit Unity ; the Double 
thereof, the Number 2 ; the Triple^, 3 ; the one Half, 
the Fraction ^ ; and fo on. And thus the Genefis and 
Properties of fome certain Numbers are better con- 
ceived, and more clearly confldered, than can be done 
by abftra£t, Numbers. 

Hence, if any Line a* be drawn into itfelf, theQuan-^ «. 
tity fl% produced thereby, is not to be taken as one of '^' '* 
two Dimeafions, or as a Geometrical Square, whofe 
Side is the Line a^ but as a Line that is a third Pro- 
portional to fome Line taken for Unity, and the Line 
4?. So, likewife, if a* be multiplied by Oy the Produia 
a^ will not be a Q^iantity of three Dimenfions, or ^, 
Geometrical Cube, but a Line that Is the fourth Term 
in a Geometrical Progreffion, ^whofe fir ft Term is 1, 
and fecond a ; for the Terms i, a, fl% a'^, «♦, d^^ ^a*, 
a'y &c. are in the continued Ratio of i to a. And 
the Indices affixed to the Terms fhew the JPIace or 
piftance that every^ Term is from Unity. For Ex- 

ample, 
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ample, a^ \z in the fifth Place from Unity, a^ in the 
iixth, or fix Times more diflant from Unity than a^ or 
^ 12% which immediately follows Unity. 

If, between the Terms i anda> there be'put a mean 
Proportional^ which is »/ a, the Index of this will 1>e ~ ; 
for its Diflance from Unity will be one half of the 






Diflance of tf from Unity; and fo a may b^ written 
for */ a* And if a mean Proportional be put between 
a and a% the Index thereof will be i y, or |- f for its Dil- 
t^nce will be fefqBiaIteraIoftheDifl:anceof<3 from Unity. 
If there be two mean Proportionals put between i 
and tf ; the firfl of them is the Cube Root of a, whofe 
Index mufl be 4 ; for that Term is dlflant from Unity 

only by a third Part of the Diflance of a from Unity ; 

I 

T 

gnd lo the Cube Root may be expreiTed by <2. Hence 
the Index of Unity is o ; for Unity is dot diftant from 
itfelf. - 

The fame Series of Quantities, geometrically pro- 
portional, may be both ways c<»ntiaued, as well de- 
feendmg toward the Left Hand, as afcending towards 

I I I I I 
the Right; for the Tferms— , — , — , — , — , i, tf, «% 

tf' «♦ o* a* a 
^s «♦, fl% ^c. are all in the fame Geometrical Pro- 
gteilion. And fince the Diflance of a from Unity is 
towards the Right Hand, and pofitive or -f i, the 
Diiiance equal to that on the contrary Side, vi%. the 

I 
J>iftancc of the Term -— , will be negative, or—- 1, 

which (hall be the Index of the Term — , for Which 

a 
may be written a ' . So likewife in the Terms a *, 
the Index — 2fhews, that the Term ftands in the fecond 
Place from Unity towards the Left Hand, and the Ex- 

i ■ * 

pieffions a * and — are of the fame Value. Alfo a""^* 

I 

is the fame .as — . For thefe negative Indices fhew, 

that the Terms belonging to them go ftpm Unity the 

contrary 
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irodtcary Way to that by which the Terms, whofe in« 
dices are podtive, do. Theie Tbiogs premifed, 

If on the Line AN, both Ways indeifiiiitely extended, 
be taken AC, CE, EG, GI, IL, on the Right Hand i 
and al/b AFsFII, ^c. on the Left ; all equal to one ano- 
ther i and if, at the Points 11 F, A, C, £, G, I, L, be 
ere£ledtothe Right Line AN, the Perpendiculars nil^, 
f A, A B, C D, E F, G H, I K, L M, which let be 
continualiy proportional, and reprefent Numbers, 
whereof A B is Unity : The Lines A C, A £, A^G, 
AI, AL,— AF,— An, refpeaively exprefsthc D^lanocs 
of the Numbers from Unity, or the Place and Order 
that every Number obtains in the Series of Geometri- 
cal Proportionals, according ;|S'it is diftant from Unity. 
So fince A G is triple of the Right Line A C, the 
Number G H (hail be rn the third Place from Unity, 
if C D be in the iirft : Soliicewtie ihail L M be in the 
fifih Place, fince AL=5AC. If the Extremities of 
the Proportionals, S, A9 B, D, F, H, K, M be joined 
by Right Lines, the Figure £11 LM will become a Po- 
lygon conTifiing of more or lefs Sides, according ai 
there are more Or lefs Terms in the Progreffion. 

If the Parts AC, C p, E G, G I, I L, be bifeSed in 
the Points Cy «, ^, /, /, and there be again raifed the 
Perpendiculars c, d, ^yf^g% ff% h ^9 ^t ^> which are meai| 
Proportionals between A B, C D, (J D, EF ; E F, 
QH i QH, IK J IK, LM ; then there will arife a new 
Series of Proportionals, whofe Terms, beginning from 
that which immediately follows Unity, are double of 
thofe in the firft Series, ar«d the Differences of the 
Ternis are become lefs, and approach nearer to a Ra- 
tio of jplquality than before. Likewife in this new Se- 
ries, the Right Lines A L, A C^ exprefs the Diftances 
of the Terms L M, C D, from Unity ; viz. fince A L 
is ten Ti*if*cs greater than A f , L M (hall be the tenth 
Term of the Series from Unity : And becaufe A ^ is 
three Tirpes greater than A c, efwWl be the third Term 
of the Series, if ^ ^f be the fi;ft ; and th ere (hall be two 
mean Proportionals betweeti A B and ^/*; and between 
A B and L M there will be nipe meaii Proportionals. 

And if the Extremities of the faid Lines, viz, B, ^, 
P, /, F, h^ H, isfc, be joined by Right Lines, there 
will be a new Polygon made, ^onfiltiiig of mere, but 
ikot\£r Sides than the lad. 

If . 
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If, again, the Diftances A r, ^ C j Ce, eEyifc.he 
fuppofed to be bife6ked, and mean Proportionals be- 
tween every two of the Terms be conceived to be put 
atthofe middle Diftances ; then there will arife ano- 
ther Series of Proportionals, containing double the 
Number of Terms from Unity than the former does; 
but the DifFercnce of the Terms will be lefs .; and if 
the Extremities of ihe Terms be joined, the Number 
of the Sides of the Polygon will be augmented accord- 
ing to the Number of Terms ; and the Sides thereof 
will be leffer, becaufe of the Diminution of the Dif- 
tances of the Terms from each other. 
/ Now, in this new Series, the Diftances A L, AC, 

t^c. wili determine the Orders or Places of the Terms ; 
viz. if A L be five Times greater than AC, and CD be 
the fourth Term of the Series from Unity, then L M 
will be the :?oth Term from Unity. 

If in this manner mean Proportionals be continu* 
ally placed between every two Terms, the Number of 
Terms at laft will be made fo great, as alfo.the Number 
of the Sides of the Polygon, as to be greater than any 
given Number, or to be infinite ; and every Side of the 
Polygon fo lefl'encd, as to become iefs than any given 
Right Line; and confequently the Polygon will be 
changed into a curve-lined Figure ; for any curve- 
lined Figure may be conceived as a Polygon, whofe 
Sides are infini/ely fmall, and infinite in Number. 

A Curve dcfcribed after this manner is called Loga' 
rithmetkal'y in which, if Numbers be reprefented by 
Right Lines (landing at Right Angles to the Axis AN, 
the Portion of the Axis intercepted between any Num- 
ber and Uriity (hews the Place or Order, which that ' 
Number obtains in the Series of Geometrical Propor- 
tionals, diftant from each other by equal Intervals. 
For Example, if A L be five Times greater than A B, 
and there are a thoufand Terms in continual Propor- 
tion from Unity tb L M ; then there will be two hun- 
dred Terms of the fame Series from Unity to C D, or 
C D fhail be the two hundredth Term of the Series 
from Unity ; and Itt the Number of Terms from A B 
to L M be fuppofed what it will, then the Number of 
Terras from A B to C D will be one fifth Part of that 
Number. ' . 

Tbe^ 
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The Logafithrtietical Curve may alfo be conceived to 
be defcribed by tviro Motions, one of vj^hich is equable, 
and the other accelerated, or retarded, according to a 
given Ratio. For Example, if the Right Line AB, 
moves uniformly along the Line A N, (o that the End 
A thereof defcribes equal Spaces in equal Terms ; and, 
in the mean Time, the faid Line AB ib increafes, that 
the Increments thereof, generated in equal Tiroes, be ^ 
proportional to the whole ineresfing Line, that is, if 
AB, in going forward to c dy be increafed by the Incre- 
ment ody and in an equal Time when it is come to 
CD, the Increment thereof is D p^ and D ^ to ^r is at 
^ ^ is to A B ; that is, if the Increments generated in 
equal Times are always proportional to the Wholes ; 
or, if the Line A B, moving the contrary Way, dimi- 
niftes in a conftant Ratio, fo that ^hile it goes through 
the equal Spaces, the Decrements A B — rA, TA— 
Its, are proportional to A B, FA ; then the End of the 
Line increaiing or decreafmg in the fame manner, de- 
fcribes the Logarithmetical Curve. For flnce AB : d # 
: : d c : D p : : D Ci/^i'it (hall be (by Compofition 
of Ratio), 3isAB:dc::d£:DC::DC :fe^ and 
fo on. 

By thefc two Motions, viz» the one equable, and the 
other proportionally accelerated or retarded, the Lord 
^Neper laid down the Origin of Logarithms, and called 
the Logarithm of the Sine of any Arc, That Number 
which near eft. definei a Line that equally inereafeSy while ^ 
in the mean Time the Line expt effing the whole Sine pro- 
portionally decreafes to that Sine. 

It is manifeft, from this Defcription of the Logarith- 
metic Curve, that all Numbers at equal Diftances are 
continually proportional. It is alfo plain, that if there 
be four Numbers, A B, C D, I K,L M, fuch that the 
Diftance between the firfi and fecond be equal to the 
Diftance between th^ third and the fourth : Let the 
Diftance from the fecond to the third be what it will^ 
thefe Numbers will be proportional. For, becaufe 
the Diflances A C, I L« are equal, A B ibali be to the 
Increment D j, as I K is to the Increment M T. 
Wherefore, (by Compofition) AB : D C : I K : M L. 
And coptrarywife, if four Numbers be proportional, 
Che Diftance between the firft and the fecond (halt 

be 
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be equal to the Diflance between the third and th€ 
fourth. ^ 

The Diftance between any two Nuftibers is called 
the Logarithm of the Ratio of thofe Numbers, and 
indeed doth not meaCure the Ratio itfelfi but the Num* 
ber o( Terms in a given Series of Geometrical Propor- 
tioiiafs |>roceeding from one Number to an0lher ; and 
defines the Number of equal Ratios t^ the Compofi* 
tion whereof the Ratios of Numbers are known. 

If the Diftance between any two Number* be dou^ 
ble to the Diftance between two other Numbers^ theit 
the Ratio of the two former Numbers ^11 be the 
Duplicate of that Ratio of the two latter^ For, let the 
Diftance I L between the Numbers I K, L M, be doft-' 
ble to the Diftance A r, between the Numbers A B| 
cd; and fince I L is b'tk&ed in /, we have A f==I /:St, 
/ L ; and the Ra^io of IK to / »t is equal to the Ratio of 
, AB toe d; and fo the Ratio of I K to L M^ the Da« 
plicate of the Ratio of I K tolm (by Def. lo. EL S'h 
ihall be the Duplicate of the Ratio of C B toe i. 

In like manner^ if the Diftance £ L be triple of diti ' 
Diftance A C, then will the Ratio of £F to LM be 
triplicate of the Ratio of A B to C D : For, becaufd- 
the Diftance is triple, there ftiall be three Times more 
Proportioqals from E F to L M, than there are Term* 
of the fame Ratio from A B to C D ; and the Ratio oi 
£ F to L M, as alfo of A B to C D, is compound^ 
of the equal intermediate Ratios {bj Dtf. 5* EL 6%) 
And fo the Ratio of £ F to L M compounded of 
three Times a greater Number of Ratios, (ball be trip<-« 
] icatc of the Ratio of A B to C D. So likewtfe, if the 
Diftance G L be quadruple to the Diftance A c, then' 
fiiall the Ratio of G H to L M be quadruplicate of 
the Ratio of A B to c d» 

. The Logarithm of any Number is the Logarithm 
of the Ratio of Unity to that Number ; or it is the 
Diftance between Unity and that Numrbei^. And fa 
Ldgarithms exprefs the Power; Place, or Order, which 
every Number, in a Series of Geometrical I^rogref- 
fionals, obtains from Unity. For £xample^ ifdierebe 
1 0000000 proportional Numbers from^ Unity to the 
.Number 10, that is, if the Number 10 be in the 
loooooootb Place from Unity ) tltn» 1% wilt be found 
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hy Computationt^ that itr the fame Series from Unity> 
to 2, there are 3010300 proportional Terms ; tbat^is* 
the Number 2 will ftand in the 3010300th Place. In 
like manner, from Unity to 3, there will be found 
4771213 proportional Terms, which Number definea ■ 
the Place of the Number 3. The Numbers looooooo, 
^oioioOt 4771213^ ihall be the Logarithms of the. 
In umbers J, 2^ and 3. 

If the firft Term of the Series from Unity be called 
^ the fecond Term will be >*» the third y^j iffc. And 
fince the Number 10 is the 10, 000, oooth Term of 
the Series, then will >'°***'''°°'' = 10; alfo>3oi*3»o 
— 2 i alfo ^♦•^ 7 1*13 z:: 3 ; and fo on. 

Wherefore all Numbers {hall be fome Powers of 
th^t Number which is the firft from Unity ; and the 
Indices of the Powers are Logarithms of the Num- 
bers. 

Since Logarithms are the Diftances of Numbers 
from Uqity, as has been fliewn, the Logarithm of 
Unity (hall be o ; for Unity is not diftant from icfelf : 
But the Logarithms of Fradions are negative, or de* 
fcending bdow nothing ; for they co on the contrary 
Way* And fo if Numoers, increaung proportionally 
from Unity, have pofitive Logarithms, or fuch as amr 
affeded with the Sign +, then Fradions or Numbers, 
in like manner decreafing^ will have the negative Loga- 
rithms, or fuch as are affe£ied with the Sign-— ; which 
18 true when Logarithms are coniideied as the £)if- 
tance of Numbers from Unity« 

But if Logarithms take their Beginning, not from 
an iiitegral Unit, but from an Unit that is in fome 
Place of decimal Fradiohs ; for Example, from the 
Fraftion ^^^^^-l^^.^^.,^,^ ; then all Fra£tions greater 
than this', will have pofitive Logarithms, and cbofis 
that are Jef^, will have negative Logarithms. But 
more (hall be faid of this hereafter. 

Since in the Numbers continually proportional, CD, 
EF, GH, IK,£sfr. the Diftances C E, EG, GI, 
tsfc. are equal, the Logarithms A C, A E» A G, A I, 
(sf r. of thofe Numbers (hall he equidiiFerent, or the 
Differences of them (ball be equal : And fo the Lo'^ 
g^rithms of proportional Numbers are all in an Arith- 
metical Progreffion i and from thence proceeds thaC. 
cgamon Definitioa of Logarithms^ viz,, that Loga- 

ritbms 
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rtthms are Numbers^ wblcb being adjoined to Proportioriti 
have equal Differences, 

In the firft Kind of Logarithms that Neper pub- 
liOied, the firft Term of the continual Proportionals 
was placed only fo far diftant from Unity, as that Term 
exceeded Unity. For Example, if t; n be the firft Term 
of the Series frotn Unity A B, the Logarithm thereof, 
or the Diftance A n, or B y, was according to him, 
equal to v y, or the Increment of the Number above 
'Unity. As fuppofe v » be 1,0600001, he placed 
0,0000001 for its Logarithm A « ; and from hence, 
by Computation, the Number 10 (hall be the 
23025850^^ Term of the Series ; which Number 
therefore is the Logarithm of 10 in this Form of Lo- 
garithms, and expreflcs its Diftance from Unity in 
fuch Parts whereof vy or A « is one. 

But this Pofitirtn is enurely at Pleafure.; for the 
Diftance of the firft Term may have any given. Ratio 
to the Excefs thereof above Unity ; and according to 
that various Ratio (which may be fiippofed at Plea- 
fore,) that is, between vy and "R y^ the Increment of 
thfe firft Term above Unity, and the Diftance of the 
fame from Unity, there will be produced different 
Forms of Logarithms. 

This firft Kind of Logarithms was afterwards 
. changed by N^per^ into another more convenient one, 
wherein he put the Number lO not as the 23025850**' 
Term of the Series but the 1 0000000**; and in this 
Form of Logarithms, the firft Increment vy (hall be to 
the Diftance By, or A«, as Unity, or A B, is to the 
Decimal Fraftion 0,4342994, which therefore ex- 
prcfles the Length of the Subtangent A T, Fig, 4. 
, After Neper's Death, the excellent Mr. Hfnry Briggs^ 
by great Pains, made and publi(hed Tables of Loga- 
rithms according to thift Form. Now fince in thefe 
TaWles, the Logarithm of 10, or the Diftance thereof 
from Unity, h 1,0000000, and i,i0,i 00, 1000, 10000, 
is^c. are coritinual Proportionals, they fliall be equi- 
dlftant. Wherefore the Logarithm of the Number I bo 
. fliall he 2,0000000 ; of lOOO, 3,0000000; and the 
Logarithm of loooo fliall be 4^0000000 ; and fo on. 

Hence the Logarithms of all Numbers between i 
and 10 muft begin with 0, or o muft ftand in the 

firft 
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flrft Place eo the Left-hand j for they are leiler than 
the Logarithm of the Number lo, whofe Beginning is 
Unity ; and the Logarithms of the Numbers between 
10 and J 00 begin with Unity ; for they are greater than 
i»ooooooo, and kfs than 2,0000000. Alfo the Loga- 
rithms between ico and 1000 begin with 2; for they 
arc greater than the Logarithm of lOO which begins 
with 2, and lefs than the Logarithm of 1000 that* be- 
gins with 3. In the fame manner it is d^monftrated^ 
that the nrft Figure to xhe Left-hand ©f the Loga- 
rithms between 1000 and loooo muft be 3 ; and the 
firft Figure to the Left-hand of the Logarithms be- 
tween 1 0000 and 1 00000 will be 4 ; and fo on. 

The fi/ft Figure of every Logarithm to the Left- 
hand'is calle.d the CharaSeriftic, Or Index, becaufe it 
fhews the higheft or moft remote Place of the Num- 
ber from the Place of Unii^. . For Example, if the 
Index of a Logarithm be i, then the higheft or moft 
remote Place from Unity of the correfpondent Nuni- 
hcr, to the Left- hand, will be the Place of Ten*. If 
the Index be 2, the moft remQte Figure of the corre- 
fpondejit Number fliail be in the fecond Place from 
Unity, that is, it fhall be in the Place of Hundreds } 
and if the Index of a Logarithm be 3, the }aft Figure 
of the Number anfwering to it, (hall be. in the Place 
of Thoufands.^ The Logarithms of all Numbers that 
are in decuple or fubdecuple Progreflion, only di^er in 
their Chara£teriftics, or Indices, they being written in 
ftll other Places with the fame Figures. For Example^ 
theLogarithms of the Numbers 17, 170, 17^, 17000, 
are the fame, unlefs in ther indices ; for fince 1 is to 
1 7,. as 10 to 170, and as 100 to i 700^ and as 1000 to 
17000 ; therefore the Diftances between 1 ai^. 17, be- 
tween 10 and 170, between ico and 1700, and be-^ 
tween 1000 and 17000, iliall be all equal. And foy 
flnce the Diftance between 1 and 17, or the Logarithnei 
of the Number 17 is 1.2304489, the Logarithm of the 
Number 170 will be=:2.2304489, and the Loga» 
rithm of the Number 1700 (hail be 3.2304489, be- 
caufe the Logarithm of the Number icon 
2.0000000. In like manner, fmce the Logarithm .of 
the Number 1000^:3.0000000, the Logaritbrs of the 
Number ijm:Q (hall be 4.2304489. 

Z So 
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So alfo the Numbers/ 6748. 674.,8. 67,48. 6,748- 
0,674^. 0,06748, are continual Proportions in the 
Ratio of 10 to I ; and (o 



3,8291751 
2,8291751 
1,8291751 
0,8291751 
—1,8291751 
— 2,8291751 



their Diftariccs from each 6748 

other (hall be equal to the 6 7 4,8 

Diftance or Logarithm of 6 7,4 8 

the Number 10, or equal 6,7 4 8 

to 1,0000000. And fo, 0,6 748 

fince the Logarithm of 0,0 6748 

the Number 6748 is 

3,8291 75 1 , the Logarithms of the other Numbers (hall 

be as in the Margin ; where you may obferve, that the 

Indices of the laft two Logarithms are only negative^ 

and the other Figures politive; and fo, when thofe 

other Figures are to be added, the Indices mud be ^* 

tra(Sled, and contrariwife. ^ ' 

CHAP., II. 

\ 

0/ the ^Arithmetic of Logarithms in whole 
Number Si or whole Numiers adjoined to 
Decimal FraSlions. Fig. 2. 

T)£caufe, in Multiplication, Unity is to tho'MuIti-* 
^ plicr, as the Multiplicand is to the Produd; the 
Piftance between Unity and the Multiplier (hall be 
equal to the Diftance between the Multiplicand and 
the Produ(9. If therefore the Number G H be to be 
multiplied by the Number E F, the Diftance between 
G H and the Produ£l: muft be equal to the Diftance , 
A £, or to the Logarithm of the Multiplier ; and fo, 
if G L be taken equal to A£, the Number L M ihaU 
be the. Produ<5i ; that is, if the Logarithm of the 
Multiplicand AG be added to the Logarithm of the 
Multiplier A £, the Sum ftiall be the Logarithm of the 
Product. 

In Divifion, the Divifcy is to Unity, as the Divi- 
dend is to the Quotient ; and fo the Diftance between 
the Divifor and Unity ftiall be equal to the Diftance 
between the Dividend and the Qiiotient* SoJf L Wt 
be to be divided by £ £, the Diftance £ A fhall be 
«qual to the Diftance between L M and the Quotient j 

and 
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iart'^ fo, if LG be taken equal to E A^ the Quotient 
^Hl be at G ; that is, if from AL, the Logarithm of 
the Dividend, be taken GL, or AE, the Logarittim 
of the Divifqr, there Will remain A G\ the Logarithm 
of the Q^iotient, "^ 

And from heiice it appears, that whatfoever Ope- 
rations in common Arithmetic. are performed by mul- 
tiplying or dividing of great Numbers, may be done 
much eafier, and rribre ckpediciouflyj by the Additio4 
or Subtraftion of Logarithms, 

For ExampJe, Let the Number 7589 be to be mul- 
ttplied by 6757. Now^ if the Lo- 
garithms bf thbfe Numbers be Log. 3.8801846 
added togfether, as in the Margin, Log. 3 8297^539 
their Sum v^ill be the Logarithm Log. 7- 7999385 
tf <he Produfl, whofe Index 7 
ftiews, that there are (twcn Places of Figures,. Hefides 
Unity, in ttic Produ<9'; and in feefcing this Loga- 
i-ithm in Tables, <ir the neareft equal to it, I find that 
the Nymber anfWering thereto, which is lelTer than the 
ProdwSl, is 51278000; and the Number greater thart 
the Pi-odu6tis 51279000; and if thfe adjoined DifFer- 
cnces, and proportional Parts, be taken, the Num- 
bers that muft be added to the Place of Hundreds and 
Tens m the Produdi are 87 ; and that which muft be 
added in the Place of Uni^y, will neceffarily be 3, fince 
feven Times 9=63 ; arid fo the triie Product ihail be 
51278873. If the Index of the Logarithm had bf^n 
6i>f 9, then the Numbers to be added in th# Place of 
Tens or Hundreds couid not be had from thofe Tables 
of Logarithms which co«fift of but 7 Places of Fi- 
gures, befides the Characleriftic ; and {<^^ in this Cafe^ 
the Valcu:qiLian or ]&riggian Tables fliould be ufed ; in 
the former of which, the Logarithms are all to ten 
Piaces of Figures, and In iheTatret to fouiteen; 

If the Nuqiber 78596 be to be ' 

divided by 276^ by fubtrad^ing the Log. 4.8954004 
Logarithhi of the Divifor From the Log. 2.444,0448 
Logarithm of the Dividend, the JLog. 2.4513556 
Logarithm of the Quotient will be 
had. And to thisXogarithm, the Number 282, 719 
anfwers ; which therefore (haU be the Quoiient. 

"Becaufe Unity, any affumed Number, the Square 
itfaereof, the Cube 4l)e Biquadrate^ £sfr« are all con- 

Z 2 tinual 
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ttnual Proportionals, their Dlftances from each other 
(hall be equal to one another. And fo it is manifeft; 
that the Diftance of the Square from Unity is double 
of the Diftance of its Root from the fame: Alfo the 
DiftaiKe of the Cube is triple of the Diftance of iCi 
Root ; and the Diftance of the Biquadrate is quadrir- 
ple of the Diftance of its Root from Unity, fcf^. Aojl 
{py if the Logarithm of any Nambcr be doubled, we 
(hall have the Logarithm of its Square ; if it be triple^ 
we ftiall have the Logarithm of its Cube ; and if it be 
quadrupled, the Logarithm of its Biquadrate. And 
contrariwife, if the Logarithm of any Number be bi- 
fe^ed, we ftiall have the Logarithm of the Square Root 
thereof : Moreover, a third Part of the faid Loga- 
• rithm will be the Logarithm of the Cube Root of the 
Number; and a fourths Part, the Logarithm of the 
Biquadrate Root of that Number. 

Hence, the ExtraSions of all Roots arc eafily per* 
formed, by dividing a Logarithm into as many Partf 
' as there arc Units in the Index of the Power. So if 
you want the Square Root of 5, the Half of 0,6989700 
muft be taken, and then that Half 0,3494850 will be 
the Logarithm of the Square Root of 5, or the Lo- 
garithm of 4/ 5, to M^hicb the Nuq;iber 2,236068 
nearly anfwers. 

CHAP. III. 

0/ the Arithmetie t>f Logarithms ^ when the 
Numbers are FraSlions. Fig. 3. 

^Tir HEN Fraftions arc to be worked by Loga- 
^^ rithms, it is neceffary, for avoiding the Trou* 
ble of adding one Part of a Logarithm, and fubtrad- 
ing the other, that Logarithms do not begin from an 
integral Unit, but from fomc Unit that is in the Tenth 
or Hundredth Place* of Decimal Fr^Sions: For 
Example, let P O be ^^^^^^^, and frbna this 
let the Logarithm begin. Now this Frafbion is 
ten Times morediftant from Unity to the Left-hand, 
than the Number 10 is diftant therefrom to the Right \ 
for there are 10 proportional Terms in the Ratio of 
10 to 2, from Unity to P O. And fo, if A 6 be Unityi 
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the Logarithm thereof, according to this Suppofitionf 
will not be o, but O A=io.ooooooo, Now the 
Diftance of Ten from Unity is i.qoooooo, whence 
the Diftance of the Number lo from P O will be, 
ii.OOOOOOO. Alfo the Diftance of the Number 
loo from P O, or its Logarithm, beginning from PO, 
(hall be 12.0000000 ; and the Logarithm of 1000, or 
the Diftance from P O, will be 1 3.0D00000- And thus, 
the Indices of aH Logarithm^ are augmented by the 
Number- ip; and thofe Fractions whofe Indices axe 
— -I4 or — 2, or — 3, Wf. are now made 9, 8, or 7, bfc. 

But if Logarithms begin from the Place of a Frac- > 
tion, whofe Numerator is Unity, and Denominator 
Unity with j 00 Cyphers added to it (which they muft 
do when Pradtons occur that are lefs than P O), then 
that FraAion will be 100 Times more difl:ant from 
Unity, than 10 is diftapt from it ; and fo the Loga* 
rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Ten^ will have 101 for the , 
Index, that of any Hundreds 102, and fo on; all the 
Indices being augmented by the Number joo. 
. The Logarithms of all Fractions that arc greater 
than PO (whereat they begin) wili be pv^iitive. And 
fincc the Numbers jo, i, ^^ 3-^-^, t-^z>' ^'^'- are m 
a continual Geometrical Progrefli^n, they will be 
equally diftaat from each other ; and accot dingly their 
Logarithms will be equidifFerent : And fo, when the 
Logarithm* of 10 is li.OOOOCOO, and the Logarithm 
of Unity is 10.06000005 then the Logarithm of the 
Fraftion ^ H^ill be 9.0000000, and the Logarithm, 
of the Fra<ftipn ^^ will be 8.0000000 ; and, in like 
manner, the Index of the ^Logarithm of T-^g-^ will , 
be J. Alfo, for the fame Reafon,' if the Index of the 
Logarithm of Unity be 100, and of 10 be loi, then , 
will the Index of the Logarithm of the Fia<3ion ^^ be 
99, and the Index of the Logarithm of .^J^ will be 98, 
and the Index of the Logarithm of the FraSion-,^'^^ 
fliall be 97, i^c. And thefe Indices (hew in what Place 
from Unity the firft Figure of the Fraftion, not be- 
ing a Cypher, muft be piit. For Example, if the Index 
be 4, the Diftance thereof from the Indeji of Unity 
(which is 10), v/z. 6, (hews thatthe firft fignifica- , 
tive Figure of the Decimal is jn the fixth Place from 
Unity i and 'therefore five Cyphca are 10 be prefixed 
^ Z 3 thereto 
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thereto towards the Lefuhand. So, alfo, if the Index 
qi Unity be lOO, and the Index of the Fradion be 8o« 
the firft Figure thereof (hall be in the 20th Place from 
Unity, and 19 Cyphers are to be prefixed thereto. 

Now", lee it be required to multiply the Fradtoirt 
G tt by the Frafiion D C. Bccaufe y nity is to the 
Multiplier as the Multiplicand is to the Produd; the 
Diilance between Unity and the Multiplier fhall be 
equal to the Diftance betweet^ the Multiplicand and 
the Produft. Therefore, if there be takfen G I=:A C, 
the Produft I K (hall be, at 1. And, accordmgly, if 
from O G, the Logarithm of the Multiplicand, thcref 
be taken G I or A C, there will remain O I, the Logz- 
lithm of the Produft. But A C=0 A— O C, which 
taken from OG, there will remain OG+OC — 
O A=:0 1 i that is, if the Logarithm of the Multiplier 
and Multiplicand be added together, and from the- 
Sum be taken the Logarithm of Unity (which is 
always exprefTed by 10 or lOO with Cyphers), the Lo- 
garithm of the Produft will be had. For Example^ 
let the Decimal Fradiion 0,00734 be to be multipliedl 
by the Fradtion 0,000876. Set down 100 for the 
Index of the Logarithm of Unity, and then the Lo- 
garithms of the Fradiions will be as in the Margin y 
which being added together, amf the 
Logarithm of Unity being taken away 97*8656961 
from the Sum, the Remainder is^the 96,942504? 
Logarithm of the Produft, whofe In- 94,^082602' 
dex 94 (hews, that the firft Figure of 
the Prodiidt is in the fixth Place from Unity ; and fq 
there muft be five Cyphers prefiifed, and thent^ Pro- 
duft will be 0,00000642984. 

In Divifion, the Divifor Is lo Unity, as the Divi- 
dend is to the Quotient ; and fo the Diftance between 
the Dtvifpr and Unity (hall he equal to the Diflance 
between the Dividend and Quotient. And fo, if 
^hc Fradlion I K be to be divided by DC, you muft 
take IGziC A, and the Place of the Quotient fhall 
beG. But CAnrOA— OC, which being added 
to 01, we have O A-f OI— 00=0 G ; that is^ 
if the Logarithm of Unity be added to the Logarithnx 
of the Dividend, and from the Sum be taken the Lo- 
.garithm of the Divifor, there will remain the Loga- 
pthm of the Quotient j (q if the Number C D be tQ 
' ■ ' ■ ' ■^- ■ ' • " be 
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be divided by I K, you muft take the Diflance CSrs 
1 A, and then S T will be the Quotient, whofe Loga- 
rithm is O A+O C— O I. Let C D=o.347^, I K, 
=0.00^478. Then add the LogaVitlim 
of Unity to the Logarithm of C D ; 195403195 
that' is, pnt i or 16 before the Index 7-6794279 
thereof, and from that fubtraS the Lo- ■ ' ^ 

garithm of the Divifor, and the Remain- 1 1. 860901 6 
der will be the Logarithm of the Quo- 
tient, whofe Index 1 1 (hews, that the Quotient is be- 
tween the Numbers 10 and lOO; and I feck the Num- 
ber anfwering the Legaiiihm, which I find to«bc 
72,594. If the Logarithm of a Vulgar Fradion, for 
Example ^, be required, the Logarithm 
of Unity muft be added to the Loga- 10.8450980 
#ithm of the Numeiator 7 ; or, which o 9030900 , 
is all one, you muft put 10 or 100 be- — . 
for the Index thereof, and fubdudt from 9.9420080 
it the Logarithm of the Denominator 
8 ; and there will Jtniain the Logarithm of the Vul- 
gar Fraction ^ or the Decimal .875. 

If the Powers of any Fraction D C be required, you 
muft affume E C» E G, G 1, I L, each equal to A C ; 
and then EF will be the Square, G H the Cube, and 
I K the Biquadrate of the Number D C ; tor they are 
contintually proportional from Unity. Btfides, A E3: 
^ AC-2 A 0—2 OC 5 whence O E=(>A— A E 
*=2 O C — O A ; thaft is, the Logarithm of the Square 
is the Double of the Logarith,m of the Root, lefs the 
Logarithm of Unity. In like manner, fmce A Gzr 
3 A Ci= 3 O A— 3 O C, we (hall have O G=:0 A— 
A G=: jOC — 2 O A=: the Logarithm of the Cuhe, 
zz triple the Logarichfrt of the Root, — the Doublcj 
of the Logarithm of Unity. F9r the fame Reafon, 
becaufe A I = 4 A C"= 4 O A — 4 O C, we have O I 
rz 4 O C— 3 O A, which is the Logarithm of the Bi- 
quadrate. And, univerfally, if the Power of a Frac- 
tion be ;?, and' the Logarithni L, then (ball the Loga- 
rithm of the Power nzzn L — n O A+O A ; that is, 
if the Logarithm of a Fra£iion be multiplied by n^ aud 
from the Product be taken the Logarithqf) of Uiiity, 
multiplied by «• — i, the Logarithni of the Fov^cr n of 
fhat FraiSlipn will be had. \ 

^4 f 9^ 
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For Example, if it is required to find the 6tfa 
Power of the Fra£Hon iVT,05, the Logarithm of this 
Fradiion 8.6989700, which, being multiplied by 6, 
* gives the -Number 52.i9382<»o ; and if from 52 the 
Number 50, which is the Index of the Logarithm of 
tJnity drawn into 5, be taken away, the Remainder 
will be the Logarithm of the 6th Power, viz. 
2. 1938200, to which the Number ,00000001 5625 in- 
, fwers. For the Index 2 ihews, that 7 Cyphers muft 

be put before the fird Figure. 

If the 8th Power of the Frafiion ,05 be required, 
by multiplying the Logarithih by 8, there will be 
produced 69.59 1 7600; and fmce 70, which is feven 
Times the Index of the Logarithm of Uriity, cannot be 
taken from 69* unlefs we. run into negative Nunibcrsi, 
the index of the Logarithm of Uhity mud befuppofed 
100, and then the Index of the Logarithm of the 
TtaStion will be 98. Now this Logarithm drawn into 
9> gives 789,5917600; and if 70c, which is 7 Times 
the Index of the Logarithm of Unity, be taken from 
789, there will remain 89.5917600, the Logarithm 
of the 8th Pbwer of thc^ Fradion J5^, whofe correfpond- 
ent Number IS ,000000000039062. For fincethelo- 
dex is 89, and the Difference thereof from 100 is 11 ; 
the firft fignificative Figure of the Fraction flull be in 
the iith Place from Unity; and fo there muft be 10 
Cyphers placed before it, 

if the Roots of the Powers of FraSions be deftred, 
for Example, the Square Root of the Fradion E F ; be-^ 
caufe the Root is a mean Proportional between the 
Frailion and Unity, you muft btfeft AE in C, and 
then C D will be the Square Root of the Frafhon Ef • 

OA— OE 
But AC :^ ^ AE = ^ — -^ ; and fo the Loga- 

OA+OE 

rithm of the Root =: OA— AC :^ T"^' And 

2 

if the Ctibe Root of the Frafliori GH be fought, this 
(hall be the firft of two mean Proportionals between 
Unity and GH; and fo, if AG be divided into three 
equal Parts, the firft of which is AC, the« CD (hall 
be the Root fought : And becaufe AC == 4 A G zz: 
OA— OG^ if this be taken from O A, there will 
- 3. remain 
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* remain it rr O C r= LogaHthoi of the Cube 

3 i 

Root of the Fraftion G H; So, likewifc, the Bi^ua* 

drate R,oot of the FraaK^ I K will be had, by di- 
viding Al iiTto four equal Parts ; for the Root is the 
firft of three mean Proportionals between Unity 
and the Fradion ; and, confeqaently, if A C =: J A 1, 
then will C D be the Biquadtate Root of the Fraaion 

IK. ButAC = fAl=.2±=2L5 and fo OC = 

oA-Ac=?2M2I. - "" 

4 
And univerfally, if the Root of any Power n of the 

Fraflion L M be required j. the Logarithm of the Root 
thereof will bq «QA-:^OA-l-OL . ^j^^^ .^^ .^ ^^^ 

n 
Number n — i be prefixed to thelnde^ of the Loga- 
rithm, and the Logarithm thus augmented be divided 
by «, the Quotient will give the Logarithm of the 
Root fought. So if the Cube Root of the PVadlion \ or 
.5 be fought, you muft place 2=/r — i (fince the Cube 
Ropt is required) before the Logarithm thereof, and 
there will be had 29.6989700, a third Part of which \% 
9,8996566, whi^ch is equal to th€ Logarithm of the 
Cube Root of the Fraftion \ ;. and the Number ,793}^> 
anfwering to this Logarithm, is the Root fought. 

C H A P. IV. 
Of the Rule of Proportion by Logarithmic 



'TpHE Rule of Proportion (hews how, by having 
-* three Numbers given, a fourth Proportional to 
them may be found ; v/z. if the fecond and third 
Terms be multiplied by one another; and the Produft 
divided by the fiil| Term, then will the Quotient be the 
fourth proportional Term fought. But this fourth Term 
is much eafier found by Logarithms ; for if the Loga-r 
rithm of the firft Term be taken from the Sum of the 
Logarithms of the fecond and third Term, the Num- 
ber 
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ber remsumng will be the Logarithm of the fourth, 
fought. 

Or this may be done fomething eaiier yet, if inftead 
of the Logarithm of the firft Term be taken its Com- 
plement Arithmetical, or the Difference of that Lo- 
garithm, and the Number lO.ooooooo, which is 
done by fetting down the Difference between each Fi- 
gure of the Logarithm, and the Figure 9 ; for then, if 
that Arithmetical Complement*be added to the Sum 
of the other two Logarithms ; and if Unity, which is 
the firft Figure to the Left-hand, be taken from the 
Sum, the Remainder will be the Logarithm of the 
fourth Term fought ; and fo, by this Way, the Loga- 
rithm of the fourth Term ts found by only one Addition 
of three Numbers. The reafon of this will be manifeft 
from hence :, Let there be three Numbers A, B, C, 
the firft of which is to be taken from the Sum of the 
(econd and third. Now this may not only be done 
by the common Way, but, likewife^ if there be any 
other Number £ taken, and from this there be taken 

A, thele will remain E— A ; and| if the Numbers 

B, C, and £ — A, be all added together, and from 
their Sum be takert £, there will remain B-f-C — A. 
So, if the Number 15 be to be taken from 23, 

take the Complement of the Number 15 to 100 85 
jwhich is 85, and add' this Number to 23, and 23 
the Sum will be 108, from which 10c being 7^ 
taken, there remains.the Niimber 8. 

Here follow fome Trigonometrical Examples of the 
Rule of Proportion folved by Logarithms. 

Let ABC be a Right-lined Triangle, wherein are 
given the Angle A 36 Degrees 46', the Angle B 98 
Degrees 32', and the Side B C 3478 ; the Side A C is 
required. Say {^Ify Cafe i. 6f Pia^ne Trig.)^^ z% the Sine 
of the Angle A is 

to the Sine of the Arith. Comp. S, A. 0.2228938 
Angle B, fois BC Log. Sin. B. 9.9951656 

to A C. And be- Log. B C. 3-5413296 

caufe the Loga- Log. A C. i^ysQ^Boo 

liihmSine of the ^ '^^^ ^ 

Angle A is the firft Term of the Analogy, I fubftitute 
its Complement Arithmetical for the Tame, and add 
the Logarithm of BC, the Logarithm of S, B, and 
the faid Complement, all three together, and rejedl 

ynity 
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TJnity, which is in the firft Place to the Left-hand ; 
and then the Logarithm of the Side A C will be given^ 
and the Number anfwering thereto is ^746,306, equal 
to the Side fought A C. 

Let there be a Spherical Triangle ABC, in which 
are given all the Sides, vt%, B C = 30 Degrees, , 
A B=:24 Degrees 3', and ACi=42** Degrees 8'; the 
Angle B is required. Let B A be produced to M, fo 
that B Mi^B C s then will A M, the piiFcrence of the 
Sides BC, BA, be equal to 5 Degrees 57'. Now 
{hy Cafe 11. in oblique-angled Spherical Tfiangles) 
fay. As the Redangles under the Sines of the Legs is 
to t^e Square of Radius, fo is the Re6(angle under the 
Sine, of tht Arcs AC + AMAC^AM ^^ ,j,, ^ 

'2-2 

of the Sine o^ one half the Angle B. 
But AC+AM ^ ^^ p^g^^„ ^^.^ ^„j AC-AM 

r: 18 Degrees 6' ; and becaufe the firft Term of thp 

Analogy ii the Redangle under the Sines of ^B, BC, 

and the fecond Term is the Square of |ladius, the Sum 

of the Logarithm Sines A B, BC, muft be taken from 

double the Logarithm of Radius, and what remaint 

muft bd added to the Sum of the Logarithm 3, of 

AC+AM , AC — AM u- u • \u / r 

,_!I , and , which 13 the fame as \t 

2 ^ 

the Logarithpn Sines of each of the Arcs A B, B C, 

r>. r ' Log. S, BC Comp. Arith. 0.3010299 
uactwd rrom j^ g^ ^3 ^^^^ ^^-^^^^ 0.3898364 

tne t.og. or ^^ aC + AM , ^q 

4iaaius;orif Log. b, — - — t — ._ 9.0090002 ' 

theComple- r» ^ ^/^ 

ments Arith- Log. S, ^C-AM 9.4923083 

metical of / '2 . 

thefe Sines 2 Log. S ^ Angle B 19.7930549 

be taken, and 

thofe Complements and th^ faidSint^be al):. added to- 
gether, then (hall |he Sum be the Logarithni of the 
Square pf the Sine of half the Angle B. And fo the 
Half thereof, viz, the Logarithm 9.856^274, is ihe 
Logarithm Sine of half the Apgle B— 51 Degrees 59' 
56", and the Double of this Angle (hall be 103 De- 
arees 59' 52" = B, which was fought, 

C H( A P. 
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C H A P. . V. 

« 

Of the continual Increments of propor^ 
tional ^antitiesj and bow to find by Lo- 
garithms^ any Tferm in a SeYies of Pro-- 
portionals^ either increajing or decreafng. 

1 F any where in the Axis of the Logarichmetical 
* Curve, there be taken any Number of equal Parts 
S V, V Y, Y d, ^c. and at the Points S, V^ Y, 
Qj ^c,^ be raifed the Perpendiculars S T, V X, Y Z, 
Qn, &c. then, from the Nature of the Curve, (hall all 
thefe Perpendiculars be continually proportional ; and 
therefore, alfo, the continual Incremenis X*, Zz, IT^r, 
(ball be proportional to their Wholes, For fince S T : 
VX : : VX : YZ : \ YZ : QH, it (hall be (by Divifion 
of Proportion) STiX*:: V^X: Z«.::YZ:n5r; 
and (by Compofition of Proportion) VX:X;ir :: YZ: 
Zz : ; Q/l : Ilcr. Hence if X;r.be any Part of any 
Right Line S T, then will Zz be the fame Part of the 
Right Line V X, and alfo TItt the fame Part of the 
Right Line Y Z. For Example, if X* be t4ie ^ 
Part of ST, then will Zzzi-^^ VX, and n^— ^V YZ ; 
or, which comes to the 6me, we fliall have V X=r 
ST + ^,ST, YZ = VX+J^VX, alfo, Cin:;^ 
YZ+^YZ. 

Now make, as S T is to V X, fo is Unity A B to 
NR ; thert, (hail AN = S V ; and fo each of the 
Right Lines S V, V Y, YQ^, ^c, (hall be ecfiial to 
the Logarithm of R N j and A V, the Logarithm of 
the Term VX, (hall be equal to AS+AN=:Loga- 
rithm of S'T+Logarithrh of N R. Alfo A Y, the 
Logarithfn Of the Term Y Z, (hall be equal to A S-H 

2 A N =r Logarithm S T -f 2 Logarithm N R ; and 
AQ, the Logarithm of the Term Q^II, (hall be equal to 
AS + 3 A N r: Log^arithm S T + 3 Logarithm N R. 
And univerfally, if the Logarithm of the Number N R 
be multiplied by a Number, exprefling the 'Diftance 
of any Term from the firft, and the Produft be added 

to * 
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to the Logarithm of the firft Term, then will the Lo- 
garithm of that Term be hiad : But if a Series of Pro- 
portionals be decroaiing, that is, if the Terms diminifh 
in a continual Ratio^ and QJI be the firft Term i 
then the Logarithm of any other will be had, by multi- 
plying the Logarithm of the Number N R, by a Num* 
ber that exprcfles the Diftance of its Term from the 
firft, and fubtrac^ing the Produ^ from ths Logarithoi 
of the firft. And if the faid Produd be greater than 
the Logarithm of the firft Term, theji the Logarithms 
muft begin from a Unit in fome Place of Decimal 
Fraftions, as from O P, and then the logarithm o§ 
the Number Qp will be O Q. 

Now, let LM reprcfent any Money, or Sum of 
Money, put out to Intereft, fo that the. intercft there- 
of be accounted but at the End of every Year, and 
let Ki be the -Gain or Intereft thereof at the £nd of 
the firft Year ; then will I K be the Sum of the In^ 
tereft and Principal. And 9gain I K, becoming the 
Principal at the End of the firft Year, H A, which is 
proportional to JX, or in a conftant Ratio, will b^ 4he 
Gain at the End of the fecond Year ; and fo H G, at 
the End of the fecond Year, will become the Princi- 
pal ; and at the End of the third Year Ff^ propor- 
tional to G H, will be the Gain* Now let us fuppofe the 
Principal to be augmented every Year ^ Part jherc- 
of,fothatlK=LM+ J!^LM,GH=1K + ^^IK, 
E F — G H — V-o G H^ ^"^ ^^ o^* A.pd accordingly, 
the Terms J-rM, X K, G H, EF, fej't. arc continual Pro- 
portionals, and it is required to find ilhe Amount of the 
Money at the End of any Number of Years, 

Let L M be a Farthing. Becaufe L M is to I K as 
I to I -f ^, or as 1 to 1 .05, as A B is to N R, then 
will N R=: 1 »Q5, whofe Logarithm A N, is 0,021 j 893, 
or, more accurately, p.02 1 892991, it is. required to 
find the Amount of a Farthing, put out at Compound 
Intereft, at the End of 600 Years. Multiply A N by 
600, and the Produ(Sb will be 12.7135794, and to this 
Produfi add the Logarithm of the Fradtipn .5^, viz, 
97.0177^88 (for a Farthing is ^^ Part of a Pound), 
and the Sum 109.7313082 (hall be'the Logarithm of 
the Niimber jfought ; and firice the Index 109 exceeds 
the Index of Unity by 9, there fhall be nine Places 
of Fi^ores above Unity in the corrcfponci^nt Num- 
ber ; 
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bcr 5 and that Number, being fought in the Tables^ 
will be found greater than 5386500000, and Icfs than 
.5386600000. And therefore a Farthine put out, at 
Incereft upon Intereft, at 5 per Cent, p€r Annum^ at the 
End of 600 Years will amount to above 5386500000 
Pounds; which Sum could hardly be made up, by ail 
ihe Gold and Silver that has been dug out of the Bow- 
els of the Earth, from the Beginning of the World to 
this Time. , 

Let Qjl expound any Sum of Money due to feme 
Perfon at the End of a full Year. Now it is certain, 
that if the Debtor (hould pay down, at .prefent, the 
v^hole Sum of Money, he would lofe the yearly Ufury 
or Intercil that his Money would gain him ^ and fo a 
lefTer Sum, being put out to Intereft, will, at the End 
of one Year, together with the Intereft thereof, be equal 
to thie Sum of Money Q^II. Now thib prefent Sum of 
Money, which, together with the Intereft thereof,is equal 
fo the Sum of Money Q;n, is called the prefent Worth 
of the Money Q^II. Let A N be the Logarithm of the 
Ratio which the Principal has to the Sum of the Princi- 
pal and Intereft, that is, if the PritKipal be twenty Times 
the yearly Intereft, let AN be the Logarithm of the 
Number i + \sOV 1*05, and take QY equal to AN t 
then will AY be the Logarithm of the prefent Worth 
of the Money QJI. For it is manifeft, that the Mo-* 
ney Y Z put out to Intereft, will, at the End of one 
Year, amount to the Money Q^n ; and fo, to have^he 
Logarithm of the prefent Worth thereof, or Y 2>, 
the Logaitthm AN muft be taken from the Loga- 
rithm A Q^^ and there will remain the Logarithm A Y 
of the prclent Worth, or Y Z. But if the Sum Qjt 
be not due tdl the End of two Years, then the Loga*- 
rithm 2 A N muft be fubtratSed from the Logarithm 
AQj, and there will remaii) AV, the Logarithm of 
the ptefent Worthy or of thie Sum that muft be paid 
at prefent for the JMoney Q;tl due at the End of 
two Years. For it is manifeft, that the Money V X 
being put out to Intere^, will, at the End of two 
Years amount to the Sum of Money Qll. By (he 
fame Reafon, if (lie Sum QjI be not due until the 
End of three Year^, the Logarithm 3 A N muft be fub- 
trai^ed from the Logarithm of Qtl, and the Remainder 
AS ihail be the Logarithm of the Number ST, or 

ST 
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ST (hall be the prefent Worth of the Sum Qjl due 
. at the three Years End. And univerfally, if the Lo- 
garithm AN be multiplied by the Number of Years, 
at the End of which the Sum Q^II is due, and the 
Number produced be taken from the Logarithm A Qj, 
then will the Logarithm of the prefent Worth of the 
Sum Q^n be had. And from hence it is manifeft, if 
5386500000 Pounds be due to fome Society at th« 
End of 600 Years, then would the prefent Worth of 
that vaft Sum of Money be fcarcely a Farthing., 

If the proportional. Right Lines HG, E F, A B,C D, 
Figt^. 2iXt Ordinatcs to the Axis of the Logarithm^tical 
Curve^ and if their Ends F H, D B, be joined by Right 
Lines, which, produced, meet the Axis in the Points P 
and K, then the Right Lines G P, A K, will be always 
equal. For fmcc GH:EF::AB:CD;it will be, alj 
GH : F j: : A B :D R. But becaufe of the equiangular 
Triangles PGH, HiF, asalfoKA B, BRD, wehavc 
PG:Hj::(GH:Fi::AB:DR::) KA:BR. 
And fince the Confequents H j, BR, are equal, th« 
Antecedents^P G, K A, (hall be alfo equal. W. W. D* 
If the. Right Lines C Dy E F, equally accede to 
A B, G H, lb that the Foint D at laft may coincide 
with B, and the Point F with H, then the Right Lines 
D B K, F H P, which did cut the Curve before, will 
be changed into the Tangents B T, H V. And the 
' Right Lines AT, G V, \yill be always equal to each 
other; that is, the Portion of the Axis AT, orGV^ 
intercepted between the Ordinate and the Tangent, 
which is called the Subtangent, will every where be 
of a conftant and given Length. And this is one qf 
the chief Properties of the Logarithmetical Curve j for 
the different Species or Formu of thofe Curves are 
determined by the Subtangents. 

The Logarithms, or^ the J)iftances from Unity of 
the fame Number, in two Logarithmetick Curves of 
different Species, will be proportional to the Subtan- 
gents of their Curves. > For let HB D, S NY^ Fig, 4,5. 
be Curves, whdfeSubtaneents are AT, MX, and let 
A B=M N=Unity; alfo; D C=C^Y; then fhall A C, 
the Logarithm of the Number C D, in 'the. Logarithm 
metick Curve HD, be to M Q^, the Logarithm of the 
Number QY (or of the faid C D), in the Curve 
S Y^ as the Si^btangent AT is to the Subtangent 

- MX. 
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MX. Vor let there be fuppbkd an infinite Number 
oF mean Proportion^ Terms between A B, C D» or 
M N, Q^Y, in the Ratio of A B to a If, or MN to 
mn; and fince A B = MN, then will ah z=, mn^ as. 
alfo b c zzno.'^ And becaufe the Number of propor> 
tional Terms in each Figure are equal, they dodivide 
the Lines A C, M Q^, into equal Numbers of Part:>, 
the firft of which are ka^ Mm, and io the fa'id Parts 
fhall be proportional totheit- Wholes ^ that is^ it will be 
asAfliMw:: AC:MQ. And becaufe the Tri- 
angles TAB, Ecby are funilar (for the Part of the 
Curve B b nearly coincides with the Portion of the 
'J-angent), as alfo the Triangles X M N, N « 17, we 
have Atf, or Be : ^c : : T A : A B. 

Alfo, as ^tf, or ^e : N ^ : : M N, or A B : M X. 

Where (by Equality of Proportion) it will be, Be ! 
Ntf::TA:MX:: AfliMw:: AC:MCt; which 
mas to be demon/hated. If A T be called tf, fince 

AB : AT : : i^e : Br, then will B r.i fil^. 

AB 

Hence, if the J.ogarithm of a Number extremely 
near Unity, or but a fmali M*itt^ exceeding it, be 
given, then will the Subtangent of ihe Logarithmetick . 
Curve be l\ad; For the Excefs bc'is to the Logarithm 
Be, as Unity A B is to the Subtangent A T. . Or even 
if there are any two Numbers nearly equal, their Dif- 
ference fliall be to the DifFerence of the Logarithms, 
as omt of the Numbers is to the Subtangent. For 
Example, if the Increment be ht ,00000 00000- 
00001 02255 3194s 60259, and Bf or ha the Loga- 
rithm of the Number ^ ^ be ,00000 00600 oocoo- 
44408 92C98 50062. Now if a fourth Proportional 
be found to the faid two Numbers and Unity, viz. 
43429448190325 1, this Number will give the Length 
of the Subtangent A T, which i& the Subtangent of 
the Cut ve txprt-fiing Brifgs^s Logarithms. 

If a Sum of Money be put out to Intereft on this 
Condition, that a proportional Part of the yearly Rate 
of Intereft thereof be accounted every Moment of 
Time, viz. fo that at the End of the firft Moment 
of Time, Qr indefinitely fmall Particle of a Year, the 
Intereft gotten thereby be pr>:p'>rtiona] to that Time 5 
which being ^ddedto the Principal, again begets In- 
tereft at the End of the fecond Moment of Time, 

and 
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and then the Principal and this Interef! become a 
Principal, and (b on ; it is required to find the Amount 
of that Sum at the Year's End* Let a be nearly the 
Intereft of Unity, or of one Pound, Then^ if one 
whole Year, or i, gives the Intereft i7, the indfefinitely 
ftnall Particle of a Year M m will give the Intereft 
M 97 4- ^, proportional to M m ; and, accordingly, if 
Unity be expounded by MN, the firft Increment 
thereof fhall be « a = M w'x «. ^ This* being granted, 
let a Logarithmetic Curve be fuppofed to be defcribed 
through the Pbtnts N «, whofc Axis is O M O . 
Then, in this Curve, if the Proportion of the Axis M Q^ 
exprefles^ the Time, the Ordinate Q^Y will reprefent 
the Money proportibnally increafing every Moment^ 
to that Time. • For if there be taken m /, &c. = M w, 
the Ordinates Ip^ &ic;. ihall be a Series of continual 
Proportionals in the Ratio of MN lo mn; that is^ 
they increafe in ^he fame Ratio as the Money doth. 

Again, Let the Right Line N X touch the Loga* 
rithmetical Curve in N, and the Subtangent thereof 
MX (hall be conftant and invariable, and the fmall 
Triangle N ^n (hall be fimilar to the Triangle XMN. 
But it has been proved, that the Increment n o =M m 
X flSiNtf =±:dr;and (ondifJ oil's o Xa:t^ o ::ai 
I. But as n oit to N «, fo (hall M N be to MX. 
Wherefore it (hall be, as a is to i, fo is M N, or i» 
lo M X = ^ =: Subtangent. 

Now if the yearly Rate of Intereft be ^ Part of the 
Principal, or if a ts:^ :=:.05, ^^^^ ^'^^ M X x j^ 

sz 20. 

Becattfe in different Forms of Logarithms, the 
Logarithms of the fame Number are proportional to 
the Subtangents of their Curves : If M Q^ exprefles 
the Time of a whole Year, or Unity, then ihali QJY 
be the Amount of the Money at the Year's £nd« And 
to find Q^Y, fay, As M X^ or ^*^, is to 0.4342944. 
(which Number expounds the Subtangent of the 
Logarithmetic Curve expreffing Bnggs's Logarithms), 
fo is one Year, or Unity, to a Bnggian Logarithm, 
anfwering to the Nomher Q^Y. This Logarithm will 
be found 0.0217147, and the Number anfwering to 
the fame is 1.05127 == QY, whofe Increment ab ve 

A a Unity, 
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Unity> or the Principal, exceeds the yearly Intereft 
,05 but a fmall Matter. And fo if. the yearly In« 
' tereft of 100 Pounds, be 5 Pounds, the proportional 

yearly Intereft, which is added to the Principal joo 
at the End of each Particle df the Year, will amount 
only at the Year's End to 5 Pounds 2 Shillings and 64 
Pence. 

And if fuch a Rate of Intereft be required, that 
every Moment a Part of it continually proportional 
to the increadng Principal be added to the Principal, 
fo that at the Yearns End an Increment be produced 
that ihall be any given Part of the Principal > lor 
Example, the -^^ Part; fay. As the Logarithm of tlie 
Number 1.05 is to i ; that is, as 0.0211893 is to i $ 
fo is the Subtangent 0,4342944 to i* =: 20.49, ^^^ 

I 
then will a =: — — =.0488. For if fuch a Part of 

20.49 
the Rate of Intereft .0488 be fuppofed, as anfwers to 
a Moment, that is, having the fame Ratio to .0488 as 
a Moment has to a Year, and it be made, as Unity is 
to that Part of the Rate of Interefi, fo is the Principal 
to the momentaneous Increment thereof; then will 
the Money, continually increaftng in that Manner, be 
augmented, at the Year's End, the ^ Part thereof. 

CHAP. VI. 

Of the Method by which Mr. Briggs com^ 
puted his Logarithms 9 and the Demon* 
Jiration thereof. 

A Lthough Mr. Briggs has no where defcribed the 
^^ Logarithmetical Curve, yet it is very certain, 
that, from the Uie and Contemplation thereof, the 
Manner and Reafon of his Calculations will appear. 
In any Logarithmetical Curve HBD, let there be three 
Ordinates A B, t2^, qs^ nearly equal to one another; 
that is, let their DiiFerences have a very fmall Ratio 
to the faid Ordinates ; and then the Differences of 
their Logarithms will be proportional to the Differ- 
ences of the Ordinates. For fince the Ordinates arc 
nearly equal 10 one another, they will be very nigh 

to 
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to each other; and fo the Part of the Curve Bx, iti* 
tercepted by them, will almoft coincide with a ftrait 
Line ; for it is certain, that the Ordinates may be fo 
near to each other, that the. Difference between the 
Part of the Curve, and the Right Line fubtending if, 
may have to that Subtenfe a Ratio iefs then any 
given Ratio. Therefore the Triangles Bcbj Bri, 
may be taken for Right- lined, and will be equiangu- 
lar. Wherefore, zssr:hc::Br:Bc::Aq:fiiai 
that is, the Exccffes of the Ordinates, or Lines above 
the leafl:, (hall be proportional to the Differences of 
their Logarithms. And from hence appears the Rea«- 
fon of the Corredion of Numbers and Logarithms 
by Differences and proportional P^rts* But if AB 
be Unity, the Logarithms of Numbers fliall be pro- 
portional to the Differences of the Numbers. 

If a mean Proportional be found hcvwcin i and lo, 
or, which is the fame Thing, if the Square Root of lO 
be extracted, this Root or Number will be in the mid- 
dle Place betweenUnity and the Number lo, and the . 
Logarithm thereof fliall be 4. of the Logarithm of 10, 
and (o will be given. If, again, between the Number 
before found, and Unity, there be found a mean Pro- 
portional, which may- be done by extracting the Square 
Root of the faid Number, this Number or Root, will 
be twice nearer to Unity than the former, and its Lo* 
garrthm will be one Half of the Logarithm of that, or 
one Fourth of the Logarithm of jo. , And if in this 
manner the Square Root be continually extra6led, and 
the Logarithms bife£ted, you will at laft get a Num- 
ber, whofe Diftance from Unity fliall be Icfs than the 

- ^ c - o 6 6 6 a -gWg-^oTTg-g Part of the Logarithm of lO. And 
after Mr. i^r/^^i had made 54Extra(5tionsof the Square 
Root, he found the Number i.ooooo ooooo ooooo- 
12781 91493 20032 3442; and its Logarithm was 
o. ooooo ooooo ooooo 05551 11512 31257 82702. 
Suppofe this Logarithm to be equal to A ^, or B r, and 
let f i be the Numder found by extrading the Square 
Rodtj then will the Excefs of this Number above 
Unity, viz. rszz ,coooo oooco ocooo 12781 91493- 
20032 3442. 

Now, by means of thcfe Numbers, the Logarithms * 

of all other Numbers may be found in the following 
manner : Between the given Number (whofe Loga- 

A a 2 lithm 
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ritbm is to be found) and Umty^ find (b many neao 
Proportionals (as above), till at \%A. a Number be got* 
ten io little exceeding Unity, that there be 15 Cyphert 
next after it, and a like Number of %nificatiye Ftgure^ 
after thofe. Let this Number ^e ahy and let the fignifi* 
native Figuree!, with the Cyphers prefixed before them^ 
denote the Difference h e. Then fay, As the Difier* 
ence rx is to the Difference be^ fo is Br a given 
Logaticbni) toB^»<or A«» the Logarithm of theNum^ 
ber ^^ i which therefoce is given* - And if this Lo-» 
garithm be continually douMedi the iame Numbtr of 
Times as there were £xtra£fctoas of the Square Root^ 
you will at laf| have ib6 Logarithm of the Number 
fought. Alfo, by this Way may thff Subungcnt of 
the Logarithmetic. Curve be found, viz. by faying. As 
r J : Br : : A B) or Unity : AT, the Subtangent, which 
therefore wUl be found to be 0.434294482903251 ; 
by which may be found the Logarithms of other Num* 
bers ; to.wit, if any Number N M be given afterwards^ 
as alio its Logarithm, and the Logarithm-of another 
Number, fufficiently near to N M, be fought, fay, Ai 
N M is to the Subtangent X M, fo is n 0^ the Diftance 
of the Numbers, to N^, the Diftance of the Loga* 
rithms. Now, if N M be Unity t= A B, the Loga* 
vithms will be«had by multiplying the fmall Differences^ 
^ ^ by the conftant Subtangent A T. 

By this Way may be/ound the Logarithms of 2, 3^ 
and 7 ; and by th^e the Logarithms of 4, 8, 16, 32, 
64, tfr. 9, 27, 81, 243, ^c. as alfo 7, 49, 343^ 
&^« And if from the Logarithm of io be taken the 
Logarithm of, 2, there will remain the Logarithm of 
5 ; fosthere wiU \t givemthe Logarithms of 25, 125^ 

625, IShy ' , 

The Logarithms of Numbers compounded of the 
aforefsid Numbers, vt%. 6, \2, 14, 15, 18, 20, %\^ 
24, 28, ^c, are eafily had by adding together the Lo- 
garithms of the component .Numbers. 

But fincc it was very:tpdious and laborious to fiad 
the LogarithjjTS of the prime Numbers, and noteafy 
to '.compute Logarithm^ by Interpolation, by firJii:, 
fccond, -ami third, .&^» I^^erences ; therefore the 
great Men, Sir lfa& Newtdn^ Mercator^ Gngor^ 
IVallis^ and, laflly. Dr. Halley^ have publiflied infinite 
converging Series, by which the Logarithms of 

Numbers 
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Kuoabcrs to any Nmnber of Places may be had mofC 
^xpeditioufly, and truer: Concerning which Series 
Dr. Hallei^ feas written a learned Traift^ in the Philofo- 
fhical Tran/a^iom ; Wherein he has demonftrated thofe 
Series after a new Way, and ihews how to compute 
the Logarithii^s by them« But I think it may be more 
proper here to 9dd a new Series, by Means of whi<;ii 
may be found, eaiily and expeditioufly, the Logarithms 
of large Numbers. 

Let z be an odd Number, whofe Logarithm is 
fought; then (hall the Numbers z — i and z+ 1 be 
even, and accordingly their Logarithms, and the 
Difference of the Logarithms, will be had, which let 
be called y. Therefore, alfo, the jLogarithm of a 
Number,, which is a Geometrical Mean between 
z — I and z+ If will be given, viz:, equal to the 
Half Sum of the Logarithms^ Now the Scries 

' ^ ' r 7 , ^8^ , n 

M X ^— + " « ■ + ii. + — — - 4- T' — ) 

•^ 4% 24a' 360a* :15420a' 252202.» 

&f. fliail be equal to the Logarithm of the Ratio, 
which the Geometrical Mean between the Numbers 
z — I and z-f i has to the Arithmetical Mean, viz. to 
the Number z» 

If the Number exceeds looo, the firft Term of the 

SeriesX. is fufficient for producing the Logarithm to 

13 or 14 Places of Figures, and the fecond Term 
will give the Logarithm to 20 Places of Figures. 
But, if 9 be greater than 10000, the firft Term will 
exhibit the Logarithm to 18 Places of Figures; and 
fo this Series is of great Ufe in filling up the Loga- 
rithms of the Chiliads omitted by BriggSn For £x* 
ample, it is requiired to find the Logarithm of 2000 r. 
The Logarithm of 2P000 is the (ame as the Loga- 
rithm of 2 with the Index 4 prefixed to it; and 
the Difference of the Logarithms of 20000 and 
20002 is the fame as the Difference of - the 
Logarithms of the Numbers ioQOO and loooi, 
viz* 0.00004 34272 7687. And if this Differ- 
ence be divided by 42, or 80004, the QuotientJL 

4a; 

Aa 3 (ball 
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fliall be ------ 0.000000000542814 

And if the Logarithm of the 4.30105 17093 02416 

Geometrical Mean be added 4.. 150 104 17008 4.^2 to 
to the Quotient, the Sum will ^^ . ^ ' ^ ^''^^ 
be the Logarithm of :^oooi. Wherefore it is mani- 
feft, that to have the Logarithm to 14 Places of Fi- 
gures, there is no Neceffity of continuing out the Ouo- 
tient beyond fix Places of Figures. But if you have a 
mind to have the Logarithm to 10 Places of Figures 
only, as they arc in Vlac<f% Table, the two firft Fi- 
gures of the Quotieiit are enough. And if the I^ga- 
garithms of the Numbers above 20000 are to be 
found by this Way, the Labour of' doing them wilt 
moftly confifi in letting down the Numbers. 

UoU^ This Series is eafify deduced fromthat found 
out by Dr« Hallej\ and tbofe who have a mind 
to be informed more in this Matter, let them 
coofult his above-named Treatife. 
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IT is needlefs here to write a Prefatory Difcourfe, 
fetting forth the Ufe and Invention of Logarithms, 
fined the Author has fupplied that, in his Pre- 
face to the Treatife of the Nature and Arithmetic 
of Logarithms annexed tp thefe E^Ienients : It is 
enough to inform the Reader, that my chief Defign 
in writing thi« jfppendix wis, to render their Con- 
ftruflion eafy, by invefting various Theorems for 
that Purpofe, and illuftrating them by proper £x> 
amples ; all which is performed in the adual Opera- 
tion of making the Logarithms of the firft lo Num- 
bers, and of the prime Nufhber loi, which is morethan 
fuiHcient to inform the meaneft Capacity how to exa- 
mine or conftru6i the whole Table. I have alfo (hewr^^ 
•how, from the Logarithm given, to findat^correfpond - 
ing Number ; and the Inveftigation of the Series omit« 
ted by the Author in Page 357, for exp^ditioufly find*- 
ing the Logarithms of large Numbers. As td thofe Se* 
ries exhibited by him in his Trigonometrical Treatife, 
Page 287, for making the Sines and Cofines ; I muft 
declare, that I have exceeded my firft Intentions, 
which were to give their Invefttgation only ; but con- 
fidering, that as they depended upon the Newtoniap. 
Series without the Inveftigation of which our Author's 
Series could never be thoroughly underftood ; I thought 
it would therefore prove acceptable, if I (hewed their 
Inveftigations too, from which tho(e of our Author 
eafily flow* In order to v^hich, and to keep the Read- 
er no longer in Sufpenfe, let r be put for the Radius 
K.E of the Circle A B C D ; a for the Arc B E, whofe 
Length is to be inve^ligated ; and s equal to the 3ine 

EG: ThcnisFE = tf, andIF = i. 

A a 4 Then^ 
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Then, the Triangles K G E, K H L, are fimilar, he* 
caufe LHis parallel to EG; the Triangles KL H 
F LE^are fimilar, bocaufc the Angles K L H, F L c),are 
equal, and the Angles K H L, F £ L, are both Right 
Angles; and the Triangles F L E, FEI, are fimilar, 
bccaufc the Angles F E L, F I E, are both Right 
Angles, and the Angle F is conunon : Therefore 
the Tria ngles F I E and K G E are fimilar, whence, 

KG (or v^ ri-i-ii) :KE (pr r) :: FI (or i) : F E (or J) 5 



that is^ a 
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l^c. by extrafling the Square Root : 

And if rs tc divided by that Series, the Quotient, 
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JFluxion of the Arc ; therefore the Fluent thereof, viz. 



2,3ir 2.4.5r5+-2,4.2.7r*'^2:4.2.8.9r' 

^.3^* 2r3;443r*"*'2.S4.5.0.7r^'^a.3.4.5.6.7,8.9r» 
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hfc. will be equal to the Arc of a Circle whofe Radius 
is r, and Sine s. But if r be put equal to Unify, then 

1+ -£-iH ..3;3_,5+_3:|±5 ,7, {jTc. will ex- 

2.3 2.3,4.5 2.3.6.5.0.7 
pitfs the I^ength of the Arc a* 

EX A M PLE. 

Let it be required to find the Length of the Arc of 
^0 Degrees to 6 Places of Decimals, the Radius bet- 
ing Unity. 

Here ist* ^^^ tszz^\ whence the Operation 
may be as follows : 
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i» =: 

i» SI 



91 — 



4 



,5000000 
,1250000 

312500 

78125 

J953I 

4882 



= 1220 



4'» S 



30s 



. !U . I I .w 



t5Q00O0O 

>»o8333 

.23431 
•3487 

>593 
,109 

35^3598* 



Hence the Length of the Arc of 30 Degrees is 
,523598^4-* Npw if this Arc be multiplied by 6, we 
{hail have the Length of the Arc of the Semicircle in 
fuch Parts as the Radius is i, or of the whole Circumfer* 
ence in fuch Parts as the Diameter is i , viz. 3» 1 4 1 59 + • 
Biit there is no Series fo eafy to be retained in the 
Memory, and To readily put in Pra£lice, for obtaining 
the Ratio of the Diameter of the Circle to its Circum- 
ference, as that which is derived from the Tangent. 
For if/ be put equal to the Tangent of any ArC) then 

Now 
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N^w the Radius being Unity the Sine ©f 30 De- 
grccs.r: t» ^^^ confequently the Coflne zz t/ ^\ and 
becaufi? the Cofine is to the Right Sine, as the Radius 

to' the Tangent ; it will be y' -J. : v" 4 : ^ i : V fi ^^® 
Tangent of 30® 00' =: ./, whence / / =: f . Whcrcforie, 
if the Root off bs divided continually by 3 
leveral Q^iotients by the odd Numbers fucceffivcly, 
viz. the lirft by 3, the fccond by 5, ^c. the Sum of the 
afiirmatrve Qnotients made ]cfs by all the negative 
ones, will be the Arc of 30 Degrees. 

And becaufe the Arc of 30 Degrees is f Part of the 
Semicircumfercncc, if inftead.of • f be taken 6-v/f 
=: -v/12, we (hall have the Semicircumference in fuch 
Parts as the Radius is Unity ; or the whole Circumfe* 
rcnce^ the Diameter being Unity, 

The Operation ftands thus : 

V" 12 =13,464102 + 3,464102 

3) i>iS47»xC —,38490^ 

5) »384900( J 76980 

7) ,r283oa( — 18329 

9) 42767C' + 4752 

11) i4256( -— 1296 

13) 4752C + 366 t 

17) 528( + 31 

19) '7^{ — 9 

+ 1,546231— ,404640 

Whence 3»54623i— ,404646 = 3,141591 the fame 
as before. The ImpoiEbility of exprefling the exadl 
Proportion of the Diameter of a Circle to its Circum- 
crence, by any received W^y pf Notation, h^s put the 
moft celebrated Men, in 4II Ages, upon approximating 
the Truth as near ais poiEble ; there being a Neceffity of 
anearQiiadrature,inarmuch as it is theBafis upon which 
the molT ufeful Branches of the Mathematics are built. 
And after the famous Fan Ceuleriy who carried it to 36 
Places of Decimals (which heorderM to be engraven on 
his Tomb ftone, thinking he had (et Bounds to far- 
ther Improvements), the firft that attempted it with 
Succefs was the moft indefatigable Mr. Jbraham Sharps 
who, by a double Computation, viz. from the Sine of 
6 Degrees one Way, and from tlie Sine and Cofine of 

12 Pe* 
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1 2 Degrees another Way, carried it to twice the Num- 
ber of Places that Van Ceulen had done, viz» 72. 

And fince that time Mr. Machine late Profeflbr of 
Aftronomy in Grejham College^ and Secretary to th« 
Royal Society y by a different Method of Computation^ 
has carried it to lOO Places, almoft triple the Nun^- 
ber that Van Ceulen had done, which not only con- 
firms Mr. Sharp's Quadrature, but (hews us, that^ 
if the Diameter be i ,00000, &c, the Circumference 
will be 3,14159. 26535.89793. 23846. 26433. 8327$- 
50288. 41971. 69399. 37510. 58209. 74944. 59230. 
78164. 06286. 20899. 86280. 34825. 3421 1. 70680 
-I- of the fame Parts, 

Which is a Degree of Exadlncfs far furpaffing all 
Imagination; being, by Eftimation^ more than fufficient 
to calculate the Number of Grains of Sand that may be 
comprehended within the Sphere of the Fixed Stars. 

The late Mr. Cunn^s Series for determining; the Pe- 
riphery of an Ellipfis (who was my Predeceffer in the 
Mathematical School, erefted by Frederic Slare^ M. D» 
and eftablifhed by a Decree of the High Court of 
Chancery for qualifying Boys for the Sea- Service) 
being new and curious, this Opportunity is taken of 
making it public. 

Let A be equal to a Quadrant of the Circle circum* 
fcribingtheEllipfis,whofcPeripbcryiirequired.Then/fx 

, '-'. >. '.^'V J-.^'5-' .6 '>3>S'7-5* . s 
2;2 2.4.8 2.4.6.16 2.4.6.8.128^ 

2*4.6.8.10.256 2.4.6.8. 10. 12. 1 024 

the Periphery of a Quadrant of the Ellipfis, where 

/^= — "^ ■! / being the Semi- tranfverfe Diameter, 

tt ^ 

and c the Semi-conjugate. 

When this Series came (atend, it was imperfeft, in- 
afmuch as there were only the firft five Terms without 
the Law of Continuation : But, being defirous of ren- 
dering it compleat, after (bme Confideration, I found the 
Law to be as follows : It is plain by Infpedtion, that 
the Numerators and Denominators of each 7'erm are 
compos'd of Numbers that ran (n arithmetical Progref- 
fion, except the laft in each Term, viz. |, 4^, 7^, tIt» 
i^f. and thofe being found by t{ie continual Multiplica- 

ticp 
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tiOQ 6f theTe Fraaions, ixiXixiX|X/vX^ &r. 
the Lsw of jpontinuing the whole Series as above, 1% 
evident. Whence^ by a well known Method of fub- 
fticutiog Capital jLetters for each Term rifpUtivily^ the 

foUowing Series is deduced^ viz. A X I— | e e — LAe^ B 

4.4 

^lle- C^Lli- D 2:2-.* E_ JLiL/* F, t^e. 

6.6 8.8 10.10 12.12 

where the Law of Continuation is evident alfo,. fince 

each Capital Letter is equal to its precedent Ternii 

Vfz* B=:i#/, C=Ill.* B, isfe. and without doubt 

in Pradice is preferable to the former Series : But the 
Inveftigation of that, on which this Uft depends, is 
omitted ; purely on account of its being foreign to the 
prefent Subjed. 

But to return ; if the Series expreffing the Length of 
the Arc, vi%, s + ^s^ +t^^S ^^- ^ reverfcd, we 
Ihall have the Value of i in the Terms of <?, and con* 
fequently a dired Method for (indmg the Sine of axiy 
Arc from its Length given. Thus, 

Then i -fl— 4 a^ + ri^^'—'^f.af, (fc. 

IJrj=:tf-^ — J. -., ^ - » Crc, 

2.3 ^•34«5 2.3.4»5.6.7 
Forput53=A<f+ Bfl' + CflS &C.1 
ThenJ j^= i A' a^ +| A» Ba.i^c. f =tf. 

And^i^= +:^ASfl5eff.J 

And confequently A a=:ai whence A=:i : 
Alfo, B+iA*=05 orB=:(— ^A^-)— i: 
Again C+|A*B+^A5=0i or C=— iA*B-^A*: 
ThatisC=;:(i X I X 4 -^ =z^ ^ t|v=)t{^ 
Wherefore A =3 i, B = — ^, C= 4^, fsf^ ^nd 

3 5 

confequently^ i 73 tf -r- Ji. .4. :^, i^c* From 

6 120 

which three Terms the Law of Continuation is 



>3 



cafily difcovered : Therefore j =: a — ^ j. 

2.3 

2.3.4.5 2«34*5*^7 au3*4.5.6.7,K9 

WhencC) 
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WtieneeyKkbftitvttng A for «, and we ftali bave A-* 
A* 7 A* A» V ■ A» 

1.2.3 i*2*3'4*5 i«2.3.4.5.6.7 i.2.3.4.s.6.7.8.9 
(sfc* fot the Newtonian Series, according to our Au- 
thor's Form, for findins the Sine of any Arc, its Lexigth 
beiDg given, Q. £• L 

Again, becaufe the Square of the Radius, made left 
by the Square of the Sine, is equal to the Square of the 
Cofine, by the fecond Propofition of our Author's Ele- 
ments of I^ane Trigonometry; it follows, that if from 
the Square of the Radius K i be taken the Square of 

the Sine a — ?«'— *TTy*^ ^^* ^^^ Square Root 
of the Remainder will be tlw Cofine =: i •-^ ^ ^ 4* 

^fl4_^^«^ ^c. Thus, 



Sits: a' — ytf*+*|.tf*, ^c. which, beiii 
taken from the Squares of the Radius i, leaves I — aa-^ 
4«*-^,?^, ^c. the Square Root of which will be the 
Cofine. . 






Wherefore putting A fortf, we fliall have the Cofine 

24 • 720 1.2 ^ i-2«3.4 

A« At , 

ft 1 ■ ■ ., CsTr. according to 



1. 2,3,. 4^5. 6 1. 2.3.4,5. 6. 7#8^ 
the Author's Forni. Q. £. 1. 

Bui. becaufe thofe Series, as our Author obferres, 
converge very flowly, especially when the Arc ia nearly 

^qual 
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«^ual to the Radius ; he therefore devifed (P^ge ^78.) 

other Series, wbofe Inveftfgation may beas follows: 
Let the Arc, whofe Sine is fought, be the Sum or 

Difference of two Arcs, vi%. A+z, or A— « > and let 

the Sine of the Arc A hftf^zW^^a^ and theCofine^. 
Now, if the Arc D F=:D E, Prop, stb of the £//- 

ments of Trigonometry ^ be called Zj then its Sine.PO 

will, by the Newtonian Series, be rr 2 — 4. 

1.2.3^ 

_5! ?! , f5fr. and its Cofine CO 

1.2.3.4.5 i.2.3.4.5.t?.7- 

= 1 — ., -f . --^ ■ . ■» Ofr. and be- 

1.2 1-2.3.4 J. 2. 3.4.5.0 K 

cajfcCD : DK : : CO : OP; therefore OP = tf — 

_ + --, far. 

1.2 ^•2.3.4 1.2.3.45.6 

Again, becaufc the Triangles CDK, FOM, arc fi- 

milar, it will be, as CD : CK : : FO : FM ; whence 

FM =:ii_- i^+_±! J± , fcfc. 

I 1.2.3 i.A.3-4.5 i.2 3 4,5.6.7' 

ButOP + FM=IF, the iiine of ;he Arc BF, 
viz. A+Zi confcquently the Sum of thofe Series, 

W2. a-r -|>. — —4. ,CSfr. 

1 1.2 1.2.3 1.2.3.4^1.2.3 4.. 5 

is the Sine of the Arc A+z. And becaufc PM=: 
MC, therefore their Difference i2:-i5_^*+ ^^ 



a%^ h%^ 



I 1.2 1.2.3 

■^-^ ^ > ^c. is the Sine of the Arc 

1.2.3.4 1.2.3.4.5 

A — z, t//2. EL. ~. . 

And again, becaufe.CD : CfC : : C O : C P ; 

therefore Cr = b — - — |. ■ , 1 

i.Z l-2.3;4 1.2.3.4.5.6 

-, t^<..zvA by ireafou of the fimilar Tri- 

1. 2. '-{.4. 5. 6.7.0 

angles CDJC, FMO; it will be, as CD : DK : : FO : 

MO. Whence MO =tfZ — ..f2L , ^^' 

2.i.3 1.2.3.45 

^ ^ , yv. • 

1.2,345 t).7* ' 

But 
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But C P— M 0=C I, the Cafine of the Arc A+«. 
Wherefore the Cofine of the Arc. A + z is ^ — 

I' i.a 1.2.3 ^•^*3*4 '•^•3'4*S- i«2.3.4.5.o 

And bccavfe M O. =: P L, therefore C P + M O =:: 
CL, and.confequently the Cofine of the Arc A — z= 

b + J. — i + • 

I 1.2 i.2.3 ^ 1.2.3.4 1.2.3.4.5 

l^c. Q.E. I. , 

Now the Arc A is an Arithmetical Mean between 

the Arcs A-^z and A+z, and the Difference of their 

o- hz tfz* It? oz^ bz^ 

Sines are l u 

I 1.2 1.2.3 1.2.3.4 i»2. 3.4.5 

1.2.3.4.5.6, I 1.2 1.2.3 1.2.3.4 

— y^ L ^5 , fcff.WhencetheDifFerenccof 

1.2.3.4.5 x.2.3.4.5.6 

the DiflFerenccs, or fccond Difference, is ^^^ ^^^ 



1.2 1.2.3.4 



^az^ f^ ^ ^ z* z* z* 

., CTtf. or Za X-— . 1- 



1.2.3.4.5.6 1.2 1.2.34 1.2.3.4.5.6 

,£sf^. Which Series is equal to double the Sine q\ the 
mean Arc, drawn into the verfed Sine of the Arc z, 
and converges very foon ; fo that if z be the Arc of 
the fir ft Minute of the Quadrant, our Author fays the 
firftTermofthe Series gives the fecond Difference to 15 
Places of Figures, and the fecond Term to 25 Places, 

Whence the following Rule is derived for finding 
the Sine of the Arc A+z, or A— z. 

RULE. 

From double the Sine of the mean or middle Arc, 
fubtrad the fecond Difference found by the Theorem, 
and from the Remainder fubtrad the Sine of the given 
Extreme, whether it be the greater or leaft ; and the 
Remainder will be the Sine of the other Extreme. 

EXAMPLE. 

Let it be required to find the Sine of 30" oi'j the 
Sine* of 3* 00' aod ^9° 59*1 being both given. 

Here 
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Itere 30* 00 » is the mean Arc, whore Sine u 
,500060 00000 ; and the Sihe of 29^ 59', the given 
E^txttnc^ is ,49974806226, and theJLengli^ of the 
Arc z, viz. •ne Minute, is ,000290888208 ; which 
fquared and multiplied hy the Sine of the mean Arc 
50CK>o, ^£. according to the Dtredton of the Theo- 
rem, the Produd will he the fecond pifFerence, eqtn\ 
to ,000000042307; which fubtraded from double 
the Sine of the mean Arc, equal to I, the Remainder 
will be 999999995.7693; from which fubtraSE the 
Sine of the given Extreme (which in this Cafe is the 
leaft), and there will remain 950025189543 for the 
Sine of 30* ois the greater Extreme. 

This Method of making the Sines, however it may 

. appear at firft Sight, is fo far from being tedious or 
troublefome, that I look upon it to be the moft eligi- 
ble of any other wh^tfoever : For the Square of z bemg 
once determined, and the feveral Multiples of it by the 
nine Digits made, and fet down in a Table orderly, ati 
the Sine's may be made by Addition and Subtraction 
only ; as indeed our Author hints they may by the Me- 
thod demonftrated in the tenth Propofltion of the Ele- 
ments of Trigonometry ; but this is evidently prefer* 
able to that, tho' a good Method too $ and by which 
all the Sines of the Quadrant, I prefume, were wont to 
be made, at leaft as {fit as 30, or 60, Degrees ; for af« 
ter the Sines as far as 60 Degrees are obtained, all the 
others may be had by Addition only ; and notwith- 
(landing there are other excellent Theorems, which 
contribute very much towards iinifhing and confirm- 
ing the Truth of the whole Canon ; yet this deduced 
from our Author's Series, I deem the moft elegant and 
fit for Practice, becaufe the Difference of the Differ* 
ences of the Sines being what is always required to be 
found, there will be feven Cyphers, at leaft, before the 
fignifxcant Figures of the faid Difference ; which is the 
Produd made by the Square of 2, into the Sine of the 

- mean Arc : So that to have the Sine true to ten Places, 
there will not be occafion to find above four or five 
Figures in the Produd:, which, according to the com- 
mon Method of contraded Multiplication, may be ob- 
tained with very few Figures. Thus, for Inftance, the 
Sine of 30^ 02' may be had to ten Places by a wonder- 
ful eafy Operation ; the Sines of 30^ oi' and 30 go 
being both given* £ X- 
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EXAMPLE. 

The Sine of 3,0° 01' is ^50025189543 
The Square of z inverted 26480000000 

p ■ I ■ ■ ■ ■ 

40020 

2WD0I 

300 
10 



42331 



Whence the Produft is ,000000042331 true to eleven ^ 
Places at leaft.Wnerefo're if, accQrding totheRuIe,r" m , 
double the Sine of the middle Arc :;=: 1,00050379086* 

we fubtrad the faid Pfodu<a, 5OOOOO004233 

■ .»■ I 11 

And from the Remainder IJOO050374853 

the Sine of 30® 00' the given Extreme ,50000000000 

» II I . I. I < 

befubtraSed $50050374853 

' ' ■' ■ " 

There will remain >50050374853 for the Sine of 30* 
€2' the other Extreme j than which> nothing of this 
Nature can be defired more eaiy. 

SCHOLIUM. 

Becaufe the Difference of the DliFerences oT the 
Sines, or fecond DifFerente, has always 7 Cyphers be- 
fore the fignificant Figures 5 it follows, that the whole 
Canon, where the Sines coniift hut of 6 Places, which 
is as far as our Tables for cominon Pradlice need ex- 
tend, may be perfprmcd chiefly by Addition and Sub- 
traction only, without forming Multiples of the Square 
of 2 by the nirie Digits ; tho' perhaps it may be ne-r 
ceflary to ufe the Method of con trailed Muhiplic^tion 
.every 5th Minute, to confirm the Truth, left, in con- 
tinujil doubling and fubtracSing, an E»ror (hould arlfe 
in the Right-hand Figure: However,* as it yiav be 
fafely ufed- fpr 5 Minutes together, and fomecinacs 
more, it will render the Whole very eafy, 

Note^ The Square of 2 in this Cafe, viz, the Arc 
of 5 Minutes> is ,00000211^. 

B b . Th«s 
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Thus having invdligatcd the Nru/tonian and our 
Author's Series, and exemplified the latter, by making 
the Sines of 30^ 01 'and 30^ 02', and withal (hewn 
how, from the Sine of the Arc-given, to find the Length 
of that Arc, and confequently the Circumference of 
the whole Circle ; I Ihall t)eg Leave, before I ^reat of 
theConftrudionof LoearithBis, to fhewhow, from the 
Ifnown Ratio of the Diameter to the Circumference, 
ot any other Ratio whatfoever, that a Set of int^ra| 
Numbers may be found, whofe Ratios (hall be the 
neareft poffible to the Ratio ^ven ; for which I hope 
to.be excufed, and the rather, becaufe I bielieve this 
Method of determining them was never before pub-^ 
liflicd. ^ 

RULE. 

Divide the Confequentby the Antecedent, and the 
Divifor by the Remainder, and the laft Divifor by the 
laft Remainder, and fo on till nothing remains. 

Then for the Terms of the firft Ratio, Unity will 
always be the Antecedent, and the firft Quotient the 
firft Uonlequent. 

For the Terms 6f the fecond Ratio« 

Multiply the laft \ ^l^^,\hy the 2d Quotient; 
andtotheProduaadd|J}°|^"SJlja,d fo wUl the 

For all the following Ratios : 

Multiply the laft { Jj^tSj^'y *«»«t-Q«>ti- 
ent,andtotheProduaaddthclaft{ Jj^^*^l bat 
one J aAd fo will the Sum be the prefent J cSSSl 



EX. 
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EXAMPLE. 

Let it be rf quired to find a Rank o^ Ratios, ^rhofe 
Terms are integral, ^nd the neareft poffible to the fol- 
lowing Ratio, viz. oi lOOOO to 31416, which exprefl*et 
nearly the Proportion of the Diameter of the Circle to 
its Circumference. 

But becaufe the Terms of the Ratio are not prime 
to each other, they muft therefore be reduced to theit 
leaft Terms. 

£2222 H52^ and then 3927 divided 
3141^) 39^7 



WJ^ence 



by 1250, and 1250 by the Remainder, f^c. will be as 
follows : 
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1250 ) 3927 ("3 
177 ) 1250 ( 



7 
177 



II ) 177 ( 



16 



tl 



So the (irft Antecedent is i, and thefirftConfe({uent 34 

Which 7 and 22 is Arcbimides^s Proportion. 
Whidi Terms il3and 355 is iIfi?//Ws Proportion. 

^ C Antecedent J13 I ^ „_ ( «»43 J "g X W43+ 7=:w5^ 
•J ( Confequeot 355 J ( 3905 ) ^ c 3^5 +a*=t 39*7 

Producing the fame Antecedent tmd Cbnfequent as at 
firft ; which, as it is ever the Property of the Rule fo 
to d6, proves, at the fame Time, that no Error ha« 
been committed thro' the whole Operation. 

C 1:3 iForthef II ^ 
Whence, as 1 250 : 3927 : : \ 7:22 > Terms < 2 V S 

Cn3:35S3ofthe (33 ? 

But it ffluft beobfenred, that i to 3 does not exprefs the 
Ratio lb near at 7 to 22; nor 7 to 22 lb mu as 113 

B (b 2 10 
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*o 355 > ^hat is, the larger the Terms of the Ratio arc, 

. the nearer they approach the Ratio given. 

Mr. Molyneux^ in his Treatifc of Dioptrics, informs 
us, that when Sir Ifaac Newton fet abour, by Experi- 
ments, to derermine the Ratjo of the Angle of Inci- 
dence, to therefradttd Angle, by the means of their 
refpedtive Sines \ he, found it to be, from Air to Glafs, 
as 300 to *93,or,intheleaftroundNumbers,asi4to 9. 
Now, if it be as 300 is to 193, it will readily appear, 
by the Rule, whether they are fuch integral Numbers, 
whofe Ratio is the neartit poifible to the given Rati^w 

193 ) 300 ( I 

86 ) 107 ( I 

,2^1 ) 86 ( 4 

2 ) 21 ( 10 . 
1)2(2 



For, dividing the great Number by the lefs, and 
the lefs by the Remainder, &r. the Operation will 
Show that the Numbers 193 and 300 are prime to each 
other; and that the firfl Antecedent is I, as alfo the 
firft Confequent. 

Again {;}x.={;A„d{;+-;;J:3dA^. 

Again Y^\. 4 ={ .: A„d{ J+^^f^^J^^. 

Hence, the fourth Antecedent and Confequent make 
the Ratio to be as 9 to 14,' or, in verily, as 14 to 9; 
which not only agrees with Mr. Molyneux^ but at the 
fame Time difcovers, that they are nearer to the given 
Ratio, than any other integral Numbers lefs than 92 
and 143 J which *are the neareft of all to the given 
R^tio, as will appear by repeating the Frocefs,. ac- 
cording to the Direction of the Rule. 

5ir Ifaac Newton himfelf determines the Ratio out 

of Air into Glafs to be as 1 7 to 1 1 ; bujt then he fpeaks 

•«f the red Light. For that great Philofopher, in his 

Differ- 



I 



( 
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Diflertatlons concerniiig Light and Colours, publiflied 
in the Philofophical TranfaSiions^ has at large demon- 
ftrated, as alfo in his Optics., that the Rays of Light 
are not ail homogeneous, or of the fame Sort, but of 
different Forms knd Figures, fo that fome are more re- 
fradied than others, tho' they have the fame or equal 
Inclinations on the Glafs : Whence there can be no 
vconftant Proportion fettled between the Srnes of the 
Angles of Incidence, and of the rcfrafted Angles. -^ ^ 

But the Proportion that comes neareft Truth, for the - 
middle or green- making Rays of Light, it feems, is 
nearly as 300 to 193, or 14 to 9. In Light of other Co- 
lours the Sines have other Proportions. But the Diffe- 
rence is fo little, that it need feidom to be regarded, and 
either of ihofe mentioned f )r the mod Part is fufficient 
for Practice. However, I muft obferve, that the Notice 
here taken cither of the one or the^ other, is more to 
illuftrate the Rule, and (hew, as Occafion requires, 
how to exprefs any given Ratio in fmaller Terms, and 
the neareit poilible, with mnre Eafe and Certainty, 
than any Defign in the lead of touching upon Optics. 

Wherefore, left this fniall Digreflion from the Sub- 
jeB: in hand, and indeed even from my firft Intentions, ' 
fliould tire the Reader's Patience, I (hall not prefutne 
more, but immediately proceed to the Conftruftipn of 
Logarithms. 

Of the ConjlruEiion (j/' Logarithms. 

'Tp H E Nature of which, tho' our Author has fuf- 
'■' fi iently explained in the Defcription of the Lo- 
garlthmetic Curve; yet, before we attempt their Con- 
itruftion, it will be neceffary to premife : 

That the Logarithm of any Number is the Expo- 
nent or Value of the Ratio of Urvty to that Number j 
wherein we confider Ratio, quite diiFerent fro^ that 
laid down in the fifth Definition of the 5th Bf)ok of 
thefe Elements ; for, beginning with the Ratio of Equa- 
lity, we fay i to i=0 ; whereas, according to thefaid 
Definition^ the Ratio of i to 1 r= i ; and confequently 
the Ratio here mentioned is of a peculiar Natdire^ 
being affimative when increafing, as of Unity to a 
greater Number \ but negative when decreafing. And 

B b 3 as 
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M (he Value of the Ratio of Unh^ to any Number it 
the Logarithm of the Ratio of Unity to that Ntimber, 
io each Ratio is f«ppofed to be i^afurcd by the Num* 
ber of e^uAl Ratinncula: comatned between xbe two 
Tfrois thereof: Whence* if in-acontioued Scale of 
mean Proportionals, infiinlte in Number, there be af- 
fumed an infinite Number of fuch Ratiunculfle, be* 
tweefi any two Terms in the (ame Scale ; then that 
infinite Number of Ratiunculas is to another infinite 
Number of the like and equal Ratiunculae between 
any other two Terms^ as the Logarithm of the one 
Ratio is to ihe Logarithm of the other. 

But if, infiead of fuppofing the Logarithms com- 
yoied of a'Niimber of equal Ratittncuke proportionaUe 
to each Ra(tio, we fliull take the Ratio of Unity to any 
Nuo)ber to ccxofift always of the fame infinite Number 
of Raciunculae, thek Magnitudes in this Cafe will be 
^8 their Number in the former. Wbevefore, if between 
tJnity, and any two Numbefspro{>ofed, there be taken ^ 
any Infinity of mean Prc^rtionals, the infinitely little 
Augment3 or Dccrcamnts of the firft of thofe Meanjs 
in each from Unity will be Ratiunculae \ that is, they 
will be the FIuxion3 of the Ratio of Unity to the faid 
Numbers ; and becau^ the Number of Ratiunculaeifi 
both are equal, their reCpedive Sums, or whole Ratios, 
will be to each other as their Moments or Fluxioiw ; 
that is, th0 Logarithm ot each Ratio will be as the 
Fluxion tbereof. CooffquentJy, if the Root of any in- 
finite Pow^r be exteaSed out of any Number, the Dif- 
ference of the faid Root from Unity (hall be as the 
Logarithm of that Number. So that Logarithms, thus 
producpd, nnay be of as many Forms as we pleafe to 
aflume infinite Indices of the Power whofe Root we 
feek. As, if the Index be fuppofed lOOOOC, isfc. we 
fhall have the Logarithms invented by Neper -, but if 
the faid Index be ^30258, 42f<. thofe of Mc Briggs 
will be produced. 

Wherefore, if i-fjrbeanyNumbcrwbatfoever, and 






n infinite, then its Logarithm will be as i -^x *.- i zr 

-^ xjt— • — *-*-— — + —» vSTf. For the mwite 
» ^ 2 3 4 ^5 

Root Of I +^ without its Uncice or prefixed Num- 
bers, 
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UirSyis \^X'\'X»^xicx'\-xxxxy He, and the celebrated 
binomiai Theorem invented by Sir I/mic Newton fo.r 

, 1 r I 

,' . Inn n ^ 

determining them is i X — X x X £sr^, or 

« 2 3 4^ 

t^— X —a —3 -^ I 

in this Cafel-ather i X — ^ — x-— X -— X— &ftf.for- 

» .2^ 3 4 5 » 

being an Iniinittfimal, is rejefifed ; whence the infinite 

^j! X X* x^ x^ 

Root of IX* =1 + X^w"*" sT^' ^^' *"^ ^**« 

Excefr thereof above Unity, vics.-JL, ^+ "^1 f. , 

n. an 311 412 

fcfc. is the Argunrqntof the firft of the^mean Propor- * 

tionals between Uiiit)E^4nd 1 Hf^, which- therefore will 

be as the Logarithmcftbe^tiQ of i to 1 -t^r^or as the 



Logarithm of i+x. But. as iHh*-^ i is a Ratiunr 
cula, it muR be multiplied bv loooo, (fc infinitely^ 
which will reduce it to Terms.fis for Pra<%ce, make- 
jng the Lo garithm of the Ratio of i to i + a^ =2 

1000, farc.^__^^_^^^ ^^^ ^^^„^ .f jh^ 

n 12^34 

Inctex n be taken looo, ^. as a Neptr's Form, the 

Logarithms wil} be fimply x — , — |.^ — ^4. ^9 

2t 3 4^ 5 

i^e. But as n may be^ taken a^Pleafure, the federal tealea 

of Logarithms to fucb Indices will be as '^^* % or 

n 

reciprocally as their Indices. 
Again, if the Logarithm of a d«creafi„g Ratio be 



fought, the infinite Root of i « — x :^ 1 — ;ir will be 

found by the like Method to be i — 1 — f — if! 

n zn 3« 

— , t^e. which, fubtrafi from Unity,: and the Deere- 
4« 

meht of the firft of the infi nite Number pf ProportiQ>» 

rials will appear to be ^ ^ ^ 4* ^ 4^4.^, l^e. 

n 1234 

B b 4j whi#h 
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• ■ 

which exprcfles the Logarithm of the Ratio of i <• 
I — jr, or the Logarithm of i — at, according to ^eper^ 
Form, if the Index n be put moooo, fsfr. as before. 
And to find the Logarithm of the Ratio of any two 
Terms, a the IcfTer, and b the greater, it will be as £7 : i 

: : I : I + ;r i whence i +Jf=: — ; and x =( . > or ) 

the Difference divided by the lefler Term when 'tis an 

, incrcafing Ratio, and when 'tis decreafing. 

b 

Wherefore, putting ^zzDifFercnce between the two 

Terms ^ and b^ the Logarithms of the fame Ratio 

may be doubly exprefTed, and accordingly is either 

1 1 5* 55 ^* .. 

K a la r 3^' 4^^ 

Lx 1- — 4. — JL' — » ^^' both producing 

the fame Thing. 

But if the Ratio of ^ to ^ be fuppofed to be divided 
into two Parts, v/z. into the Ratio of a to the arith- 
metical Mean between the two Terms, and the Ratio 
of the faid arithrtietical Mean to the other Term b^ 
then will the Sum of the Logarithms of thofe two Ra- 
tios bd the Logarithm of the Ratio of a to b. Where- 
fore fubftituting \i for l-tf+f ^, and it w^ill be, f j : 

4f : : I : I — x\ whence x zzllHl r=[ ^^ zz\ '^ 

is V J J s 

and again, ^sj; s : b : : i : x -^ x -^ x zz i-z:. 

Ilf :^ ) — : Therefore fubftituting — , for x, we 

s y s s 

ihall have thf Logarithms of thofe Ratios ; viz* 

^ ' ' 



I 

— X 
n 



+ 



a 
2 



rib. 



d^ 






<2+ 

4^ 



and 



d d^ 






« s 2i* 3^' 4i* 
The Sum of which two Logarithms, viz. 

I ~~7~~d '^ d » "T'd f' 
^ - + — ^ + i + 



— X 2 



3' 



5^ 



7'x^ 



i^c. is 
tke 
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the Logarithm of the Ratio of a to *, whofe Differ* 
cnce is rf, and Sums s ; which Series, without the In- 
4ex tiy is, by- the-bye, the Fluent of the Fluxion of the 

Logarithm of ii-, affumrng dy to be the flowing 
Quantity, for the Fluxion of the Logarithm of it- , 

2j/ d d^d , d^d d^d^ . 

is T;=: 2 X — + — •+ -— + -7-+, Vc. whole 

•r-. d d? d^ d'' c^ ' xr * 

Fluent 2 X _+ — 4. _ . Z-, t^c. is Neper's 

Logarithm of -JLj and the fame as above, abating 

the Index n. This Series, either Way obtained, con- 
verges twice as fwift as the former, and confequently 
is more proper for the Pra£iice of making Logarithms : 
Thus put azziy and b any Number at Pleafure ; then 

,— =:.Zli, which aflume =:^, and then b = itf; 
s b-i-i 1—^ 

and becaufc — = /, therefore have we for 



THEOREM L 

TheLog.ofi=^i±l=:^2.x^+4.^^ +i^'y^c. 

To illuftrate this Theorem: Let it be required to 
find the Logarithm of 2 true to 7 Places. 

Noie^ That the Index muft be aflumed of a Fi- 
gure or two more than the intended Logarithm 
IS to have. 



EXAMPLE. 

Here (Z'=)Zil=2i therefore i+ezz{L—e X2=) 
I — e 

2 — 2e; and 3^= (2 — 1=) i; whence e z=: J^y and 

The 
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The OpUATioir Auidt thus: 






e* = 
*' = 
e^ = 
e* = 
«•« = 



33333333 

3703704 
4'»S»3 

45725 
5081 

565 
63 



. i 


= »33333333 


T'! 


= 1234568 


i'* 


= 82305 


y»' 


= 6532 


i^ 


565 




= 59 


■ t^i 


= 5 


Tsr' 



34657359 



Whence Nep/r's Logarithm of 2 ts >^93H7'^ 

But >693i47 18, multiplied by 3, will give 2,07944154 

for the Logarithm of S, inafmuch as 8 is the Cube or 

third Power of 2 ; and the Logarithm of 8 -f Log. of 

j^ is equal to the Logarithm of 10, becaufe 8 X 1^:= i O; 

wherefore to find the Logarithm of i^ we have b :=z 

I Vf 

IZL. =: i^ =:^ ) whence #=^ and// = ^ 



The Opiration ftands thus : 



t 






ilii.iiiii 

U7174. 

¥ 1693 
21 



=: 






,11111111 

45725 

339 
3 



,1115717^ 
2 



>223 14356 
2,07944154 



Whence Neper's Logarithm of il is 

To which add the Logarithm of 8,^ 

The Sum, viz. " 2,30258510 

is Neper*s Logarithm of 10. But if the L(^arithm of 
|0 be made 1,000000, ^c. as it is for Conveniency 

2302585. , 
done in' mod of the Tables extant, then =s 

n ^ 
1,000, iic. Whence »::;:2302585, fcTr. is the Index 
for Briggs*& Scale of Logarithms ; and, if the above 
Work had beencarried on tb Places fufiicient, the Index 
n would have been 2,30258, 50929, 94045, 6840X9 

799 '4» 



ne APPENDIX. 



79914* ^^* ^"^ its Reciprocal^ tl^z.-^s: 0^434299 

44819, 03251, 82^76 J» 1 1289, i^c. whktH by the 
Way, is the Subt^ngent of the Curve expreffing 
Bnggs*$ Logarithms ; from the Double of wWich die 
fatd Logarithms may be had directly. 

For,becaufeJ.=7 0,4342944, feTc. •.•^=,^68588 

9638, i^c* which put=mi and then tbe^ Logarithm of 

^ =: -X- = «t^-^ — + — + — + 
I— ^ 3 5 7 






&c. 



EXAMPLE. 



Let it be required to find Briggs^s Logarithm of 2* 
Here b = Lii = 2 •.• ^ == 4, and e€ = ^. 
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I — e 



The Operation ftands thus : 



m =: ,868588963 



m zz ,289529655 


mt =,289529655 


me^ = -32169962 


^ OT«» = 0723321 
^ met =t 764888 


^* == 3574440 


^^^ . = 397 » 60 


^ »«^^ = 56738 


j!w^ = 44129 


•^ »»• = , 4903 


l«^*» =: 4903 


tV""" = 446 


m^"' = 545 


^me^i^= 42 


Whence Briggs^s Logarithi 

1 


n of 2 is 0,301029993 



AGAIN: 

Let It be required to find Briggs's Logarithm of 3, 
Now becitufe the Logarithm of 3 is equal to the Loga- 
rithm of 2 plus the Logarithm of i|. (foi 2x1-3^ = 
3), therefore find the Logarithm of i^, and add it to 
the Logarithm of 2 alreatjy found, the Sum will be the 
Logarithm of 3, which is better than firiding the Lo- 
garithm of 3 by the Theorem dircflly, inafmuch as 
it wili not converge fo fail as the Logarithn^ of i^; for 
the fmaller the Fraction reprefented by e, which is 

deduced 
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deduced from the Number whofe Logarithm is fbughf^ 
the fwifter does the Series converge. 

Here ^=Liir:|. •.•2> = 2=:3— 3^ •.•^=:|.y 
1 — e 

and ee ^-^^ 

The Operation is as follows : 

me =,173717792 j me =z,ij27^779^ 

=r 6948712 j 4 ^'' == 2316237 
= 277948 '-j. w.s. =: 5559<> 



4 



me^ 



;w^7 — 1 1 1 i 8 

me^ ^ ' ■ 445 
= 18 






1588 



^'_;77c'' = 2 



Brig'gt*^ Logarithm of il= ,i7tc9i259 

To which add the Logaii:hmof 2=;: ,301029993 
The Sum is the Logarithm of 3= o.i 7 ■? : ?s 2 

A;iain, to find the Logaiiihm or4, bt-caui- 2 x -i==4> 
there'ore the Logarithm of 2 ad Jed to it ell, or multi- 
plied by 2, the Pi'oducl 0,602059986 is the Loga- 
rithm of 4. 

To find the Logarithm of 5, becaufc 'f = 5, 
therefore from the Logarithm of 10 i,coooccooo 
fubtra£l the Logan .hm of 2 ,301029993 

There remains the Logarithm of gr: .6v>->r'Oco7 

And becaufe 2 X3=:6 ; therefore 

^ To find the Logarithm of 6, - 
To the Logarithm of 3 ,477121252 

Add the Logarithm of 2 ,3010 29993 

The Sum will be the Logarithm of 6z: ,778151245 

Which being known, the Loga'-jthm of 7, the next 
prime Number, m^y be eafily found by the Theoi-em; 
for becaufe 6 X|^ = 7, therefore to <he Loirarithm of 
6 add the Logarithni of ^, and the Sum will be the 
Logarithm of 7. 

EXAMPLE. 

I +^ 
Here^i^r rr^ •.• # - ^V> and ee =r|-y. 

mzz 
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=^86858896 3 



I 

T 

X 

T 

1 

T 



mi =,366814535 
me^ = 13 1 784 

me^ :=z 468 



me' 



,066946789 
,778151245 

,845098034 



me :::: ,066814536 

^'^ = 395352 

me^ = 2339 

me"^ zz 14 1 

Briggs's Logarithm of |. 
To which add the Log. of 7 

The Sum is the Log. of 7= 

Again, bccaufe 4 X2=8i therefore 
To the Logarithm of 4 ,60205998 

Add the Logarithm of 2 ^ ,30102999 

The Sum is the Logarithm of 8 ,90308997 

And becaufc 3x3 = 95 therefore 
To the Logarithm of 3 ,47712125 

Add the Logarithm of 3 ,47712125 

The Sum is the Logarithm of 9 =: ,95424250 

And the Logarithm of 10 having been determined to 
be 1,00000000, we have therefore obtained the Lo- 
garithms of the firft ten Numbers, 

After the fame manner the whole Table may be 
cpnftrufted ; and as the prime Numbers increafe, fo 
fewer Terms of the Theorem are required to form their 
Logarithms J for in the common Tables, which extend 
but to feven Places, the firft Term is fuificient to pro- 
duce the Logarithm of loi, which is compofed of the 
Sum of the Eogarithms of lOO and.i-§i, becaufe i©o 

X 411= loi, in which Cafe b = 



-^I+'f-. lOI 



' — TSTS 



ezz 



•^'ry whence, in making of Logarithms according to 
the preceding Method, it may beobferved, that the Sum 
and Difference of the Numerator and Denominator of 
the Fra<5tion whofe Logarithm is fought, i« ever equal 
to the Numerator and Denominator of the FraiS^ion re- 
prefented by e ; that is, the Sum of the Denominator, 
and the DifFerence, which is always Unity, is the Nu- 
merator; confequently, the Logarithm of any prime 
Number may be readily had by the Theorem, having 
the Logarithm either next above or below given. 
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Tho' if the Logarithms next, above and below that 
Prime are both^ivcn, then its Logaridwn will be ob- 
tained fomewhat e^ifier. For half the Di^ence of 
the Ratios which conftiuitcs the firft T heorcnK W%. 

" ** SJ"*" ;? + 67* + S? ^^' " *''* Logarithm • 
jof the Ratio of the arithmetical Mean to the geome* 
trical Mean, which being added to the half Sum of the* 
L^ftritlHiM, next above and below the Prime fought, 
willgive the Logarithm of that prime Nttmbcr, which 
for Diftinfiion-fake, may be called Theorem thefecond^ 
and is of good Difpatch, as will appear hereafter by an 
Example. 

But the beft for this Purpofe is the. following one 
which islikewife derived from the fame Ratios as Thco^ 
rem the firft. For the Difference of the Terms ht^ 
tween g ^ and j, J J, or ja a -j- j^a b + ibb^ is^tftf 

-7t^ + t*^ = t^ — 4r^*^i^==i, and the Sum 
«f the Terms u^ and ^ jj being put rzj, Acrefore 
(fincejMnthisCafes ^ and dz=:i) it follows; that 

" " !■ ". 11 ' 

of theRatiooftf^to-^irj: Whence 

, T 

* 1 I II 

— X — + — -f. — . 4. — ., i^c* is the Loga- 

« y 3f sy^ v^ 

rithm of the Ratio of • « A to 4 /, which converges 
exceeding quick, and is of excellent Ufe for finding the 
Logarithms of prime Numbers, having the Logarithms 
of the I^umbers next above and below given, as m 
Theorem the fecond. 

EXAMPLE. 

Let it be required to findtbe Logarithm of the prime 
Number lOi j then « = 100, and ^r: 102 5 whence 

>=:i040i ; put JL=:« s= ,4342^9448 19, ^c. Then 
. the S«ries will ftsnd tkiu,^ + J2. + ^ 4. _f » (iff . 

And 
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And « = ,4p9. ^'- divided byJ 0000211879017 
y:zi 20406, quotes J /7 / 

Therefore to the half Sum of the 1 ^ 004.^0008 <;88 10 

Logarithmsof 100 and 102= J. ' ^^ ^ 
^Add the faid Quote 6,0000212879017 

And the Surai^ viz. 2,0043213737^27 

18 the Logarithm of loi true to I2 Piaces of Figures, 
and obtained by the firft Term of the Series only s 
whence it is eafy to perceive what a vaft Advantage tiic 
fecond Term would have, were it put in Pradice, fmcc 
m is' to be divided by 3 multiplied into the Cube xA 
20401. 

This Theorem, which well call Theorem the thirds 
was firft {buifd outby Dt. MaHe^r^ad a notable Inftancc 
of its Ufe given by him in the Philofophical Tranfa^em 
for making the Logarithm of 23 (o 32 Places, by five 
Divifions performed wiih fmall Divifors ; which could 
not be obtained according to the Methods iirft made 
ufe of, without indefatigable Pains and Labour, if at 
all ; on account of the great DifEcutty that would at- 
tend the managing fuch large Numbers. 

Our Author^s Series for this Purpofe is (Page 357) 

y X -L+ i — I Z-.-, l^c, the Inveftigation of which 

42 242;'. 36GB* 
as he was pleafed to conceal, induced me to inquire 
into it, as well to know the Truth of the Series, as to 
know whether this or that had the Advantage ; bocaufe 
Dr. Halley informs us, when his was firft publilhed, that 
it converged quicker than any Theorem then made pub- 
lic, and in all Probability does fo flill. However that 
be, 'tis certain our Author's converges no fafterthaa 
the fecond Theorem, as I found by the Jnv^ftigatioa . 
thereof, which may be as £oUow8 : 

Frop the foregoing Dodrine, the DiflSsrcnce of 4he 
L ogarithms of z — 1 and z-4*i is 

OTX^ + — + — 4. — > ^c. which put equal 

a 32' 52' .72^ 
to y , and the Logarithm of the Ratio of the Arithme- 
tical Mean z, to the Geometrical Mean V xas-— I ii 

- ' ■ ■- 

m X -i— J. L- + JL + ' , kfw per Theo- 

rem 
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d d 1 

rem the fecond ; for znj s ; whence — ^z — • 

2S5 2ZZ 

Let A and B be the Logarithms of x — i and z + r re- 
fpcdiveiy 5 then is— J— +/w X »- — -1 — L, ^c* 

. 2 2Z* 42* 62*^ 

the Logarithm of 2 ; and if the latter Part of the Se- 
ries expreffing the faid Logarithm of 2 be divided by 
the Series reprefenting the DifFerence of the Loga- 
rithms of 2 — I and 2-j-i, the Quotient will exhibit 

the Series required, viz. — + 1 Z — , isff . 

42 242' 3602' 

as appears by the following Operation : 
a 3« 52* /22*+42* 02* \/^z 242^ 3602^ 



I I .1 



22* "^ bZ* 102^ 



122* 152* 
1 22* 362** 



1802^ 



,^C. 



Now, becaufe the Dividend i,s ever equal to the Divi^ 
for draw n into the Quotient of the Divifion ; it follows, 

that y X — J. 4- — \ — , iffc. is equal to 

42 242' 3602* 

m X -1- 4. -JL 4. JL, ^c. 

222 42* 62^ 



B. A+B II I £^ 

ut h »2 X — 4- — 4. — T, i^c. 

2 222 42* t%^ 

is the Logarithm of 2 ; wherefore_^ ' 

t±^ + y X J- 4. _£-. 4- Z- 5, ^^. i» the Lo- 

2 42 242' 3O02 

garithmof Z4 Q. £• L 



M/^f 
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Note^ I make the Author's 5th Term __£i_, 
tobe^i903__. 

22680OZ** 

To illuftrate this Thcoretn by an Example : 
Let it be required to find the Logarithm of lor. 
To the half Sum of the Logarithms of loo and 102s 

2,0043000159 
Add the Difference of the faid Lo- 7 ^ . 

garithms divided by 42; equal to \ o>Q0002 12876 
And the Sum, v/2. - -* - 2,0043213735 
is the Logarithm of loi true to 9 Places of Figures : 
Whence it appears, that our Author's Scries fails fliort 
of Dr. HalUy\^ in finding the Logarithm of the prime 
Number ipi, three Places of Figures, by ufingonly 
the firft^ Terms of the Series; whereas, rf two Terms 
in each were ufed, perhaps the Difference would have 
been confiderably greater. 

Note^ This Sei ievsof our Author vdeduced from The- 
orem the fecond, is in Effe£l Dr. HaUeys too, but dif- 
guis'd by being tlirown into a different Form ; which, 
however, has iis Ui'e, as being very ready in Pradiice. 

Having thus inveftigated fevcral Theorems, where- 
by Tables of Logarithms, of any Form, may be con- 
ftru£tfd ; it remains to {hew how, from the Loga- 
rithm given, to find what Ratio it exprefles. 

The Logarithm of the Ratio of i to i+A-has been 

provcid to be as I + ^ — i zzl, x x — \x^ 4. 3^3^113^ 
fa^f. Tibeif^g any infinite Index whatfoever;' whence if 
L be put for the faid Series, then !+;«•" — r =: L ; con- 

fequcntly i +*" r: i + L, and i + xni -hL" = 
I + « L + 1 «* L* + i.«' L^ + ^ «4 L% ^c. 

AGAIN: 
The Logarithm of the Ratio of i to i — x has 

likewife been proved to be as i — ^ i x* r= 

J X * + t** + I *» + i*% er<:. = L; wherefore 

Cc ,- 
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1 — 1— ** ~ L;'aitd i-^x =1— L* rz i — »L 

Whence I •+*= i+»L+}ii*L* Hh i «* LS tT^, 
is a general Theorem for finding the Number from 
the Logarithm given of any Spocie^ or Form what- 
focver ; but in the Application, of it to Pradi.^ we 
kbouT under a great Inconvenience, efpecially if the 
Numbers are large ; that is to fay, it converges fo vtry 
(low, that it wtre much to be wi0ied it could be con- 
traded* 

However, if L be the Logarithm of the Ratio of « 
the IcfTcr Term, to b the greater, and either of them 
are given ; then the other urill be eafily had, and ex- 
peditloufly^ enough too : 

For -or^ = I + « L +J «* L* + I »3 LS ^c. 

Wherefore it follows, by the Help of a Table of Lo- 
garithms, that the correfponding Number to any Lo- 
garithm may be found, to as many Places of Figures 
as thole Logarithms confift of : For, putting i equal 
to the Diference "between (he given Logarithm and 
the next lefs in the Table, then will the Number 

fought, vi%. N = ay.i'Ynd'^ i n^ d^-^^n^ d^^ ^c. 
But if d be put equal to the Difference between 
the giv en Logarithm, and the next greater, then 

N = ^ X I — «^+ f«*<i*— ^«»rfS ifc. bdth 
which Series con verge fafter, as z^is fmaller. 

3ut the dfH three Terms in va^h may b^ totltiraAifd. 
into two, which is vfry ofeful, inafn^uch a$ itfavet 
the Trouble of railing a and d in the third Term to 
the fecdnd Power : For letting tiie &% TerAi remain^ 
as it is, tbcx)ther two are reduced to one, thus f mike 
the fecoiid Tei'm'thic Numerator of aPVadion, asd 
Unity miniw the tfcrf^Term divided 1)yihtfcc&i(i" is 
the Denominator^ ^ _ 

Whence N a X i +aJ + f w* d* 
becomes N = n + — rr— . ; 

And N=*+ I— »rf+|»*<^* 

bccomei N =: h — , . . - 

«i-t«» where- 
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Vi\itxt\Q\ta -f .^ ,. , or * — , will be the 

Number anfwering to the given Logarithm ; which^ 
thb' it diflFers^a little frgqf|r(he Truth, is fufficient to find 
the Numbers, exadto as many Places as Briggs^s Lo« 
garithms con(ift of, vnc* 14, which are the largeft Ta-^ 
oles extant. Much after the fame Method may the 
whole Series be contraded ; by which Means each zU 
ternatcPowerof ^ will be exterminated ; or, which is 
the fame Thing, every two Terms in the Series will be 
reduced to one,, making the Whole Ihorter by Half, 

, To illuftrate thefis Conftrudfons by an Example : 
Let it be required to find the Number anfwerinc^ to 

the Logarithm 7,5713740282 in Briggs's Form. 

From, the given Logarithm - 7>57i3740282 

Subtraft the Log. of 3727 loooo the J 

nextneareft . • - - - \ 7>S7i37i0453 

The Remairider is equal to d=i ,0000029829 

■■ ■■■■III m 

And becaufe the Number 372710000 is Jels than 
the Number (ought, call it <?, which, multiplied by 
5OOOOO29829, aiid theProdudl 1,111756659, iff r. di* 
vided by i« — yix: ,4342929, ^c. quotes 2559,92; 
which, added to 372710000, gives 372171.2559,92 for 
the Number fought. 

Thus, I prefume, the Doilrine of Logarithms has 
been fufoiently exemiplified, whether we confider the 
ConftftiSion of them for any given Numbers ; or, on 
th^ contrary, the finding of the Niiihbers from the Lo- 
garitti'ms-'giyeri. 

But, before I conclude, I (hall give an Inftance or 
two of the great Ufe of Logarithms in Arithmetical 
Calculations, a^d firft in the purchafing of Annuities. 

If abe put for any Anmjity,-^ for the prefent Va*. 
lue, r the Amount of One Pound for One Year at any 
Rate of Intcreft, and / f6r the Time or Number of 

a 

rt 
Years the Annuity is to continue } lhen^= r'-^i * 
the V^lue of the Annuity. 

C c a E X- 
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EXAMPLE. 
Let it be required to find the prefent Value of an 
Annuity of 6o /. per Annum^ to continue 75 Years, at 
the Rate of 4 per Cent, per Annum. 

Herefl=:6o, /=75t andr=:i,04. Now, in order 
to obtain the Anfwer, we muft find the feventy-fiftli 
Power of r, or of 1,04 ; that is, wemuft multiply 1,04 
fcvcnty-fivc Times into itfclf, which is exceeding tedi- 
ous by the common Way, as any one may judge; but by 
the Logarithms 'tis done with the greateft Eafe ; for if 
0,01 70333 the Logarithm of 1,04 be multiph'ed by 75, 
the Produ3 o. 2774975 will be the Logarithm of the 
feventy- fifth Power of 1,04; which being fubirafied 
Uoa\ 1,77815 12,'the Logarithni of a equal to 60, will 

- jcave 0,5006537 the Logarithm of 3,167041, which 
being fubcraded from 60, and the Remamder divided 
by r — 1 3,04 will gwe 1420,824 = 1 420/. 16 x. 5|</. 
for the Value of the Annuity ; and if 1420,824 be di?* 
vided by 60, the Quotient will exhibit the Number of 
Years Purchafc requifite to be given for any Annuity to 

• continue 75 Years upon a good Security free of all In* 
cumhi'ances, the Purchafe being made at 4 per Cent, 

Hence we fee the Reafon why the long Annuities 
purchalijd in the Year 1708, having about 75 Years 
to come, are valued in Ca/iain'$ Bill of Exchanges at 
24!^ or 25 Years Purchafe: For, tho' according to this 

^ Calculation, they are worth but a little more than 23 
Years and a Half; yet, becaufe in the public Funds 4 
per Cent* is fcarcely ever made of Money, and the 
Contingencies it is there fubje<St to, which thofe Annui* 
ties, and other Government Securities, are not, makes 
them very jufily worth 24f.or^25 Years Purchafe. 

Likewife Queftions relatirig to Annu.ities upon 
Lives, whether for one, two, or three, ^c, are almoft 
as eafily eftimated* For Inftance; it may readily be 
found by Logarithms,. » that an Annuity for a Man of 
Thirty^ to cpnti^ue during his Life, is worth 11,61 
Years Purchafe, Intereft 6 per Cent, but at 4 per 
Ge»t. 14.^68. And as the Probabilities of Life's Con- 
tinuance, and the Value thereof, are determined by 
an algebraical Procefs grounded upon the Rudiments 
of the DoiS^rine of Chances, and five Years Obfer* 
vations upon the Bills of Mortality of Bre/knvj the 
Capital of SHe^a-, fo there rcfults that Truth and 

Equity 
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Equity from the Operations, as ought to prefide In all 
Contrads of this Nature. Whence it follows, that all 
other Methods, wbofe Refblution differs from this 
(eipecially if' the Difference be much), may juf^Iy be 
deemed erroneous, and confequently prejudicial to one 
of the Parties concerned. Wherefore, to prevent Im- 
pofitions thro' Ignorance, great Care fliould be taken ; 
which Precaution, however unneceffary it may appear, 
'tis prefumed, it will be regarded, inafmqcb a^ no one it 
wiliingto pay more Years rurchafe than he has Chances 
for livingi as, on the contrary, the Seller to receive lefs 
than his Due > which may poffibly be by following the 
common Methods (where, for the moft part, Regard 
is had neither to Age nor Interefl) founded upon Ca* 
price. Humour, or, if you pleafe,Cu(lom, the Contract 
being made, as they can agree, right or wrong ; which 
Method of Procedure ought to be exploded, fmce fo 
liable to Error, and the Confequences drawn there- 
from fo often wide of the Truth. 

The other Initance which I (ball give of the great 
Ufe of Logarithms is in the Cafe of SeJJa^ as related 
by Dr. Ji^allis in his Opus Arithmeticum from Alfiphad 
(ail Arabian ^i\x&i\ in his Commentaries upon To^ 
graius\ Verfes ; namely, that one ^ejfa^ zn^ Indian^ 
having firft found out the Game at Chtffe^ and (hewed 
it to his Prince Shtbram^ the King, who-was highly^ 
pleafed with it, bid him afk what he would for the Re- 
ward of his Invention ; whereupon he aiked. That for 
thefirft little Square of the Cbejfe Board, he might have 
one Grain ofWheat given, for the fecond two, and fo 
on, doublingxontinuaily, according to the Number of 
the Squares in the CheJJc Boards which, was 64. And 
. when the King, who intended to give a very noble. 
Reward, was much difpleafed, that he had aflced fo tri- 
fling an one, Sejfa declared, that he would be contented 
with this fmall one. So the Reward he had fixed upon 
was ordered to be given him. But she King was quickly 
a(loni(hed,when he found, that this would rifetofovaft 
a Quantity, that the whole Earth itfelf could not fur- 
nifh out fo much Wheat. But how great the Number 
of thefe Grains is, may be found by doubling one con- 
tinually 63Tiines,^fo that we may get the Number that 
comes in the laft Place, and then pne Time more to have 
the Sum of all ; for the Double of the lait Term lefs 

C c 3 ^ by 



399 TJif APPENDIX. 

by one is the Sum of all. Now this will be iqoft.exr . 
pieditioufly done by Logarithms, and accurately enough 
too for this Purpofe : For if to the Logarithm of i, 
which is o, we add the Logarithm of 2 (which is 
0,3010330) multiplied by 64, that is, 19,2659200, the 
ahfblute Number agreeing to this will be greater than 
18446, oooooi 00000, 00000, and lefs than 18447, 
. oeooo, 00000, 00000. 

: As I have had the revifingof thefe Sheets, fo it may 
ht expeSed that I ihould give my Opinion concerning 
Mr. Cunn and our Author, in regard to Spherical Tri- 
gonometry ; wherein the former accufes the latter^ and 
feveral other eminent Authors, of having committed 
many Faults, And, in (bme Cafes, of being mifiaken, 
efpecially in the Solution of the 12th Cafe of Oblique 
Spherics $ in which Mr. Cunn has intlreiy miftaken the 
Author's Meaning, as plainly appears by his Remark, 
where he conftitutes a Triangle whofe Sides are equal 
to the given Angles; whereas^ the Author means, that 
each Angle (hould firft be charfged into its Supple- 
fluent, and then with the faid Supplements another Tri- 
atigle conftituted^ wh9/e Angles, by the very Text of 
the 14th Propofition of his own Spherical Trigono- 
metry, will be the Supplements of the Sides fought in 
the given Triangle ; to which Propofition I refer the 
Reader. That this is the Senfe of the Author, is very 
evident, if impartially attended to, and which I think 
could poflibly haveito other Meaning; and accord- 
ingly aver what is here advanced to be univerfally 
true ; but, becaufe I would not be mifunderftood, fhall 
iliuftrate the Truth thereof by a numerical Operation ; 
which, to thofe who, care not to trouble thcmfelves 
with the Demonftratfon, may be fufficient ; and, to 
others^ fome Satisfadion. 

EXAMPLE. 

Suppofe, in the Oblique-angled Spherical Triangle 
A D E, there arc given the Angles A, D, E, as per Fi- 
gure, and the Side D£ required. 

Note^ Writj? down the Supplements of the two 
Angles next the Side required firft; and then the 
Operation may ftand thus : 

The 
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The Supple- f E = 50*^ Sine Co. Ar. 
mcnt of thc< D =: 150 Sine Co. Ar. 
Angle, t A = 140 Sine 220** - 

Sum rr 340 Sirte 20 - 

4 Sum =: 170 



i Sum, minus rEr= 120 

the Si4pp)c- 1 

mcnt of the J D = 
Angle. L 



,0,115746 
o> 30 103a 

9^937530^ 
9^534052 

19*888358^ 



20 



9^944179 



Which laft Figures 9,94^179 give the Side of 61** 34'; 
and the Double thereof, t;/z. 1 23^*08', fubtrafted frorn 
iS'o Degrees, leaves for the Supplement 56*52', which 
is the Side of DE required. 

The Rule which Mr. Cunn fubftitutes in the Room 
of our Author's, is alfo univcrfal (but not new) ; and, 
confequently, when he fays. Change one of the Angles 
Adjacent to the Side fought into its Supplement, it is 
very juft; though, by the way, I affirm, it Is equally 
true, if the Angle pppofite to the Side fought were 
changed into its Supplement (which perhaps iiVhat 
has not yet been taken Notice of) ; only then, inftead 
of having the Side fought diredly, we (hould have its 
Complement to 180 Degrees, as in the preceding Ex- 
ample ; but there is a Neccffity of changing either one 
or all the Angles into their Supplements, though it is 
beft to change only one, which let be either ofthofe 
next the Side fought, no matter which ; and the Side 
will be had direflly without any Subdu£lion, as will 
appear by the fubfequent Operation. 

EXAMPLE. 

Let the Angle E be changed into its Supplement, 
and the SideDE fought; which Supplement, and the 

C c 4 other 
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Other Angle adjacent to the Side fought, being written 

down iirft, the Operation may*be as follows: 

Sup.of the Angle E=: 50 Sine Co. Ar. — 0,115746 

The ( D=30 Sine Co. Ar. — 0,301030 

Angle t A =40 Sine 10*^ - 9,239670 

Slum 120 Sine 30 - 9,698970 



4 Sum 60 Sum 195355416 



xc 



oum 



mmus / 



f Sup. Angle Err 10 



Angle D =30 



i Sum 9,677708 



Which half Sum 9,677708 gives, the Sine of 28^ 26', 
and the Double thereof 56° 52' is the Side D E fought, 
the fame as before, when all the Angles were changed 
into their Supplements. 

Whence it is abundantly manifeft, that, thofe two 
Methods of Operation, notwithftanding their Manner 
is fo different, agree precifely in Praftice ; and, confe- 
quently, we may conclude our Author's Rule to be 
right. Wherefore I 4vonder Mr. Cunn did not attend 
better to the Words of our Author's Rule, before he 
ventured to attack the Characters of fo many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of the Charge againft thofe Authors who have, 
deferved fo well of the Mathematics, and to juftify 
them to the World (for Juftice ought to have Place), 
it is, that I have ventured to give my Opinion, and 
point out where Mr. Cunn was miftaken : The Reafon 
' of which is not eaflly ailigned, Hnce, to give him his 
Due, it could not be for want of Knpwledge, tho', in 
this Cafe, I can't think it intirely owing to Inadvert- 
ence^ inafmuch as it was a premeditated Thing ; and 
I am loth to impute it to any contentious Inclinations 
of his,* in di(puting the Veracity of our Author's 
Rule, becaufe it did not appear with ail that Piainnefs 
rcquifitc to prevent carping by the Litigious : Where- 
fore, as I am in Sufpenfe how to determine, 1 Oiall 
leave the Decifion thereof to better Judgments. 

Indeed, Mr. Heynes^s Rule, which direds with the 
three Angles given to proje<Sl a Triangle, as if they 
W^re Sides, is deficient, were it only on that very 
Account,: For with the given Angles, in the preceding 

Example, 
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Example, it will be iiiipoflible to conftruft a Triangle, 
l>ecaufc 'tis requifite, that two Sides together, however 
taken, be greater than the third ; whereas, in this Cafe, 
they will bd lefs : But the Rule is not only deficient 
in that Refpeft, but really wrong : For tho* what Mr. 
Heynes afierts is jufi:, viz. that the greateft Side in the 
fupplenfiental Triangle is the Supplement of the greateft 
Anglein the other Triangle ; yet, notwiihftanding that, 
the Conftquence drawn therefrom is falfe, -and fo the 
Solution only imaginary: For, with Submiffion, neither 
the Sides, nor their Supplements, in Mr. Heynes's fup- . 
jplemental Triangle, are the Meafures of the SideJ 
fought. *Ti$ true, when one of the Angles is a Right 
one, and the others^both acute, then the faid fiipple- 
mental Triangle is that wanted to be conftrufled, a» 
containing all the given Angles ; ahd) confequently, the 
• Sides appertaining thereto are the very Sides required : 
But then this is only one inftance out of the infinite 
Number of other Triangles that may be conftrufted j 
and which is not folved dircftly by the Triangle firft 
projefted neither ; for the greateft Angle thereof muft 
be changed into its Supplement, when the Side oppo- 
fite to the Right Angle is required • and if the Right An-* 
gic ftill remains, and either one or both of the other 
given Angles are obtufe, the Solution is rendered riiore 
perplexed : Wherefore there can be no general Solution: 
given to any Triangle, by conftituting a Triangle whofe 
Sides are equal to the given Angles, except to that parti- 
cular one which Mr. Cttff«taicesNoticeofinhisRemark, 
where each given Angle is jhe Meafur'e of its oppofitc 
Side fought, and which therefore needs no Operation. 

This 1 thought myfelf obliged to obferve, irt Jufticc 
to Mr. Curtft, who, we fee, is not'intirely to blame; 
as having juft Reafon to objeft againft the Veracity of 
Mr. Heynes^s Rule, tho' not againft the Rules of the 
other Authors by him nominated. 

And here I can't but take Notice of fome Gentle- 
men, who are h very fond of finding Fault, that, ra- 
thef than yoU fhall not be in the Wrong* they will wreft 
Vour own Meaning from you, and w;ll not fufFer ai) 
Error, tho* ever fo minute, to oafs, without proclaiming 
it to the Public, under Pretence of preventing their be- 
ing impos'd upon; whereas, if the Truth were known, 
I fear it would appear to be the Vanity of their Hearts, 

2ra 
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a|> Ov4irr(Qnif\^($ of Wag thought wifci: and mor^ 
knowing than the reft of Mankind^ nay, I thtnk> it ap« 
pears Mi\\y fo, by t^^if oppofing the Works of Men 
greater than themtely^s ; Bpt if, inftead of comparing 
how far their finite Koiowledge extended, or exceeded 
another Perfon^s, they conlidier'd how much there wa3 
they Kiie^w nothing of; as it would conduce to make 
them humble, fo, I am of Opinion, it would contribute 
very much toward their leaving offthat Manner of Writ- 
ing* BefideS) as I take it, the Buiinefs of Writing is not 
fo much to difcover who has committed the moft Faults, 
as to avoid them, and make greater Improvements. 

But, what is the moft to be wonder'd at, thofe who 
are to very ready in finding Fault, not without great 
Sufpicion, receive the bieft Part of their Knowledge^ 
from the Works of tbofe very Authors againft whom, 
theye^l^claim. TheJEleaibr^t^at induces me to think fo 
is this : Whilft they are ftuc(ying an Author, in order tq 
underftand hia^then it is, perhaps, they difcover ibme- 
thing which he was pleafed to omit, or thought fit to 
conceal, for which it is more than probable they take 
Care not to omit paying a profound Refped to their 
vainly-imagined fuperior Geniufes : And if, by Acci- 
dent} an Error ihould creep in (which is very poffible, 
none being infallible), then, to be fure, he muil be 
cgregioufly miftaken, and not underftand what he was 
about : But, I fay, this Difquifition into the Demerits 
of an Author would never have been made, had they 
under ftood the Subject beforehand ; for, ifotherwife, 
they muft be of a fad Cynical Temper, as well as 
have little elfe to do, to make it their Bufinefs to dif- 
cover Faults, and at the fame Time acknowledge not 
one fingle Beauty ; a very ungrateful Return for the 
, Advantage they receive in the Pcrufal, 

Nor do they do the Public that Service they pretend 
to : For thofe that are capable, and will be at the Trou- 
ble, of reading a Treatife upon a Subjcft without a 
Mafter, as are well able as themfelves to reAify what 
is amifs ; and as for thofe who will not be at that 
Trouble, there is no Danger of their being led aftray ; 
fince it is the fame Thing to them, whether there be 
any Miiiakes, or not. 

However, if, after all, there (hould be a Neceffity for 
an Adnx)nition, why can't it be done with Candour and 

Humanity ? 
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Humanity ? And then, without doubt, an Author, butjof 
Regard to Truth, which of all Things ought to'bc pre- 
ferred, would be thankful : And to reprove otherwife, 
is to be uhgeherous ; becau(e» whenever thofe Mif- 
takes happen, as they are for the moft part owing 
more to Inadvertency, than Want of Knowledge ; fo 
they fhould therefore be attributed to the Frailty of 
human Nature (to which we arc all more or lefs fub- 
je£l), nothing being more common amorig(( all Pro- 
feffions, than the writing of one Thing for' another. 

If any think, by my interfering between our Author 
and Mr. Cunn^ that I have run into the fame Error, 
of which I accufc others in general of being guilty, let 
them pleafe to conftder that I have only writ in the 
Vindication of Gcntlemcp, who were firft wrongfully 
accus'd, and in one Particular juftify'd Mr. Cunn: For 
fijch an Occafion as this offering, I thoughc the Dif- 
ference between them lay upon me to decide, left I 
(hould be taxed with Partiality for not doing Jufticc, 
or with Ignorance in not determining an Affair which 
held fome in Sufpenfe to know who was in the right 
or wrong ; for there could be no Poifibility of making a 
Merit in adjufting a Thing of fo ealy a Nature ; tho% 
perhaps, to conceive thoroughly th^ Reafonoffell the^dif- 
ferent Methods of Solution, may not be fo eafy neither* 

But, to proceed : As for the Omiflions our Author 
has made in not determining accurately when fome of » 
the Cafes are ambiguous,, and when not, I (hall not 
quarrel with thofe who think him to blame ; but, if I 
may be allo^ved to give my Opinion, I think they are 
dctermin'd for the moft part^ as well, or, at leaft, with 
rhore Eafe, from theConftruftion of the Triangles, bc- 
caufe it fixes an Idea of what one is about, by exhibit- 
ing a kind of an ocular Demonftration \ and, confe- 
quently, prevents the laying of that Strcfs* upon the Me- 
mory, as all thofe arc obliged to who depend intirely 
upon Mr. Cunn's Rules, which to Beginners is not very 
agreeable : Hence, who knows but that what our Au* 
thor wrote relating to the ambiguous Cafes, he thought 
fufficient ? That is, that the Reader would not ftop, for 
want of farther Explications, but with more Eafe fup- 
ply himfelf with what was wanting wh?n he came to ^ 
the Prad^ice thereof, I mean the Conftrucftion of Tri- 
angles (for, after all) without the Knowledge of that, 

a Per- 
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a Perbn will have but a mean Notion of this ufefQl 
Branch of the Mathematics) ^ and, if {o^ he ought 
in fome meafure to be excufed, efpecially if to this we 
join the fuUowing Confideration, viz, that few or 
none ever learn Spherical Trigonometry, purely for the 
Sake of calculating Sides and Angles, to determine 
their Ambiguities ; befides what is ambiguous in Tri* 
tonometry, is very often not fo in Geography and 
Aftronomy, ^r. for which the other is chiefly learnt. 

For Inflance : If we know the Latitude of London^ 
and the Diflance and Difference of Longitude between 
the faid Place and Romey notwithfianding there are two 
Sides^ and the Angle oppofite to one of them, given, 
the Cafe is not doubtful when we undertake to find the 
Latitude of Rome ; unlefs it be not knowA whether it 
lies to the Northward or Southward of London ; which 
however could not be determined by any Principics of 
Trigonometry. Likewife, in Aftronomy, if the Lati- 
tude of the Place, the Sun*s Declination and Azimuth, 
were given, the ^afttum is not doubtful neither, un- 
lefs the Sun's Declination exceeds the Latitude of the 
Place, and both are of the fame Denomination, that is, 
both North or both South \ in which Cafes, becaufe it is 
poffible for the Sun to be upon the fame Azimuth Cir- 
cle, twice in the Forenoon, and upon another Azi— ^ 
muth Circle, twice in the Afternoon ; it is doubtful, if 
by Circumftances, during the Obfervation, we can'tdif- 
cover which of the Times, whether the firft, or laft ; 
but if thofe Times fall near each other, it will be quite 
impoflible to diftinguifh which » and therefore ambi- 
guous. Other Inftances might be produced, but I be- 
lieve thefe are fufiicient to evince, that thofe nice Dif- 
tindions are not fo necefTary in Praftice : If there be 
thofe who think otherwife, I ihall not difpute it, but 
leave them to their Opinion without Interruption. 

However, what with Mr. Cunns Rules for deter- 
mining the ambiguous Cafes (which are judicioufly 
.drawn up, as including all the Varieties poflible), and 
the Corre£tibns now made by leftoring what was loft 
and corrupted, our Author's Treatife of Trigonome- 
try* in refpe<S to Theory, may perhaps appear com- 
pleat, even to the moft fcrupulous. And, 

Here 1 thought to conclude ; but, for the Sake of 
I^ovelty, and to illuftrate the various Methods for folv- 
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ing the i2/ACafe of Oblique Spherics, where the three 
Angles are given to find either of the Sides, I fliall beg 
Xicave to give one Inftancemore, in order to (hew how 
it may be perform'd after a new Manner, by the Help 
of the natural and logarithntetic Verfed Sines; which^ 
if not intirely new, is not fo publicly known as the 
preceding Methods ; at leaft, I never faw any-where 
the Method of Operation, and therefore fliall deliver a 
Rule for that Pu/pofe, in the following Words : 

RULE. 

Having;according to the former Direftions, chang'd 
one of the Angles. next the Side fought into its Supple- 
ment; take the natural Verfed .Sine of the Difference 
of the faid Supplement and tha other adjacent Angle, 
and fubtraft it frona the natural Verfed Sine of the An- 
gle oppofite to the Side fought, and to the Logarithm 
of the Remainder add theSc^uare of the Radius ; then 
from the Sum fubtra£); the logarithmetic Sines of the 
above Supplement, and the fame adjacent Angle ; and 
the Remainder is the Logarithm of a Number, which 
will be the Verfed Sine of the Side fought. 

EXAMPLE. 

Supplement <E =50** 
Angle D =30 

Narural C Diff. =20=1,06030 
V. Sine I A =40=^3395 

The Log. of which 01(^,17365 1 , ' 

• with the Square of Radius, is J ^* ^^ '^ 

Sine of the Sup. of the < E 50° = 9,884254 
Add the Sine of the < D 30 =: 9,698970 

Sum fubtraft 19,583224 

Remains 9*656450 

Which' Remainder 9,656450 gives the Logarirhm 
Verfed Sine of D E 56*" 42', agreeing exa<El]y with the 
fvjrmer Computations. 

' Note^ If the faid Remainder exceeds 10,000000, i^ 
implies that the Side fought is^ greater than a Quadrant j 
wherefore cancelling the Charadterirtic 1*0, Jock out 
for the Number anfwering the remaining Logarithm, 

from 
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from which cut ofF the Left-hand Figure, or, which 
is the fame Thing, abate the Radius [viz. Unity) ; 
and the Remainder will be the natural Sine of the 
Excefs of the Side fought above a Quadra'nt. 

As the natural and logarithmetic Verfed Sines are 
not fa frequently met with in Hooks as the artificial 
Sines, 'tis poflible, on that Account, this Rule may meet 
With fomeObjedion \ for which Reafon, and not know- 
ing whetlier it may be thought preferable to the fore- 
going Methods (tho' undoubtedly very cafy in Prac- 
tice), I have omited its DemonRration ; but have pub- 
liflied the Rutc, with fome View of intr6«hicin]g the Ufe 
of the former Sines, which foihetimes are preferable to 
the latter : For by the Help of the faid Verfed Sines, 
. and the Reafoning ufed in obtaining this Rule, we ne- 
cclTarily come to the Knowledge of folving that Pro- 
blem, where two Sides and the contained Angle are 
given, and the third Side required, at one Operation, 
very ufeful in Aftronomy and Geography, efpecially in 
the latter; when the Latitudes and Longitudes of two. 
Places are given to find their Diftance afunder: But 
the Rule for performing it, and the Demonftration 
thereof, is alfb omitted for the Sake of Brevity. 

However, 'tis eafy to perceive, fince Angles may be 
turned into Sides, that the prefent Ru)e includes the 
Solution of that ufeful Problem in Aftronomy for 
finding the Sun's Azimuth, having the Latitude of the 
Place, the Sun's Altitude and Diilance from the ele- 
, vated Pole given ; by which means the Variation of 
the Compafs, of fuch Importance to Navigators, may 
be reldily determmed in any Part of the World. 

An Example of which, comprehending the latter 
Part of the Rule {viz. when the Remainder exceeds 
10,000000} is exhibited. 

EXAMPLE. 

Suppofe on June the 30th, 1732, at London^ in the 
Latitude of 51^ 52' N. it were requhed to find the 
Sun's true Azimuth, when his Altitude was 50^ oo', 
tn the Afternoon^ Firft, 



From 
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o ' 

From the Com. of the Altitude - 40 00 
Subi the Com. of the Latitude - 38 28 , 

Natural C of the DifFercncc - - i 32 ,00035 
V. Sine t oftheSun'sDiftJromthePole67 54 ,62377 



M* 



The Log. of which Difference ,6234a J -, 

with the Square of the Radius, is J 29>7947^o 



! 



I 

I 



Cofinc of the4 Latitude sio 32' - - 9,793831 

t Altitude 50 00 - - 9,808097 

■* " '— ' ' f * 

Sum (\xhiT2iGt 19,601898 

Remains 10,192882 

licre the Remainder exceeds 10,000000 ; wherefore 
cancel the Charailcriftic 10, and the Number anfwer- 
ing the remaining Logarithm is 1,5591 j the Excefs of 
Which above Unity, v/z-,5591, gives the natural Sine 
of 34° 00'; whence the Sun's true Azimuth is Noith 
124** bo' Weft: At which Time, if the Sun's M^g- 
netical Azimuth were North 1 10** 30' Weft, the Varia- 
tion of the Compafs would be 13?^ 30* Weft, as appears 
by the following Subtraction. 

True Azimuth North, 124*^ fic^ Weft 
. jyiag. Azimutt North, 1 19 30, Weft 

Variation 13 30 Weft 

N. B, If the Sun's Declination had been South, 
then t|ip Verfed Sine of the Sun's Diftance from the 
cievaied Pole would haveieen equal to Unity plus the 
natural Sine of the Sun'a Declination; which \n Prac- 
tice creates no more. Trouble than when the Decli- 
nation is North, if fp much ; fiQce it is at leaft as eafy 
to take the natural Sine of an Arc, as to take the 
Verfed Sine of its Complement to 90 Degrees j which 
Sines, and others, with' their cefpedive Logarithms,, 
l^c. may readily be had out of 5Aifrw/»'s Mathema- 
tical Tables, 

FINIS. 
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